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PerÐlhyh

H paroÔsa ergasÐa pragmateÔetai tic teqnikèc pou qrhsimopoioÔntai gia th
grammikopoÐhsh poluwnumik¸n pin�kwn. Stìqoc thc grammikopoÐhshc dosmè-
nou poluwnumikoÔ pÐnaka t�xhc n ≥ 2 eÐnai arqik� h eÔresh isodÔnamou prw-
tob�jmiou poluwnumikoÔ pÐnaka, o opoÐoc ja èqei tic Ðdiec idiotimèc kai idio-
dianÔsmata me ton arqikì poluwnumikì pÐnaka. Sth sunèqeia, embajÔnontac
th melèth mac, mac endiafèrei kai h diat rhsh tìso twn mhdenik¸n ìso kai
twn stoiqeiwd¸n diairet¸n, peperasmènwn kai �peirwn. H pio diadedomènh kai
eÔqrhsth mèjodoc grammikopoÐhshc eÐnai h pr¸th kai deÔterh sunodeÔousa
morf  (companion forms). Ta pleonekt mat� touc poll�. EntoÔtoic, èna
meionèkthm� touc apotèlese to ènausma gia peraitèrw èreuna. H adunamÐa
twn sunodeuous¸n morf¸n na diathroÔn th dom  tou dosmènou poluwnumikoÔ
pÐnaka od ghse sthn an�ptuxh nèwn mejìdwn oi opoÐec dÐnoun prwtob�jmiouc
poluwnumikoÔc pÐnakec oi opoÐoi ja èqoun ìso to dunatìn perissìtera apì ta
pleonekt mata twn sunodeuous¸n morf¸n kai epiplèon ja diathroÔn kai th
dom  tou poluwnumikoÔ pÐnaka. Sthn ergasÐa aut  ja asqolhjoÔme me treic
mejìdouc grammikopoÐhshc poluwnumik¸n pin�kwn, thn prosjetik  mèjodo, th
mèjodo twn metajèsewn kai thn pollaplasiastik  mèjodo. Thn k�je mÐa apì
autèc tic mejìdouc sunodeÔoun arket� paradeÐgmata kai orismèna sqìlia kai
parathr seic. Tèloc, ja oloklhr¸soume th melèth mac me thn parousÐash
miac parallag c thc pollaplasiastik c mejìdou pou proteÐnoume.

LEXEIS KLEIDIA

Poluwnumikìc pÐnakac, grammikopoÐhsh, isqur  grammikopoÐhsