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0 4

⎞
⎠

︸ ︷︷ ︸
A1

s+

⎛
⎝1 1

0 4

⎞
⎠

︸ ︷︷ ︸
A0

C =

⎛
⎝ 1 0

−1 0

⎞
⎠ , J =

⎛
⎝−2 1

0 −2

⎞
⎠

A(s) = (s+ 1)(s+ 2)2 −2 A(s)



rank

⎛
⎝ C

CJ2−1

⎞
⎠ =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

1 0

−1 0

−2 1

2 −1

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

= 2

A2CJ2 + A1CJ + A0C = 02,2

A(s) ∈ Rr×r [s] l

C λ1, λ2..., λl

SC
A(s)(s) = diag

⎧⎨
⎩1, 1, 1, ..., 1︸ ︷︷ ︸

k−1

, fk(s), fk+1(s), ..., fr(s)

⎫⎬
⎭

A(s) C 1 ≤ k ≤ r fi(s) ∈ R [s]

A(s) fj(s) fj+1(s) j = k, k + 1, ..., r − 1

fk(s), ..., fr(s)

fk(s) = (s− λ1)
σ1k(s− λ2)

σ2k ...(s− λl)
σlk

fk+1(s) = (s− λ1)
σ1k+1(s− λ2)

σ2k+1 ...(s− λl)
σlk+1

fr(s) = (s− λ1)
σ1r(s− λ2)

σ2r ...(s− λl)
σlr

0 ≤ σik ≤ σik+1 ≤ ... ≤ σir, i = 1, 2, ..., l fj(s) =

(s− λi)
σij

�

f j(s), j = k, k + 1, ..., r
�

f j(s) �= 0

(s− λi)
σij

A(s) s = λi

n :=

[
r∏

j=k

fj(s)

]
=

l∑
i=j

r∑
j=k

σij



n

UL(s), UR(s)

UL (s)A (s)UR (s) = SC
A(s)

uj (s) ∈ Rr×1 [s] j = k, k + 1, ..., r UR (s)

uq
j (s) :=

(
dq

dsq

)
uj (s) fj(s) j = k, k + 1, ..., r

βi
jq :=

1

q!
u
(q)
j (λi)

j = k, k + 1, ..., r q = 0, 1, ..., σij − 1 λi ∈ C, i ∈ l

A(s) 0 ≤ σik ≤ σik+1 ≤ ... ≤ σir

i ∈ l j = k, k + 1, ..., r

βi
j0, β

i
j1, ..., β

i
jσij−1

λi A(s) σij

Cij :=
(
βi
j0, β

i
j1, ..., β

i
jσij−2, β

i
jσij−1

)
∈ Rr×σij

Jij :=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

λi 1 0 · · · 0

0 λi 1 · · ·
· · · 0

0 · · · · · · λi 1

0 0 · · · 0 λi

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠



i ∈ l j = k, k + 1, ..., r

Cij Jij

Ci := (Cik, Cik+1, ..., Cir) ∈ Rr×mi

Ji := (Jik, Jik+1, ..., Jir) ∈ Rmi×mi

mi := σik + σik+1 + ...+ σir

A(s)

C := (C1, C2, ..., Cl) ∈ Rr×n

J := blockdiag (J1, J2, ..., Jl) ∈ Rn×n

n := m1 +m2 + ...+ml =

[
r∏

j=k

fj (s)

]
=

l∑
i=1

r∑
j=k

σij

A(s) =

⎛
⎝s+ 1 s+ 1

0 (s+ 2)2

⎞
⎠

A(s)

A(s)

SC
A(s)(s) = UL (s)A (s)UR (s)



⎛
⎝ − (s+ 3) 1

1 + (s+ 1) (s+ 3) − (s+ 1)

⎞
⎠
⎛
⎝s+ 1 s+ 1

0 (s+ 2)2

⎞
⎠
⎛
⎝0 1

1 (s+ 1) (s+ 3)

⎞
⎠ =

=

⎛
⎝1 0

0 (s+ 1) (s+ 2)2

⎞
⎠

λ1 = −1, λ2 = −2
l = 2

SC
A(s)(s) k = 2

k = 2 = r j = k, k + 1, ..., r j

2 σij i ∈ l = 2

σ12, σ22

σ12 = 1, σ22 = 2

n = 2 + 1 = 3

βi
jq :=

1
q!
u
(q)
j (λi) q = 0, ..., σij−1

UR (s) =

⎛
⎝0 1

1 (s+ 1) (s+ 3)

⎞
⎠ =

(
u1 (s) u2 (s)

)

u1 (s) =

⎛
⎝0

1

⎞
⎠ u2 (s) =

⎛
⎝ 1

(s+ 1) (s+ 3)

⎞
⎠

β1
20, β

2
20, β

2
21

β1
20 = u2 (−1) =

⎛
⎝1

0

⎞
⎠ , β2

20 = u2 (−2) =
⎛
⎝ 1

−1

⎞
⎠ , β2

21 = u′2 (−2) =
⎛
⎝0

0

⎞
⎠

C12 = (β1
20), C22 = (β2

20, β
2
22)



σ12 = 1, σ22 = 2

J12 = (−1) , J22 =
⎛
⎝−2 1

0 −2

⎞
⎠

A(s)

C = (C12, C22) =

⎛
⎝1 1 0

0 −1 0

⎞
⎠

J = blockdiag (J12, J22) =

⎛
⎜⎜⎜⎝
−1 0 0

0 −2 1

0 0 −2

⎞
⎟⎟⎟⎠





A (ρ) β (t) = 0, t ≥ 0

A (ρ) ρ := d
dt

A (ρ) ∈ Rr×r [s] β (t) : (0−,∞)→ Rr

β (t)

β(q) (0−) = β(q) (0+) = β(q) (0) , q = 0, 1, 2 β(q) (t) q

β (t) t

A (ρ) = A0 + A1ρ+ ...+ Ak−1ρk−1 + Akρ
k

Ai ∈ Rr×r, i = 0, 1, ..., k β (0−) , β(1) (0−) , ..., β(k−1) (0−) β (t)

1, 2, ..., k−1 t = 0− λ0 ∈ C



A (ρ) |A (ρ)| = 0

β (t) =

[
tμ

μ!
β0 +

tμ−1

(μ− 1)!
β1 + ...+

t

1!
βμ−1 + βμ

]
eλ0t

βi ∈ C, i = 0, 1, ..., μ, β0 �= 0 β (t)

A (λ0) β0 = 0

A(1) (λ0) β0 + A (λ0) β1 = 0

1

μ!
A(μ) (λ0) β0 +

1

(μ− 1)!
A(μ−1) (λ0) β1 + ...+ A(1) (λ0) βμ−1 + A (λ0) βμ = 0

β0, β1, ..., βμ A (ρ)

λ0 ∈ C β0 ∈ Rr, β0 �= 0

λ0 ∈ C A (ρ)

β1, ..., βμ

λ0 ∈ C A (ρ) β (t)

μ > 0 β0, β1, ..., βμ



β0

β0, β1

β0, β1, ..., βμ−1

1, 2, ..., μ − 1

λ0 ∈ C A (ρ) βj (t) , j =

0, 1, ..., μ

βj (t) = [ρIr − λ0Ir]
jβ (t) =[

tμ−j

(μ− j)!
β0 +

tμ−j−1

(μ− j − 1)!
β1 + ...+

t

1!
βμ−j−1 + βμ−j−1

]
eλ0t

βj (t) {βμ (t) , βμ−1 (t) , ..., β1 (t) , β0 (t)}

[βμ (t) , βμ−1 (t) , ..., β1 (t) β0 (t)] =

[β0, β1, ..., βμ−1, βμ]

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 t
1!

· · · tμ−1

(μ−1)!
tμ

μ!

0 1 · · · tμ−2

(μ−2)!
tμ−1

(μ−1)!

· · ·
0 0 · · · 1 t

1!

0 0 · · · 0 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
eλ0t



Ψ(t) := [βμ (t) , βμ−1 (t) , ..., β1 (t) β0 (t)]

C := [β0, β1, ..., βμ−1, βμ] ∈ Rr×(μ+1)

J :=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

λ0 1 0 · · · 0 0

0 λ0 1 · · · 0 0

0 0 λ0

· · · 1 0

0 · · · 0 λ0 1

0 0 · · · · · · 0 λ0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
∈ R(μ+1)×(μ+1)

Ψ = CeJt

eJt =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 t
1!

· · · tμ−1

(μ−1)!
tμ

μ!

0 1 · · · tμ−2

(μ−2)!
tμ−1

(μ−1)!

· · ·
0 · · · · · · 1 t

1!

0 0 · · · 0 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

A(s)

SC
A(s)(s) A(s)

A(s)



βi
jq :=

[
tσij−1−q

(σij − 1− q)!
βi
j0 +

tσij−2−q

(σij − 2− q)!
βi
j1 + ...+

t

1!
βi
j,σij−2−q + βi

j,σij−1−q

]
eλit

i ∈ l, j = k, k + 1, ..., r, q = 0, 1, ..., σij−1

Ψij (t) :=
[
βi
j,σij−1 (t) , β

i
j,σij−2 (t) , ..., β

i
j1 (t) , β

i
j0 (t)

]
Cij :=

[
βi
j0, β

i
j1, ..., β

i
j,σij−1

]
∈ Rr×σij

i ∈ l, j = k, k + 1, ..., r

Jij :=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

λi 1 0 · · · 0 0

0 λi 1 · · · 0 0

0 0 λi · · ·
· · · · · · 1 0

0 0 · · · 0 λi 1

0 0 · · · · · · 0 λi

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
∈ Rσij×σij

λi

Ψi (t) := [Ψik (t) ,Ψi,k+1 (t) , ...,Ψir (t)]

Ci := [Cik, Ci,k+1, ..., Cir] ∈ Rr×mi

Ji := blockdiag [Jik, Ji,k+1, ..., Jir] ∈ Rmi×mi

mi = σik + σi,k+1 + ...+ σir



Ψ := [Ψ1(t),Ψ2(t), ...,Ψl(t)]

C := [C1, C2, ..., Cl] ∈ Rr×n

J := blockdiag [J1, J2, ..., Jl] ∈ Rn×n

n := m1 +m2 + ...+ml =

[
r∏

j=k

fj (s)

]
=

∣∣SC
A(s)

∣∣ = |A(s)|

Ψ Ψ

X

A (ρ) β (t) = 0, t ≥ 0

A(s) =

⎛
⎝s+ 1 s+ 1

0 (s+ 2)2

⎞
⎠ ∈ R2×2 [s]

−1,−2
Ψ = CeJt

J = blockdiag (J12, J22) =

⎛
⎜⎜⎜⎝
−1 0 0

0 −2 1

0 0 −2

⎞
⎟⎟⎟⎠⇒ eJt =

⎛
⎜⎜⎜⎝
e−t 0 0

0 e−2t te−2t

0 0 e−2t

⎞
⎟⎟⎟⎠



C = (C12, C22) =

⎛
⎝1 1 0

0 −1 0

⎞
⎠

Ψ = CeJt =

⎛
⎝1 1 0

0 −1 0

⎞
⎠
⎛
⎜⎜⎜⎝
e−t 0 0

0 e−2t te−2t

0 0 e−2t

⎞
⎟⎟⎟⎠ =

⎛
⎝e−t e−2t te−2t

0 −e−2t −te−2t

⎞
⎠

A (ρ) β (t) = 0, t ≥ 0

BC =

〈⎛⎝e−t

0

⎞
⎠ ,

⎛
⎝ e−2t

−e−2t

⎞
⎠ ,

⎛
⎝ te−2t

−te−2t

⎞
⎠〉

β̇1 (t) + β2(t) = −β1 (t)

β̇2 (t) = −β2 (t)

t ≥ 0 β (t) = [β1 (t) , β2 (t)]

ρ⎛
⎝ρ+ 1 ρ3

0 ρ+ 1

⎞
⎠
⎛
⎝β1 (t)

β2 (t)

⎞
⎠ = 0⇒ A (ρ) β (t) = 0

SC
A(s)

A(s) =

⎛
⎝s+ 1 s3

0 s+ 1

⎞
⎠



⎛
⎝s+ 1 s3

0 s+ 1

⎞
⎠
⎛
⎝1 − (s2 − s+ 1)

0 1

⎞
⎠

︸ ︷︷ ︸
V1

=

⎛
⎝s+ 1 −1

0 s+ 1

⎞
⎠

⎛
⎝s+ 1 −1

0 s+ 1

⎞
⎠
⎛
⎝1 0

0 −1

⎞
⎠

︸ ︷︷ ︸
V2

=

⎛
⎝s+ 1 1

0 − (s+ 1)

⎞
⎠

⎛
⎝s+ 1 1

0 − (s+ 1)

⎞
⎠
⎛
⎝0 1

1 0

⎞
⎠

︸ ︷︷ ︸
V3

=

⎛
⎝ 1 s+ 1

− (s+ 1) 0

⎞
⎠

⎛
⎝ 1 0

s+ 1 1

⎞
⎠

︸ ︷︷ ︸
U1

⎛
⎝ 1 s+ 1

− (s+ 1) 0

⎞
⎠ =

⎛
⎝1 s+ 1

0 (s+ 1)2

⎞
⎠

⎛
⎝1 s+ 1

0 (s+ 1)2

⎞
⎠
⎛
⎝1 − (s+ 1)

0 1

⎞
⎠

︸ ︷︷ ︸
V4

=

⎛
⎝1 0

0 (s+ 1)2

⎞
⎠

UR (s) = V1V2V3V4 =

⎛
⎝s2 − s+ 1 −s3

−1 s+ 1

⎞
⎠

UL (s) = U1 =

⎛
⎝ 1 0

s+ 1 1

⎞
⎠



SC
A(s)(s) =

⎛
⎝1 0

0 (s+ 1)2

⎞
⎠

λ1 = −1, l = 1, j = k, k + 1, ..., r = 2 = r

σ12 = 2, n = 2, q = 0, 1

u2 (s) =

⎛
⎝ −s3
s+ 1

⎞
⎠

βi
jq =

{
β1
20, β

2
21

}

βi
jq =

1

q!
u
(q)
j (λi)

β1
20 = u2 (−1) =

⎛
⎝1

0

⎞
⎠ , β1

22 = u
(1)
2 (−1) =

⎛
⎝−3

1

⎞
⎠

C12 = (β1
20, β

1
22) = C1 = C

J12 =

⎛
⎝−1 1

0 −1

⎞
⎠ = J1 = J



Ψ = CeJt =

⎛
⎝1 −3
0 1

⎞
⎠ e

⎛
⎜⎜⎜⎝
−1 1

0 −1

⎞
⎟⎟⎟⎠t

=

⎛
⎝1 −3
0 1

⎞
⎠
⎛
⎝e−t te−t

0 e−t

⎞
⎠ =

⎛
⎝e−t (t− 3) e−t

0 e−t

⎞
⎠

BC =

〈⎛⎝e−t

0

⎞
⎠ ,

⎛
⎝(t− 3) e−t

e−t

⎞
⎠〉 =

〈⎛⎝1

0

⎞
⎠ e−t,

⎛
⎝(t− 3)

1

⎞
⎠ e−t

〉



A(s) = A0 + A1s+ ...+ Ak−1sk−1 + Aks
k

Ai ∈ Rr×r, i = 0, 1, ..., k ≥ 1, Ak �= 0 rankR(s)A(s) = r

A (s) = skA

(
1

s

)
= Ak + Ak−1s+ ...+ A1s

k−1 + A0s
k ∈ Rr×r [s]

S∞A(s)(s)

A(s) ∈ Rr×r [s] s =∞

UL (s)A (s)UR (s) = S∞A(s) = blockdiag

⎡
⎢⎢⎣

ν︷ ︸︸ ︷
sq1 , ..., sqk︸ ︷︷ ︸

k

, Iν−κ,
1

sq̂ν+1
, ...,

1

sq̂r︸ ︷︷ ︸
r−ν

⎤
⎥⎥⎦

1 ≤ ν ≤ r, q1 ≥ q2 ≥ ... ≥ qk, 0 < q̂ν+1 < ... < q̂r UL (s) , UR (s) ∈ Rr×r [s]

qi, (q̂i) A(s) s = ∞
q̂ :=

r∑
i=ν+1

q̂i

A(s)

A(s)



Ã (s) s = 0

A (s)

Ã (s) s = 0

SC
Ã(s)

(s) Ã (s) S0
Ã(s)

(s) s = 0

S∞A(s)(s) s =∞

S0
Ã(s)

(s) = diag [sμ1 , sμ2 , ..., sμj ] , μj > 0, j = 1, 2, ..., r

s = 0 S0
Ã(s)

(s) S∞A(s)(s)

S∞A(s) (s) = sq1S0
Ã(s)

(
1

s

)
, q1 = k

S0
Ã(s)

(
1

s

)
=

(
1

s

)q1

S∞A(s) (s)

ŨL (s) = UL

(
1

s

)

ŨR (s) = UR

(
1

s

)

A (s)

sμj , j = 2, 3, ..., r

μj := q1 − qj > 0, j = 2, 3, ..., k

μj := q1 + q̂j > 0, j = ν + 1, ν + 2, ..., r



qi, i = 1, 2, ..., k A(s) s =∞
μj, j = 2, 3, ..., k

s = ∞
j = 1⇒ μj = 0

q̂i, i = ν + 1, ν + 2, ..., r s = ∞
μj, j =

ν + 1, ν + 2, ...r

s =∞
A(s)

A (s) =

⎛
⎝ s s2 + s+ 1

−1 −s− 1

⎞
⎠ ∈ R2×2 [s]

S∞A(s)(s)

A (s)

Ã (s) = s2

⎛
⎝ 1

s
1
s2
+ 1

s
+ 1

−1 −1
s
− 1

⎞
⎠ =

⎛
⎝ s s2 + s+ 1

−s2 −s− s2

⎞
⎠

SC
Ã(s)

(s) Ã (s)



⎛
⎝1 0

s 1

⎞
⎠

︸ ︷︷ ︸
U1

⎛
⎝ s s2 + s+ 1

−s2 −s− s2

⎞
⎠

︸ ︷︷ ︸
Ã(s)

=

⎛
⎝s s2 + s+ 1

0 s3

⎞
⎠

︸ ︷︷ ︸
Ã1(s)⎛

⎝s s2 + s+ 1

0 s3

⎞
⎠

︸ ︷︷ ︸
Ã1(s)

⎛
⎝1 − (s+ 1)

0 1

⎞
⎠

︸ ︷︷ ︸
V1

=

⎛
⎝s 1

0 s3

⎞
⎠

︸ ︷︷ ︸
Ã2(s)⎛

⎝s 1

0 s3

⎞
⎠

︸ ︷︷ ︸
Ã2(s)

⎛
⎝0 1

1 0

⎞
⎠

︸ ︷︷ ︸
V2

=

⎛
⎝ 1 s

s3 0

⎞
⎠

︸ ︷︷ ︸
Ã3(s)

⎛
⎝ 1 0

−s3 1

⎞
⎠

︸ ︷︷ ︸
U2

⎛
⎝ 1 s

s3 0

⎞
⎠

︸ ︷︷ ︸
Ã3(s)

=

⎛
⎝1 s

0 −s4

⎞
⎠

︸ ︷︷ ︸
Ã4(s)⎛

⎝1 s

0 −s4

⎞
⎠

︸ ︷︷ ︸
Ã4(s)

⎛
⎝1 −s
0 1

⎞
⎠

︸ ︷︷ ︸
V3

=

⎛
⎝1 0

0 −s4

⎞
⎠

︸ ︷︷ ︸
Ã5(s)⎛

⎝1 0

0 −s4

⎞
⎠

︸ ︷︷ ︸
Ã5(s)

⎛
⎝1 0

0 −1

⎞
⎠

︸ ︷︷ ︸
V4

=

⎛
⎝1 0

0 s4

⎞
⎠ = SC

Ã(s)

SC
Ã(s)

(s) =

⎛
⎝1 0

0 s4

⎞
⎠ ⇒︸︷︷︸

s=0

S0
Ã(s)

(s) =

⎛
⎝1 0

0 s4

⎞
⎠ =

⎛
⎝s2−2 0

0 s2+2

⎞
⎠



A (s) 1

μ2 = q1 + q̂2 = 2 + 2 = 4

s =∞ μ2 = q1 − q1 = 2− 2 = 0

S∞A(s) = s2

⎛
⎝1 0

0 1
s4

⎞
⎠ =

⎛
⎝s2 0

0 1
s2

⎞
⎠

A(s) s = ∞
q1 = 2 s =∞ q̂2 = 2

ŨR (s) = UR

(
1

s

)

ŨR (s) = V1V2V3V4 =

⎛
⎝1 − (s+ 1)

0 1

⎞
⎠
⎛
⎝0 1

1 0

⎞
⎠
⎛
⎝1 −s
0 1

⎞
⎠
⎛
⎝1 0

0 −1

⎞
⎠ =

=

⎛
⎝− (s+ 1) − (s2 + s+ 1)

1 s

⎞
⎠

UR (s) =

⎛
⎝− (1s + 1

) − ( 1
s2
+ 1

s
+ 1

)
1 1

s

⎞
⎠ =

=

⎛
⎝− s+1

s
−1+s+s2

s2

1 1
s

⎞
⎠ =

⎛
⎝− s+1

s
−1+s+s2

s2

1 1
s

⎞
⎠



ŨL (s) = UL

(
1

s

)

ŨL (s) = U1U2 =

⎛
⎝ 1 0

−s3 1

⎞
⎠
⎛
⎝1 0

s 1

⎞
⎠ =

⎛
⎝ 1 0

−s3 + s 1

⎞
⎠

UL (s) =

⎛
⎝ 1 0

− 1
s3
+ 1

s
1

⎞
⎠ =

⎛
⎝ 1 0

s2−1
s3

1

⎞
⎠ =

⎛
⎝ 1 0

s2−1
s3

1

⎞
⎠



(C∞ ∈ Rr×μ, J∞ ∈ Rμ×μ)

J∞ λ0 = 0

J∞ =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 1 · · · 0 0

0 0 1 · · · 0

· · ·
0 · · · · · · 0 1

0 0 0 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(C∞, J∞)

A(s)

λ0 = 0

Ã (s) λ0 = 0

μ Ã (s)

Ã (s) = Ak + Ak−1s+ ...+ A1s
k−1 + A0s

k ∈ Rr×r [s]



rank

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

C∞

C∞J∞

C∞Jμ−1
∞

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

= μ

A0C∞Jk
∞ + ...+ Ak−1C∞J∞ + AkC∞ = 0r,μ

λi, i = 1, 2, ..., r Ã (s) (C∞i ∈ Rr×μi , J∞i ∈ Rμi×μi)

A(s) (C∞ ∈ Rr×μ, J∞ ∈ Rμ×μ)

C∞ = (C∞1, C∞2, ..., C∞r) ∈ Rr×μ

J∞ = blockdiag (J∞1, J∞2, ..., J∞r) ∈ Rμ×μ

μ = μ1 + μ2 + ...+ μr

A (s)

(C∞, J∞) A (s)

Ã (s)

λ0 = 0

A (s) =

⎛
⎝ s s2 + s+ 1

−1 −s− 1

⎞
⎠ ∈ R2×2 [s]

Ã (s)



Ã (s) =

⎛
⎝ s s2 + s+ 1

−s2 −s− s2

⎞
⎠

A (s)

C∞ =

⎛
⎝−1 −1 −1 0

0 1 0 0

⎞
⎠ , J∞ =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

0 1 0 0

0 0 1 0

0 0 0 1

0 0 0 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

Ã (s) Ã (s) = −s2 − s3 + s4 + s3 + s2 = s4

Ã (s) λ0 = 0 4

rank

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

C∞

C∞J∞

C∞J2
∞

C∞Jμ−1=3
∞

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−1 −1 −1 0

0 1 0 0

0 −1 −1 −1
0 0 1 0

0 0 −1 −1
0 0 0 1

0 0 0 −1
0 0 0 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

= 4

A0C∞J2
∞ + A1C∞J∞ + A2C∞ = 02,4

Ã (s) s = 0



SC
Ã(s)

(s) Ã (s) s = 0

S0
Ã(s)

(s)

ŨL (s) , ŨR (s) ŨR (s) =

[ũ1 (s) , ũ2 (s) , ..., ũr (s)] , ũj (s) ∈ Rr×1 (s)

ŨL (s) Ã (s) ŨR (s) = S0
Ã(s)

Ã (s) ũRj (s) = ũLj (s) s
μj , j = ν + 1, ν + 2, ..., r μj =

q1 + q̂j, j = ν + 1, ..., r ũLj (s) j ŨL(s)
−1

ũ
(q)
j (s) , Ã(q) (s) q ũj (s) , Ã (s)

s = 0 q = 0, 1, 2, ..., μj − 1, j = ν + 1, ..., r

xjq :=
1

q!
ũ
(q)
j (0)

xj0, xj1, ..., xjr ∈ Rr, j = ν + 1, ..., r

Ã (s) s = 0

xj0, xj1, ..., xjr ∈ Rr, j = ν + 1, ..., r

Ã (0) xj0 = 0

Ã(1) (0) xj0 + Ã (0) xj1 = 0

1

(μj − 1)!
Ã(μj−1) (0) xj0 +

1

(μj − 2)!
Ã(μj−2) (0) xj1 + ...+ Ã (0) xj,μj−1 = 0

(C∞, J∞)

A (s)



A(s) =

⎛
⎝ s s2 + s+ 1

−1 −s− 1

⎞
⎠ ∈ R2×2 [s]

A (s)

Ã (s) s = 0

SC
Ã(s)

(s) =

⎛
⎝1 0

0 s4

⎞
⎠⇒ S0

Ã(s)
=

⎛
⎝1 0

0 s4

⎞
⎠

S∞A(s)(s) = s2

⎛
⎝1 0

0 1
s4

⎞
⎠ =

⎛
⎝s2 0

0 1
s2

⎞
⎠

ŨR (s) =

⎛
⎝− (s+ 1) − (s2 + s+ 1)

1 s

⎞
⎠

q1 = k = 2 j = ν + 1, ..., r = 2

A(s) q

q = 0, 1, ..., μj − 1 μj = 2 + 2 = 4

xjq 4

s = 0 Ã (s)

xjq = {x20, x21, x22, x23} x20 =
1
0!
ũ2 (0) =

⎛
⎝−(02 + 0 + 1)

0

⎞
⎠ =

⎛
⎝−1

0

⎞
⎠ ũ2 (s)

ŨR (s)

x21 =
1

1!
ũ′2 (0) =

⎛
⎝−1

1

⎞
⎠ , x22 =

⎛
⎝−1

0

⎞
⎠ , x23 =

⎛
⎝0

0

⎞
⎠



(C∞, J∞) A(s)

C∞ = C∞2 = (x20, x21, x22, x23) =

⎛
⎝−1 −1 −1 0

0 1 0 0

⎞
⎠ ∈ Rr×μi = R2×4

J∞ =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

0 1 0 0

0 0 1 0

0 0 0 1

0 0 0 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎠
∈ R4×4



C∞j = (xj0, xj1, ..., xj,μ) ∈ Rr×μ, J∞j =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 1 0 · · · · · · 0

0 0 1 · · · · · · 0

0 0 0 · · ·
· · · · · · 0

0 · · · · · · · · · 0 1

0 0 0 · · · 0 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
∈ Rμ×μ

β (0−) , β(1) (0−) , ..., β(q1−1) (0−)
β (0−) = −xjq+1, β

(1) (0−) = −xjq+2, β
(q1−1) (0−) = −xjq+q1 q =

0, 1, ..., q̂j − 1, j = ν + 1, ..., r

A (ρ) β (t) = 0, t ≥ 0

β∞jq (t) = xj0δ
(q) (t) + xj1δ

(q−1) (t) + ...+ xjq−1δ(1) (t) + xjqδ (t)



xjq δ (t)

q̂r − 1

β (t)

δ (t)

q̂r

s = ∞ S∞A(s)(s)

B∞ A (ρ) β (t) = 0, t ≥ 0

β∞i (t) ∈ B∞

SC
Ã(s)

(s) Ã (s) s = 0

S0
Ã(s)

(s) S∞A(s)(s)

A(s)

ŨL (s) , ŨR (s)

ŨR (s) = [ũ1 (s) , ũ2 (s) , ..., ũr (s)] , uj (s) ∈ Rr×1 (s)

ŨL (s) Ã (s) ŨR (s) = S0
Ã(s)

(s)

xjq :=
1

q!
ũ
(q)
j (0)

Ã (s) s = 0

(C∞, J∞) A(s)

q = 0, 1, ..., μj − 1, j = ν + 1, ..., r



(C∞, J∞)

C̃∞j :=
[
C̃∞ν+1, C̃∞ν+2, ..., C̃∞r

]
∈ Rr×μj

J̃∞j :=
[
J̃∞ν+1, J̃∞ν+2, ..., J̃∞r

]
∈ Rμj×μj

j = ν+1, ..., r

q̂j k× q̂j q̂j × q̂j (C̃∞j J̃∞j)

B∞

Ψ∞ =

q̂r−1∑
i=0

C̃∞jJ̃
(i)
∞jδ

(i) (t)

J∞ μj = q+ q̂j, j = ν+1, ..., r q̂j

B∞ = μj =
r∑

j=ν+1

q̂j

j = ν + 1, ..., r A(s)

A(s) =

⎛
⎝ s s2 + s+ 1

−1 −s− 1

⎞
⎠ ∈ R2×2 [s]

A (ρ) β (t) = 0

A(s) s = ∞



(C∞, J∞) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝
⎛
⎝−1 −1 −1 0

0 1 0 0

⎞
⎠ ,

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

0 1 0 0

0 0 1 0

0 0 0 1

0 0 0 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

q̂j = 2 C∞ J∞ 2× 2 j = 2

C̃∞2 =

⎛
⎝−1 −1

0 −1

⎞
⎠

J̃∞2 =

⎛
⎝0 1

0 0

⎞
⎠

Ψ∞ =

q̂r−1∑
i=0

C̃∞jJ̃
(i)
∞jδ

(i) (t) =
2−1=1∑
i=0

C̃∞2J̃
(i)
∞2δ

(i) (t) = C̃∞2J̃
(0)
∞2δ

(0) (t) + C̃∞2J̃
(1)
∞2δ

(1) (t) =

=

⎛
⎝−1 −1

0 −1

⎞
⎠ δ (t) +

⎛
⎝−1 −1

0 −1

⎞
⎠
⎛
⎝0 1

0 0

⎞
⎠ δ(1) (t)

=

⎛
⎝−δ (t) −δ (t)

0 −δ (t)

⎞
⎠+

⎛
⎝0 −δ(1) (t)
0 0

⎞
⎠ =

⎛
⎝−δ (t) −δ (t)− δ(1) (t)

0 −δ (t)

⎞
⎠

q̂r s =∞ r

2

B∞ =

〈⎛⎝−δ (t)
0

⎞
⎠ ,

⎛
⎝−δ (t)− δ(1) (t)

−δ (t)

⎞
⎠〉



A(s) =

⎛
⎝s+ 1 s2 − 1

1 s

⎞
⎠

B∞ k = 2

−s2 + 1 = s× (−s) + 1, s = s× 1

Ã (s) = s2

⎛
⎝1

s
1
s2
− 1

1 1
s

⎞
⎠ =

⎛
⎝s+ s2 1− s2

s2 s

⎞
⎠

⎛
⎝s+ s2 1− s2

s2 s

⎞
⎠

︸ ︷︷ ︸
Ã(s)

⎛
⎝0 1

1 0

⎞
⎠

︸ ︷︷ ︸
V1

=

⎛
⎝1− s2 s+ s2

s s2

⎞
⎠

︸ ︷︷ ︸
Ã1(s)⎛

⎝0 1

1 0

⎞
⎠

︸ ︷︷ ︸
U1

⎛
⎝1− s2 s+ s2

s s2

⎞
⎠

︸ ︷︷ ︸
Ã1(s)

=

⎛
⎝ s s2

1− s2 s+ s2

⎞
⎠

︸ ︷︷ ︸
Ã2(s)⎛

⎝1 0

s 1

⎞
⎠

︸ ︷︷ ︸
U2

⎛
⎝ s s2

1− s2 s+ s2

⎞
⎠

︸ ︷︷ ︸
Ã2(s)

=

⎛
⎝s s2

1 s+ s2 + s3

⎞
⎠

︸ ︷︷ ︸
Ã3(s)



⎛
⎝s s2

1 s+ s2 + s3

⎞
⎠

︸ ︷︷ ︸
Ã3(s)

⎛
⎝1 −s
0 1

⎞
⎠

︸ ︷︷ ︸
V2

=

⎛
⎝s 0

1 s3 + s2

⎞
⎠

︸ ︷︷ ︸
Ã4(s)⎛

⎝0 1

1 0

⎞
⎠

︸ ︷︷ ︸
U3

⎛
⎝s 0

1 s3 + s2

⎞
⎠

︸ ︷︷ ︸
Ã4(s)

=

⎛
⎝1 s3 + s2

s 0

⎞
⎠

︸ ︷︷ ︸
Ã5(s)⎛

⎝ 1 0

−s 1

⎞
⎠

︸ ︷︷ ︸
U4

⎛
⎝1 s3 + s2

s 0

⎞
⎠

︸ ︷︷ ︸
Ã5(s)

=

⎛
⎝1 s3 + s2

0 −s4 − s3

⎞
⎠

︸ ︷︷ ︸
Ã6(s)⎛

⎝1 s3 + s2

0 −s4 − s3

⎞
⎠

︸ ︷︷ ︸
Ã6(s)

⎛
⎝1 −s3 − s2

0 1

⎞
⎠

︸ ︷︷ ︸
V3

=

⎛
⎝1 0

0 −s4 − s3

⎞
⎠

︸ ︷︷ ︸
Ã7(s)⎛

⎝1 0

0 −s4 − s3

⎞
⎠

︸ ︷︷ ︸
Ã7(s)

⎛
⎝1 0

0 −1

⎞
⎠

︸ ︷︷ ︸
V4

=

⎛
⎝1 0

0 s4 + s3

⎞
⎠ =

⎛
⎝1 0

0 s3 (1 + s)

⎞
⎠ = SC

Ã(s)

S0
Ã(s)

(s) =

⎛
⎝1 0

0 s3

⎞
⎠⇒ S∞A(s)(s) = s2

⎛
⎝1 0

0 1
s3

⎞
⎠ =

⎛
⎝s2 0

0 1
s

⎞
⎠

A(s) s = ∞ q1 = 2

q̂2 = 1

s = ∞ μ2 = q1 + q̂2 = 2 + 1 = 3

μ2 = 3 s =∞
s = 0 Ã (s)



xjq = {x20, x21, x22} , q = 0, 1, ..., μj − 1 = 0, 1, 2 j = 2

q̂2 = 1

ŨR (s) = V1V2V3V4 =

⎛
⎝0 −1
1 s3 + s2 + s

⎞
⎠

x20 = 1× ũ2 (0) =

⎛
⎝−1

0

⎞
⎠ , x21 = ũ

(1)
2 (0) =

⎛
⎝0

1

⎞
⎠ , x22 =

1

2!
ũ
(2)
2 (0) =

⎛
⎝0

1

⎞
⎠

C∞ =

⎛
⎝−1 0 0

0 1 1

⎞
⎠ , J∞ =

⎛
⎜⎜⎜⎝
0 1 0

0 0 1

0 0 0

⎞
⎟⎟⎟⎠

C̃∞2 =

⎛
⎝−1

0

⎞
⎠ ∈ R2×1, J̃∞2 = (1) ∈ R1×1 (C∞, J∞)

Ψ∞ =

q̂r−1=1−1∑
i=0

C∞jJ
(i)
∞jδ

(i) (t) = C∞2J
(0)
∞2δ (t) =

⎛
⎝−1

0

⎞
⎠ δ (t) =

⎛
⎝−δ (t)

0

⎞
⎠

B∞ =

〈⎛⎝−δ (t)
0

⎞
⎠〉

t ≥ 0

β1 (t) +
d3β2 (t)

dt3
= 0

β2 (t) +
dβ3 (t)

dt
= 0

β3 (t) = 0



B∞ ρ

⎛
⎜⎜⎜⎝
1 ρ3 0

0 1 ρ

0 0 1

⎞
⎟⎟⎟⎠
⎛
⎜⎜⎜⎝
β1 (t)

β2 (t)

β3 (t)

⎞
⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎝
0

0

0

⎞
⎟⎟⎟⎠

Ã (s) = s3A
(
1
s

)
Ã (s) = s3

⎛
⎜⎜⎜⎝
1 1

s3
0

0 1 1
s

0 0 1

⎞
⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎝
s3 1 0

0 s3 s2

0 0 s3

⎞
⎟⎟⎟⎠

⎛
⎜⎜⎜⎝
s3 1 0

0 s3 s2

0 0 s3

⎞
⎟⎟⎟⎠

︸ ︷︷ ︸
Ã(s)

⎛
⎜⎜⎜⎝
0 1 0

1 0 0

0 0 1

⎞
⎟⎟⎟⎠

︸ ︷︷ ︸
V1

=

⎛
⎜⎜⎜⎝

1 s3 0

s3 0 s2

0 0 s3

⎞
⎟⎟⎟⎠

︸ ︷︷ ︸
Ã1(s)⎛

⎜⎜⎜⎝
1 0 0

−s3 1 0

0 0 1

⎞
⎟⎟⎟⎠

︸ ︷︷ ︸
U1

⎛
⎜⎜⎜⎝

1 s3 0

s3 0 s2

0 0 s3

⎞
⎟⎟⎟⎠

︸ ︷︷ ︸
Ã1(s)

=

⎛
⎜⎜⎜⎝
1 s3 0

0 −s6 s2

0 0 s3

⎞
⎟⎟⎟⎠

︸ ︷︷ ︸
Ã2(s)⎛

⎜⎜⎜⎝
1 s3 0

0 −s6 s2

0 0 s3

⎞
⎟⎟⎟⎠

︸ ︷︷ ︸
Ã2(s)

⎛
⎜⎜⎜⎝
1 −s3 0

0 1 0

0 0 1

⎞
⎟⎟⎟⎠

︸ ︷︷ ︸
V2

=

⎛
⎜⎜⎜⎝
1 0 0

0 −s6 s2

0 0 s3

⎞
⎟⎟⎟⎠

︸ ︷︷ ︸
Ã3(s)



⎛
⎜⎜⎜⎝
1 0 0

0 −s6 s2

0 0 s3

⎞
⎟⎟⎟⎠

︸ ︷︷ ︸
Ã3(s)

⎛
⎜⎜⎜⎝
1 0 0

0 0 1

0 1 0

⎞
⎟⎟⎟⎠

︸ ︷︷ ︸
V3

=

⎛
⎜⎜⎜⎝
1 0 0

0 s2 −s6

0 s3 0

⎞
⎟⎟⎟⎠

︸ ︷︷ ︸
Ã4(s)⎛

⎜⎜⎜⎝
1 0 0

0 1 0

0 −s 1

⎞
⎟⎟⎟⎠

︸ ︷︷ ︸
U2

⎛
⎜⎜⎜⎝
1 0 0

0 s2 −s6

0 s3 0

⎞
⎟⎟⎟⎠

︸ ︷︷ ︸
Ã4(s)

=

⎛
⎜⎜⎜⎝
1 0 0

0 s2 −s6

0 0 s7

⎞
⎟⎟⎟⎠

︸ ︷︷ ︸
Ã5(s)⎛

⎜⎜⎜⎝
1 0 0

0 s2 −s6

0 0 s7

⎞
⎟⎟⎟⎠

︸ ︷︷ ︸
Ã5(s)

⎛
⎜⎜⎜⎝
1 0 0

0 1 s4

0 0 1

⎞
⎟⎟⎟⎠

︸ ︷︷ ︸
V4

=

⎛
⎜⎜⎜⎝
1 0 0

0 s2 0

0 0 s7

⎞
⎟⎟⎟⎠ = SC

Ã(s)

S0
Ã(s)

(s) =

⎛
⎜⎜⎜⎝
1 0 0

0 s2 0

0 0 s7

⎞
⎟⎟⎟⎠

S∞A(s) (s) = s3

⎛
⎜⎜⎜⎝
1 0 0

0 1
s2

0

0 0 1
s7

⎞
⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎝
s3 0 0

0 s 0

0 0 1
s4

⎞
⎟⎟⎟⎠

k = 3

A(s) s =∞ q1 = 3, q2 =

1 q̂3 = 4 4

μ3 = q1 + q̂j = 3 + 4 = 7



s = 0 Ã (s)

μ1 = 3− 3 = 0 μ2 = q1 − q2 = 3− 1 = 2

s =∞ s =∞ μ3 = q1 + q̂3 =

3 + 4 = 7

xjq = {x30, x31, x32, x33, x34, x35, x36} , q = 0, 1, ..., μj − 1 = 0, 1, ..., 7 − 1 =

0, 1, ..., 6 j = 3

q̂3 = 4

ŨR (s) = V1V2V3V4 =

⎛
⎜⎜⎜⎝
0 0 1

1 0 −s3

0 1 s4

⎞
⎟⎟⎟⎠

x30 =
1

0!
ũ3 (0) =

⎛
⎜⎜⎜⎝
1

0

0

⎞
⎟⎟⎟⎠ , x31 =

1

1!
ũ
(1)
3 (0) =

⎛
⎜⎜⎜⎝

0

−3s2

4s3

⎞
⎟⎟⎟⎠

s=0

=

⎛
⎜⎜⎜⎝
0

0

0

⎞
⎟⎟⎟⎠

x32 =
1

2!
ũ
(2)
3 (0) =

1

2

⎛
⎜⎜⎜⎝

0

−6s
12s2

⎞
⎟⎟⎟⎠

s=0

=

⎛
⎜⎜⎜⎝
0

0

0

⎞
⎟⎟⎟⎠ , x33 =

1

3!
ũ
(3)
3 (0) =

1

6

⎛
⎜⎜⎜⎝

0

−6
24s

⎞
⎟⎟⎟⎠

s=0

=

⎛
⎜⎜⎜⎝

0

−1
0

⎞
⎟⎟⎟⎠

x34 =
1

4!
ũ
(4)
3 (0) =

1

24

⎛
⎜⎜⎜⎝

0

0

24

⎞
⎟⎟⎟⎠

s=0

=

⎛
⎜⎜⎜⎝
0

0

1

⎞
⎟⎟⎟⎠ , x35 =

1

5!
ũ
(5)
3 (0) =

1

120

⎛
⎜⎜⎜⎝
0

0

0

⎞
⎟⎟⎟⎠

s=0

=

⎛
⎜⎜⎜⎝
0

0

0

⎞
⎟⎟⎟⎠ = x36



C∞ =

⎛
⎜⎜⎜⎝
1 0 0 0 0 0 0

0 0 0 −1 0 0 0

0 0 0 0 1 0 0

⎞
⎟⎟⎟⎠ ∈ R3×7, J∞ =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 1 0 0 0 0 0

0 0 1 0 0 0 0

0 0 0 1 0 0 0

0 0 0 0 1 0 0

0 0 0 0 0 1 0

0 0 0 0 0 0 1

0 0 0 0 0 0 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

∈ R7×7

C̃∞3 =

⎛
⎜⎜⎜⎝
1 0 0 0

0 0 0 −1
0 0 0 0

⎞
⎟⎟⎟⎠ , J̃∞3 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

0 1 0 0

0 0 1 0

0 0 0 1

0 0 0 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

3 × 4 4 × 4



Ψ∞ =

q̂r−1=4−1∑
i=0

C̃∞3J̃
(i)
∞3δ

(i) (t) =

= C̃∞3J̃
(0)
∞3δ (t) + C̃∞3J̃

(1)
∞3δ

(1) (t) + C̃∞3J̃
(2)
∞3δ

(2) (t) + C̃∞3J̃
(3)
∞3δ

(3) (t) =

=

⎛
⎜⎜⎜⎝
1 0 0 0

0 0 0 −1
0 0 0 0

⎞
⎟⎟⎟⎠ δ (t) +

⎛
⎜⎜⎜⎝
1 0 0 0

0 0 0 −1
0 0 0 0

⎞
⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

0 1 0 0

0 0 1 0

0 0 0 1

0 0 0 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

δ(1) (t)

+

⎛
⎜⎜⎜⎝
1 0 0 0

0 0 0 −1
0 0 0 0

⎞
⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

0 0 1 0

0 0 0 1

0 0 0 0

0 0 0 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

δ(2) (t)+

+

⎛
⎜⎜⎜⎝
1 0 0 0

0 0 0 −1
0 0 0 0

⎞
⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

0 0 0 1

0 0 0 0

0 0 0 0

0 0 0 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

δ(3) (t) =

⎛
⎜⎜⎜⎝
1 0 0 0

0 0 0 −1
0 0 0 0

⎞
⎟⎟⎟⎠ δ (t)

+

⎛
⎜⎜⎜⎝
0 1 0 0

0 0 0 0

0 0 0 0

⎞
⎟⎟⎟⎠ δ(1) (t) +

⎛
⎜⎜⎜⎝
0 0 1 0

0 0 0 0

0 0 0 0

⎞
⎟⎟⎟⎠ δ(2) (t)+

+

⎛
⎜⎜⎜⎝
0 0 0 1

0 0 0 0

0 0 0 0

⎞
⎟⎟⎟⎠ δ(3) (t) =

⎛
⎜⎜⎜⎝
δ (t) δ(1) (t) δ(2) (t) δ(3) (t)

0 0 0 −δ (t)
0 0 0 0

⎞
⎟⎟⎟⎠



B∞ =

〈⎛⎜⎜⎜⎝
δ (t)

0

0

⎞
⎟⎟⎟⎠ ,

⎛
⎜⎜⎜⎝
δ(1) (t)

0

0

⎞
⎟⎟⎟⎠ ,

⎛
⎜⎜⎜⎝
δ(2) (t)

0

0

⎞
⎟⎟⎟⎠ ,

⎛
⎜⎜⎜⎝
δ(3) (t)

−δ (t)
0

⎞
⎟⎟⎟⎠
〉





A(ρ)β (t) = 0

BC =

〈
βi
jk (t) =

σij−1∑
k=0

βjkt
keλi(t)

〉

k = 0, 1, ..., σij − 1 i = 1, 2, ..., l i j = z, z+1, ..., r

q ∈ N A (ρ) = A0 + A1ρ + ... + Aqρ
q

Ai ∈ Rr×r, i = 1, 2, ..., q βi
jk (t) ∈ BC

A(ρ)β (t) = 0



Cjk =
(
βi
j0 βi

j1 ... βi
jσij−1

)
∈ Rr×σij

Jij =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

λj 1 0 · · · 0 0

0 λi 1 · · · 0 0

0 0 λi · · ·
· · · · · · 1 0

0 0 · · · 0 λi 1

0 0 · · · · · · 0 λi

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
∈ Rσij×σij

βi
jk (t) ∈ BC

βi
jk =

(
tσij−1

σij−1 β
i
j0+

tσij−2

σij−2 β
i
j1+ ... t

1!
βi
jσij−2

+ βi
jσij−1

)
eλit

i ∈ l, j = z, z+1, ..., r, k = 0, 1, ..., σij−1

A (λ0) β
i
j0 = 0

A(1) (λ0) β
i
j0 + A (λ0) β

i
j1 = 0

1

(σij − 1)!
A

(σij−1)

(λ0) β
i
j0 +

1

(σij − 2)!
A(σij−2) (λ0) β

i
j1 + ...+ A(1) (λ0) βσij−2 + A (λ0) βσij−1 = 0



(
Aq · · · A1 A0

)
×

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎛
⎝ q

σij − 1

⎞
⎠λ

q−(σij−1)
0 I · · · · · · · · · q(q − 1)λq−2

0 I qλq−1
0 I λq

0I

· · · · · · · · · (q − 1)λq−2
0 I λq−1

0 I⎛
⎝ σij

σij − 1

⎞
⎠λ

q−(σij−1)
0 I · · · · · · · · ·

I

2I 2λ0I λ2
0I

· · · · · · · · · 0 I λ0I

0 0 · · · · · · 0 0 I

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

︸ ︷︷ ︸
Qi

×

×

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

βi
j0 0 0 · · · · · · 0 0

βi
j1 βi

j0 0 · · · · · · · · · 0

βi
j1 · · · · · · · · ·

· · · · · ·
0 0

βi
jσij−2 · · · βi

j0

βi
jσij−1 βi

jσij−2 · · · · · · · · · βi
j1 βi

j0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

︸ ︷︷ ︸
Wi

=
(
0 · · · 0

)

A (s) q = 1



Qi,Wi Qi,Wi

Q,W (
Aq · · · A1 A0

)
QW =

(
0 · · · 0 0

)
Ai ∈ Rr×r, i = 0, 1, ..., q

Qi,Wi

2

r

q = q + 1

A(s)

A (ρ) β (t) = 0

β1 (t) =

⎛
⎝1

3

1
3

⎞
⎠

︸ ︷︷ ︸
β10

e2t

β2 (t) =

⎛
⎝−1

3

1
3

⎞
⎠

︸ ︷︷ ︸
β11

e2t +

⎛
⎝1

3

1
3

⎞
⎠

︸ ︷︷ ︸
β10

te2t

q = 1 A (s) =

A1s+ A0 λ0 = 2, r = 2

(
A1 A0

)⎛⎝I 2I

0 I

⎞
⎠

︸ ︷︷ ︸
Q

⎛
⎝β10 0

β11 β10

⎞
⎠

︸ ︷︷ ︸
W

=
(
0 0

)



Ai =

⎛
⎝ai1 ai2

ai3 ai4

⎞
⎠ , i = 0, 1

(
A1 A0

)⎛⎝β10 + 2β11 2β10

β11 β10

⎞
⎠ =

(
0 0

)

Q,W A1, A0

A (s)

β10 =

⎛
⎝1

3

1
3

⎞
⎠ , β11 =

⎛
⎝−1

3

1
3

⎞
⎠

(
A1 A0

)
⎛
⎜⎜⎜⎜⎜⎜⎜⎝

−1
3

2
3

1 2
3

−1
3

1
3

1
3

1
3

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

=
(
0 0

)

c {{
−1

8
,−3

8
, 0, 1

}
,

{
−5

8
,
1

8
, 1, 0

}}

A1 =

⎛
⎝−1

8
−3

8

−5
8

1
8

⎞
⎠ , A0 =

⎛
⎝0 1

1 0

⎞
⎠

A (s) =

⎛
⎝ −1

8
s −3

8
s+ 1

−5
8
s+ 1 1

8
s

⎞
⎠



A (s) = −1
4
(s− 2)2 �= 0

q = 1

q = 2 A(s)



A (ρ) β (t) = 0 A (ρ) ∈ Rr×r [ρ] , ρ = d
dt

A (ρ) β (t) = 0

B∞ =

〈
βj (t) =

q̂j−1∑
k=0

xjkδ
(q̂j−1−k) (t)

〉

xjk ∈ Cr, 0 ≤ k ≤ q̂j − 1, 1 ≤ j ≤ l q ∈ N

A (ρ) = A0 + A1ρ + ... + Aqρ
q Ai ∈ Rr×r, i = 1, 2, q



βj (t) ∈ B∞ A (ρ) β (t) = 0

C∞j =
(
xj0, xj1, ..., xj,q+q̂j−1

) ∈ Rr×q+q̂j−1, J∞j =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 1 0 · · · · · · 0

0 0 1 · · · · · · 0

0 0 0 · · ·
· · · · · · 0

0 · · · · · · · · · 0 1

0 0 0 · · · 0 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
∈ Rq+q̂j−1×q+q̂j−1

A(s) = Aqs
q + ... + A1s + A0

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

Aq 0 0 · · · 0 0 0 · · · 0

Aq−1 Aq 0 · · · 0 0 0 · · · 0

A1 A2 A3 · · · Aq 0 0 · · · 0

A0 A1 A2 · · · Aq−1 Aq 0 · · · 0

0 A0 A1 · · · Aq−2 Aq−1 Aq · · · 0

0 0 A0 A1 A2 · · · · · · Aq−1 Aq

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

︸ ︷︷ ︸
rμj×rμj

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

xj0

xj1

xjq−1

xjq

xjq+1

xjμj+1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

︸ ︷︷ ︸
rμj×1

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0

0

0

0

0

0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

︸ ︷︷ ︸
rμj

μj = q + q̂j

n = 0, 1, ..., q1 q1



A(s) q = q1

Ã(n) (0) = n!Aq1−q, n = 0, 1, 2, ..., q1

Ã(n) (0) = 0, n = q1 + 1, q1 + 2, ..., q1 + q̂1 − 1 = μj − 1

Ã (0) xj0 = 0

Ã(1) (0) xj0 + Ã (0) xj1 = 0

1

q1!
Ã(q1) (0) xj0 +

1

(q1 − 1)!
Ã(q1−1) (0) xj1 + ...+ Ã (0) xjq1 = 0

1

q1!
Ã(q1) (0) xj1 +

1

(q1 − 1)!
Ã(q1−1) (0) xj2 + ...+ Ã(1) (0) xjq1 + Ã (0) xjq1+1 = 0

1

q1!
Ã(q1) (0) xjμj−(q1+1) +

1

(q1 − 1)!
Ã(q1−1) (0) xjμj−q1 + ...+ Ã(1) (0) xjμj−2 + Ã (0) xjμj−1 = 0



j = ν + 1, ..., r ν

Aq1xj0 = 0

Aq1−1xj0 + Aq1xj1 = 0

Aq1−2xj0 + Aq1−1xj1 + Aq1xj2 = 0

A0xj0 + A1xj1 + ...+ Aq1xjq1 = 0

A0xj1 + A1xj2 + ...+ Aq1−1xjq1 + Aq1xjq1+1 = 0

A0xjq̂j−1 + A1xjq̂j + ...+ Aq1−1xjμj−2 + Aq1xjμj−1 = 0

q = q1, μj = q + q̂j

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

Aq 0 0 · · · 0 0 0 · · · 0

Aq−1 Aq 0 · · · 0 0 0 · · · 0

A1 A2 A3 · · · Aq 0 0 · · · 0

A0 A1 A2 · · · Aq−1 Aq 0 · · · 0

0 A0 A1 · · · Aq−2 Aq−1 Aq · · · 0

0 0 A0 A1 A2 · · · · · · Aq−1 Aq

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

︸ ︷︷ ︸
rμj×rμj

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

xj0

xj1

xjq̂j−1

xjq̂j

xjq̂j+1

xjq+q̂j−1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

︸ ︷︷ ︸
rμj×1

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0

0

0

0

0

0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

︸ ︷︷ ︸
rμj

β∞jl = xj0δ
(l) (t) + xj1δ

(l−1) (t) + ...+ xjl−1δ(1) (t) + xjlδ (t) l = 0, 1, ..., q̂j − 1



β (0−) = −xjl+1, β
(1) (0−) = −xjl+2, ..., β

(q−1) (0−) = −xjl+q

μj = q + q̂j

q̂j

(
Aq Aq−1 · · · A0

)
xjl

(
Aq Aq−1 · · · A1 A0

)
︸ ︷︷ ︸

r×r(q+1)

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

xj0 xj1 · · · xjq−1 xjq xjq+1 · · · xj,q+q̂j−1

0 xj0 · · · xjq−2 xjq−1 xjq · · · xj,q+q̂j−2

0 0 xjq−2 xjq−1 · · ·
0 xjq−2 · · ·

· · ·
· · ·

0 · · · xj0 · · · xjq̂j

0 0 · · · 0 xj0 xj1 · · · xjq̂j−1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

︸ ︷︷ ︸
r(q+1)×μj

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0

0

0

0

0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

︸ ︷︷ ︸
rμj



(
Aq Aq−1 · · · A1 A0

)
︸ ︷︷ ︸

r×r(q+1)

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

xj0 xj1 · · · xjq̂j−1 xjq̂j xjq̂j+1 · · · xj,q+q̂j−1

0 xj0 · · · xjq̂j−2 xjq̂j−1 xjq̂j · · · xj,q+q̂j−2

0 0 xjq̂j−2 xjq̂j−1 · · ·
0 xjq̂j−2 · · ·

· · ·
· · ·

0 · · · xj0 · · · xjq̂j

0 0 · · · 0 xj0 xj1 · · · xjq̂j−1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

︸ ︷︷ ︸
r(q+1)×μj

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0

0

0

0

0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

︸ ︷︷ ︸
rμj

q̂j μj = q + q̂j

A (s) q = 1

Ai Ai ∈ Rr×r, i = 0, 1, ..., q aij

μj = q + q̂j, j = 1, 2, ..., l xjq̂j , xjq̂j+1, ..., xj,q+q̂j−1,

lq

2

A(s) = 0

q 1 q = q+1

2



Ai

A (s)

A (s) q = 1

(
Aq Aq−1 · · · A1 A0

)
︸ ︷︷ ︸

r×r(q+1)

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

xj0 xj1 · · · xjq̂j−1 xjq̂j xjq̂j+1 · · · xj,q+q̂j−1

0 xj0 · · · xjq̂j−2 xjq̂j−1 xjq̂j · · · xj,q+q̂j−2

0 0 xjq̂j−2 xjq̂j−1 · · ·
0 xjq̂j−2 · · ·

· · ·
· · ·

0 · · · xj0 · · · xjq̂j

0 0 · · · 0 xj0 xj1 · · · xjq̂j−1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

︸ ︷︷ ︸
Q∈Rr(q+1)×μj

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0

0

0

0

0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

︸ ︷︷ ︸
rμj

Ai Ai ∈ Rr×r, i = 0, 1, ..., q

Ai Ai ∈ Rr×r, i = 0, 1, ..., q

Q

1

q = q + 1

2

A(s) A (ρ) β (t) = 0



A(s)

A(s)

A (ρ) β (t) = 0

β1 (t) =

⎛
⎝1

0

⎞
⎠ δ (t) = x10δ (t)

β2 (t) =

⎛
⎝ 1

−1

⎞
⎠ δ (t) +

⎛
⎝1

0

⎞
⎠ δ(1) (t) = x11δ (t) + x10δ

(1) (t)

q = 1 A(s) =

A0 + A1s

⎛
⎜⎜⎜⎝
A1 0 0

A0 A1 0

0 A0 A1

⎞
⎟⎟⎟⎠
⎛
⎜⎜⎜⎝
x10

x11

x12

⎞
⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎝
0

0

0

⎞
⎟⎟⎟⎠

q̂1 = 2 μ1 = q+ q̂1 = 1+2 = 3 r = 2

xji Ai =

⎛
⎝ai1 ai2

ai3 ai4

⎞
⎠ , i = 0, 1

x10 =

⎛
⎝1

0

⎞
⎠ , x11 =

⎛
⎝ 1

−1

⎞
⎠ , x12 =

⎛
⎝x1

x2

⎞
⎠

rμ1 = r (q + q̂1) = 2 (1 + 2) = 6 (q + 1) r2+ lqr = (1 + 1) 22+1× 1×



2 = 10

A1x10 = 0

A0x10 + A1x11 = 0

A0x11 + A1x12 = 0

⎛
⎝a11 a12

a13 a14

⎞
⎠
⎛
⎝1

0

⎞
⎠ =

⎛
⎝0

0

⎞
⎠⇒

⎛
⎝a11

a13

⎞
⎠ =

⎛
⎝0

0

⎞
⎠⇒ a11 = 0, a13 = 0

⎛
⎝a01 a02

a03 a04

⎞
⎠
⎛
⎝1

0

⎞
⎠+

⎛
⎝a11 a12

a13 a14

⎞
⎠
⎛
⎝ 1

−1

⎞
⎠ =

⎛
⎝0

0

⎞
⎠⇒

⎛
⎝a01

a03

⎞
⎠+

⎛
⎝a11 − a12

a13 − a14

⎞
⎠ =

⎛
⎝0

0

⎞
⎠⇒

⎛
⎝a01 + a11 − a12

a03 + a13 − a14

⎞
⎠ =

⎛
⎝0

0

⎞
⎠ ⇒︸︷︷︸ a01 = a12, a03 = a14

⎛
⎝a01 a02

a03 a04

⎞
⎠
⎛
⎝ 1

−1

⎞
⎠+

⎛
⎝a11 a12

a13 a14

⎞
⎠
⎛
⎝x1

x2

⎞
⎠ =

⎛
⎝0

0

⎞
⎠ ⇒︸︷︷︸

⎛
⎝a01 − a02 + a12x2

a03 − a04 + a14x2

⎞
⎠ =

⎛
⎝0

0

⎞
⎠ ⇒︸︷︷︸

( )

a12 − a02 + a12x2 = 0

a14 − a04 + a14x2 = 0

a02 = a12 + a12x2 ⇒ x2 =
a02 − a12

a12

a04 = a14 + a14x2 ⇒ a04 = a14 + a14
a02 − a12

a12
=

a14a02
a12



A (s)

a12 = a14 = 0 A (s) =

⎛
⎝0 0

0 0

⎞
⎠

a12 = 0, a14 �= 0

A1 =

⎛
⎝0 0

0 a14

⎞
⎠ , A0 =

⎛
⎝ 0 a02

a14 a04

⎞
⎠ ⇒︸︷︷︸

⎛
⎝ 0 0

a14 a04

⎞
⎠

A (s) = A0 + A1s =

⎛
⎝ 0 0

a14 a04 + a14s

⎞
⎠

a12 �= 0, a14 = 0

A1 =

⎛
⎝0 a12

0 0

⎞
⎠ , A0 =

⎛
⎝a12 a02

0 a04

⎞
⎠ ⇒︸︷︷︸

⎛
⎝a12 a02

0 0

⎞
⎠

A (s) = A0 + A1s =

⎛
⎝a12 a02 + a12s

0 0

⎞
⎠

a12 �= 0, a14 �= 0

A1 =

⎛
⎝0 a12

0 a14

⎞
⎠ , A0 =

⎛
⎝a12 a02

a14 a04

⎞
⎠ ⇒︸︷︷︸

⎛
⎝a12 a02

a14
a02a14
a12

⎞
⎠

A (s) = A0 + A1s =

⎛
⎝a12 a02 + a12s

a14
a02a14
a12

+ a14s

⎞
⎠



A(s)

S∞A(s) =

⎛
⎝s 0

0 1
s

⎞
⎠ q̂1 = 1

2

q = q + 1 = 2

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

A2 0 0 0

A1 A2 0 0

A0 A1 A2 0

0 A0 A1 A2

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

x10

x11

x12

x13

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

0

0

0

0

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

q̂1 = 2 μ1 = q + q̂1 = 2 + 2 = 4 r = 2

xji

Ai =

⎛
⎝ai1 ai2

ai3 ai4

⎞
⎠ , i = 0, 1, 2

x10 =

⎛
⎝1

0

⎞
⎠ , x11 =

⎛
⎝ 1

−1

⎞
⎠ , x12 =

⎛
⎝x1

x2

⎞
⎠ , x13 =

⎛
⎝x3

x4

⎞
⎠



(A0 + A1s+ A2s
2) �= 0

A2x10 = 0

A1x10 + A2x11 = 0

A0x10 + A1x11 + A2x12 = 0

A0x11 + A1x12 + A2x13 = 0

⎛
⎝a21 a22

a23 a24

⎞
⎠
⎛
⎝1

0

⎞
⎠ =

⎛
⎝0

0

⎞
⎠⇒ a21 = 0, a23 = 0

⎛
⎝a11 a12

a13 a14

⎞
⎠
⎛
⎝1

0

⎞
⎠+

⎛
⎝a21 a22

a23 a24

⎞
⎠
⎛
⎝ 1

−1

⎞
⎠ =

⎛
⎝0

0

⎞
⎠⇒

⎛
⎝a11 + a21 − a22

a13 + a23 − a24

⎞
⎠ =

⎛
⎝0

0

⎞
⎠ ⇒︸︷︷︸

a11 = a22

a13 = a24

⎛
⎝a01 a02

a03 a04

⎞
⎠
⎛
⎝1

0

⎞
⎠+

⎛
⎝a11 a12

a13 a14

⎞
⎠
⎛
⎝ 1

−1

⎞
⎠+

⎛
⎝a21 a22

a23 a24

⎞
⎠
⎛
⎝x1

x2

⎞
⎠ =

⎛
⎝0

0

⎞
⎠⇒

a01 + a11 − a12 + a21x1 + a22x2 = 0

a03 + a13 − a14 + a23x1 + a24x2 = 0

⇒︸︷︷︸
,

a01 + a22 − a12 + a22x2 = 0, a03 + a24 − a14 + a24x2 = 0⇒

x2 =
a12 − a22 − a01

a22

a03 − a14 +
a24a12
a22

− a24a01
a22

= 0



⎛
⎝a01 a02

a03 a04

⎞
⎠
⎛
⎝ 1

−1

⎞
⎠+

⎛
⎝a11 a12

a13 a14

⎞
⎠
⎛
⎝x1

x2

⎞
⎠+

⎛
⎝a21 a22

a23 a24

⎞
⎠
⎛
⎝x3

x4

⎞
⎠ =

⎛
⎝0

0

⎞
⎠⇒

a01 − a02 + a11x1 + a12x2 + a21x3 + a22x4 = 0

a03 − a04 + a13x1 + a14x2 + a23x3 + a24x4 = 0

⇒︸︷︷︸
,

a01 − a02 + a22x1 + a12x2 + a22x4 = 0, a03 − a04 + a24x1 + a14x2 + a24x4 = 0

x4 =
−a01 + a02 − a22x1 − a12x2

a22

a03 − a04 + a14x2 − a24a01
a22

+
a24a02
a22

+
a24a12
a22

x2 = 0

x4

x4 =
−a03 + a04 − a14x2 − a24x1

a24

a01 − a02 + a12x2 − a22a03
a24

+
a22a04
a24

− a22a14x2

a24
= 0

a22 �= 0, a24 �= 0 a02, a12, a14 �= 0 a12 = a01

a03 = a14 x2 = −1 a04 = a02a24
a22

x4 =
a02−a22x1

a22
x4 =

a04−a24x1

a24

A2 =

⎛
⎝0 a22

0 a24

⎞
⎠ , A1 =

⎛
⎝a22 a12

a24 a14

⎞
⎠ , A0 =

⎛
⎝a12 a02

a14
a02a24
a22

⎞
⎠



A(s) =

⎛
⎝a12 + sa22 a02 + sa12 + s2a22

a14 + sa24
a02a24
a22

+ sa14 + s2a24

⎞
⎠

A(s) =
a02
a22

(a12a24 − a22a14) �= 0

S∞A(s) =

⎛
⎝s2 0

0 1
s2

⎞
⎠
β (t)

A (ρ) β (t) = 0

A(ρ)β(t) = 0

A (ρ) β̃1 (s) =

⎛
⎝a12 + sa22 s2a22 + sa12 + a02

a14 + sa24 s2a24 + sa14 +
a02a24
a22

⎞
⎠
⎛
⎝1

0

⎞
⎠ =

⎛
⎝a12 sa22

a14 sa24

⎞
⎠

=

⎛
⎝s 0 1 0

0 s 0 1

⎞
⎠
⎛
⎜⎜⎜⎜⎜⎜⎜⎝

0 a22 0 0

0 a24 0 0

a22 a12 0 a22

a24 a14 0 a24

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎝
−

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

1

−1
x1

−1

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

=
(
sI2 I2

)⎛⎝A2 0

A1 A2

⎞
⎠
⎛
⎝−x11

−x12

⎞
⎠

=
(
sI2 I2

)⎛⎝A2 0

A1 A2

⎞
⎠
⎛
⎝ β (0−)
β(1) (0−)

⎞
⎠



A (ρ) β̃2 (s) =

⎛
⎝a12 + sa22 s2a22 + sa12 + a02

a14 + sa24 s2a24 + sa14 +
a02a24
a22

⎞
⎠
⎛
⎝
⎛
⎝ 1

−1

⎞
⎠+

⎛
⎝1

0

⎞
⎠ s

⎞
⎠ =

=

⎛
⎝ a12 − a02 + sa22

1
a22

(a22a14 − a02a24 + sa222a24)

⎞
⎠ =

=

⎛
⎝s 0 1 0

0 s 0 1

⎞
⎠
⎛
⎜⎜⎜⎜⎜⎜⎜⎝

0 a22 0 0

0 a24 0 0

a22 a12 0 a22

a24 a14 0 a24

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎝
−

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

x1

−1
x3

a4−a24x1

a24

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

=

=
(
sI2 I2

)⎛⎝A2 0

A1 A2

⎞
⎠
⎛
⎝−x12

−x13

⎞
⎠ =

=
(
sI2 I2

)⎛⎝A2 0

A1 A2

⎞
⎠
⎛
⎝ β (0−)
β(1) (0−)

⎞
⎠

a22 = 0, a24 �= 0 a12, a14, a04 �= 0 x2 = −1
a01 = a12 a03 = a14

a02 = 0 x4 =
a04−a24x1

a24

A2 =

⎛
⎝0 0

0 a24

⎞
⎠ , A1 =

⎛
⎝ 0 a12

a24 a14

⎞
⎠ , A0 =

⎛
⎝a12 0

a14 a04

⎞
⎠

A (s) =

⎛
⎝ a12 sa12

a14 + sa24 a04 + sa14 + s2a24

⎞
⎠

A (s) = a12a04 �= 0



S∞A(s) =

⎛
⎝s2 0

0 1
s2

⎞
⎠

a22 = 0, a24 �= 0 a12, a14, a04 �= 0 x2 �= 1

a01 = a12 x2 = a14−a24−a03
a24

a02 �= 0

a01 − a02 +
a12a14
a24

− a12 − a12a03
a24

= 0⇒
a12a03
a24

= −a02 + a12a14
a24

⇒ a12a03 = −a02a24 + a12a14 ⇒

a03 =
−a02a24 + a12a14

a12

x4 =
a04
a24
− a214

a224
+ a02

a12
+ a03a14

a224
− x1

A2 =

⎛
⎝0 0

0 a24

⎞
⎠ , A1 =

⎛
⎝ 0 a12

a24 a14

⎞
⎠ , A0 =

⎛
⎝ a12 a02

−a02a24+a12a14
a12

a04

⎞
⎠

A (s) =

⎛
⎝ a12 a02 + sa12

−a02a24+a12a14
a12

+ sa24 a04 + sa14 + s2a24

⎞
⎠

A (s) = a12a04 +
a202a24
a12

− a02a14 �= 0

S∞A(s) =

⎛
⎝s2 0

0 1
s2

⎞
⎠

a22 �= 0, a24 = 0, a12, a14, a04 �= 0 x2 = −1
a03 = a14 a01 = a12

a04 = 0 x4 =
a02−a22x1

a22

A2 =

⎛
⎝0 a22

0 0

⎞
⎠ , A1 =

⎛
⎝a22 a12

0 a14

⎞
⎠ , A0 =

⎛
⎝a12 a02

a14 0

⎞
⎠



A (s) =

⎛
⎝a12 + sa22 a02 + sa12 + s2a22

a14 sa14

⎞
⎠

A (s) = −a14a02 �= 0

S∞A(s) =

⎛
⎝s2 0

0 1
s2

⎞
⎠

a22 �= 0, a24 = 0 a12, a14, a02 �= 0 x2 �= −1
a03 = a14 a01 �= 0 x2 =

a12−a22−a01
a22

a04 �= 0

a03 − a04 +
a14a12
a22

− a14 − a14a01
a22

= 0⇒ a04 =
a14a12 − a14a01

a14

x4 = −a01
a22

+
a212
a222

+ a02+a12
a22

+ a02a01
a222

− x1

A2 =

⎛
⎝0 a22

0 0

⎞
⎠ , A1 =

⎛
⎝a22 a12

0 a14

⎞
⎠ , A0 =

⎛
⎝a01 a02

a14
a14a12−a14a01

a14

⎞
⎠

A (s) =

⎛
⎝a01 + sa22 a02 + sa12 + s2a22

a14
a14a12−a14a01

a14
+ sa14

⎞
⎠

A (s) = −a14a02 − a201a14
a22

+
a01a12a14

a22
�= 0

S∞A(s) =

⎛
⎝s2 0

0 1
s2

⎞
⎠

a22 �= 0, a24 �= 0 a01, a02, a12, a14 �= 0



x2 =
a12 − a22 − a01

a22

a03 = a14 − a24 − a24a12
a22

+ a24 +
a24a01
a22

= a14 − a24a12
a22

+
a24a01
a22

=
a14a22 − a24a12 + a24a01

a22

a04 =
a14a12
a22

− a14a01
a22

+
a02a24
a22

− a212a24
a222

+
a12a24a01

a222

=
a14a12a22 − a14a01a22 + a02a24a22 − a212a24 + a12a24a01

a222

=
a12a03a22 − a14a01a22 + a02a24a22

a222

=
a12a03 − a14a01 + a02a24

a22

A2 =

⎛
⎝0 a22

0 a24

⎞
⎠ , A1 =

⎛
⎝a22 a12

a24 a14

⎞
⎠ , A0 =

⎛
⎝ a01 a02

a14a22−a24a12+a24a01
a22

a12a03−a14a01+a02a24
a22

⎞
⎠

A(s) =

⎛
⎝ a01 + sa22 a02 + sa12 + s2a22

a14a22−a24a12+a24a01
a22

+ sa24
a12a03−a14a01+a02a24

a22
+ sa14 + s2a24

⎞
⎠

A(s) =
a01a12a03 − a14a

2
01 − a02a14a22 + a14a12a02

a22
�= 0

S∞A(s) =

⎛
⎝s2 0

0 1
s2

⎞
⎠



a24 �= 0, a22 = 0

a12 = 0

A(s) =

⎛
⎝ 0 0

a14 + sa24 a04 + sa14 + s2a24

⎞
⎠

a24 = 0, a22 �= 0,

a14 = 0

A(s) =

⎛
⎝a12 + sa22 a2 + sa12 + s2a22

0 0

⎞
⎠

q = 1 μ1 = q + q̂1 = 1 + 2 = 3 r = 2

(
A1 A0

)
︸ ︷︷ ︸
r×r(q+1)

⎛
⎝x10 x11 x12

0 x10 x11

⎞
⎠

︸ ︷︷ ︸
r(q+1)×μj

=
(
0 0

)
︸ ︷︷ ︸

r×μj

Ai =

⎛
⎝ai1 ai2

ai3 ai4

⎞
⎠ , i = 0, 1 x10 =

⎛
⎝1

0

⎞
⎠ , x11 =

⎛
⎝ 1

−1

⎞
⎠ , x12 =

⎛
⎝x1

x2

⎞
⎠



xji, i = 0, 1, 2 Ai, i = 0, 1 x12 =

⎛
⎝ 1

−1

⎞
⎠

{0, 1, 1, 0}
r = 1

A1 =
(
0 1

)
, A0 = (1, 0)

A(s) =
(
1 s

)
q = 2 μ1 = q + q̂1 = 2 + 2 = 4, r = 2

A (s)

(
A2 A1 A0

)
⎛
⎜⎜⎜⎝
x10 x11 x12 x13

0 x10 x11 x12

0 0 x10 x11

⎞
⎟⎟⎟⎠ =

(
0 0 0

)

xji, i = 0, 1, 2, 3 Ai, i = 0, 1, 2

x12 =

⎛
⎝ 1

−1

⎞
⎠ , x13 =

⎛
⎝1

1

⎞
⎠

{{0, 1, 1, 0, 0, 2} , {0, 0, 0, 1, 1, 0}}

A2 =

⎛
⎝0 1

0 0

⎞
⎠ , A1 =

⎛
⎝1 0

0 1

⎞
⎠ , A0 =

⎛
⎝0 2

1 0

⎞
⎠



A (s) =

⎛
⎝s s2 + 2

1 s

⎞
⎠

A (s) = −2 �= 0

A ∈ Rp×m A† ∈ Rm×p

AA†A = A

A†AA† = A†

(
AA†

)T
= AA†

(
A†A

)T
= A†A AT A

A

A† = A−1

β∞j (t) =
q̂j−1∑
k=0

xjkδ
q̂j−1+k(t)

xjk ∈ Cr 0 ≤ k ≤ q̂j − 1, 1 ≤ j ≤ l

q̂j

Cj =
(
xj0, xj1, ..., xjq̂j−1, xjq̂j , ..., xj,q+q̂j−2, xj,q+q̂j−1

)
, j = 1, 2, ..., l



C = (C1, C2, ..., Cl) ∈ Rr×μ, J =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

J1 0 · · · 0

0 J2 · · · 0

· · · · · ·
0 0 · · · Jl

⎞
⎟⎟⎟⎟⎟⎟⎟⎠
∈ Rμ×μ

μ =
l∑

j=1

μj, μj = q + q̂j

a �= 0

Ã(s) = Ir − C(J − aIn)
{
(s− a)V1 + (s− a)2V2 + ...+ (s− a)qVq

}
q = ind (C, J)⎡
⎢⎢⎢⎢⎢⎢⎢⎣

C

CJ

CJq−1

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

(V1, ..., Vq)

S1−q =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

C

C(J − aIn)
−1

C(J − aIn)
1−q

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

β̃j(t) =

q+q̂j−1−k∑
k=0

xjk
tq+q̂j−1−k

(q + q̂j − k − 1)!

j = 1, 2, ..., l Ã(ρ)β̃(t) = 0 Ã(ρ) = ρqA
(

1
ρ

)



q = ind (C, J)

Cj =
(
xj0, xj1, ..., xjq̂j−1, xjq̂j , ..., xj,q+q̂j−2, xj,q+q̂j−1

)
, j = 1, 2, ..., l

C = (C1, C2, ..., Cl) ∈ Rr×μ, J =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

J1 0 · · · 0

0 J2 · · · 0

· · · · · ·
0 0 · · · Jl

⎞
⎟⎟⎟⎟⎟⎟⎟⎠
∈ Rμ×μ

μ =
l∑

j=1

μj, μj = q + q̂j

Sq−1 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

C

CJ

CJq−1

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

rank(Sq−1) = n

V = (V1, ..., Vq)

S1−q =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

C

C(J − aIn)
−1

C(J − aIn)
1−q

⎞
⎟⎟⎟⎟⎟⎟⎟⎠



Ã(s) = Ir − C(J − aIn)
{
(s− a)V1 + (s− a)2V2 + ...+ (s− a)qVq

}

A(s) = sqÃ
(
1
s

)
A(s)

A(ρ)β(t) = 0

β1 (t) =

⎛
⎝1

0

⎞
⎠ δ (t) = x10δ (t)

β2 (t) =

⎛
⎝ 1

−1

⎞
⎠ δ (t) +

⎛
⎝1

0

⎞
⎠ δ(1) (t) = x11δ (t) + x10δ

(1) (t)

q = 1 q̂1 = 2 μ1 = q + q̂1 =

1 + 2 = 3 xji = (x10 x11 x12), i = 0, 1, ..., 3 r = 2

q = 1

C =

⎛
⎝1 1 x1

0 −1 x2

⎞
⎠ , J =

⎛
⎜⎜⎜⎝
0 1 0

0 0 1

0 0 0

⎞
⎟⎟⎟⎠

Sq−1 = S0 = (C) =

⎛
⎝1 1 x1

0 −1 x2

⎞
⎠

q = 1 q = 2

q̂1 = 2 μ1 = q+q̂1 = 2+2 = 4 xji = (x10 x11 x12 x13), i =



0, ..., 4 q = 2

C =

⎛
⎝1 1 x1 x3

0 −1 x2 x4

⎞
⎠ , J =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

0 1 0 0

0 0 1 0

0 0 0 1

0 0 0 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

Sq−1 = S2−1=1 =

⎛
⎝ C

CJ2−1

⎞
⎠ =

⎛
⎝ C

CJ

⎞
⎠ =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

1 1 x1 x3

0 −1 x2 x4

0 1 1 x1

0 0 −1 x2

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

Sq−1 = −x2 − x1 − x2
2 − x4 �= 0

n = 4

CJ =

⎛
⎝1 1 x1 x3

0 −1 x2 x4

⎞
⎠
⎛
⎜⎜⎜⎜⎜⎜⎜⎝

0 1 0 0

0 0 1 0

0 0 0 1

0 0 0 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

=

⎛
⎝0 1 1 x1

0 0 −1 x2

⎞
⎠

q = ind (CJ) = 2

a = 1 �= 0

Ã(s) = I2 − C(J − aI4)
{
(s− a)V1 + (s− a)2V2

}

Ã(s) = I2 − C(J − I4)
{
(s− 1)V1 + (s− 1)2V2

}
V = (V1, V2)

⎛
⎝ C

C(J − I4)
−1

⎞
⎠



(V1, V2) =

⎛
⎝ C

C(J − I4)
−1

⎞
⎠
−1

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

1 1 x1 x3

0 −1 x2 x4

−1 −2 −x1 − 2 −x1 − x3 − 2

0 1 1− x2 1− x4 − x2

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

−1

C(J − I4)
−1 = C

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

0 1 0 0

0 0 1 0

0 0 0 1

0 0 0 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎠
−

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

−1

=

C

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

−1 1 0 0

0 −1 1 0

0 0 −1 1

0 0 0 −1

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

−1

=

⎛
⎝1 1 x1 x3

0 −1 x2 x4

⎞
⎠
⎛
⎜⎜⎜⎜⎜⎜⎜⎝

−1 −1 0 −1
0 −1 −1 −1
0 0 −1 −1
0 0 −1 −1

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

=

=

⎛
⎝−1 −2 −x1 − 2 −x3 − x1 − 2

0 1 1− x2 1− x4 − x2

⎞
⎠



Ã(s) =

⎛
⎝1 0

0 1

⎞
⎠−

⎛
⎝−1 0 1− x1 x1 − x3

0 1 −1− x2 x2 − x4

⎞
⎠×

×

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩
(s− 1)

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

1 0

0 −1
−1 −2
0 −1

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

+ (s− 1)2

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

x1 x3

x2 x4

−x1 − 2 −x1 − x3 − 2

1− x2 −1− x4 − x2

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

⎫⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎭

=

⎛
⎝ s(sx2

2+x2−s+sx1+sx4+1)
x2
2+x2+x1+x4

(s−1)(x2−2s+sx1−2sx2+sx4+1)

x2
2+x2+x1+x4

(s−1)s
x2
2+x2+x1+x4

(s2x2
2−3s−sx2+s2x1+2s2x2+s2x4+2s2+1)

x2
2+x2+x1+x4

⎞
⎠

A(s) = s2A
(
1
s

)
⎛
⎝ 1

x2
2+x2+x1+x4

(x2
2 + sx2 + s+ x1 + x4 − 1) −(s−1)

x2
2+x2+x1+x4

(−2x2 − s+ x1 + x2 + x4 − 2)

− s−1
x2
2+x2+x1+x4

1
x2
2+x2+x1+x4

(s2 − sx2 − 3s+ x2
2 + 2x2 + x1 + x4 + 2)

⎞
⎠








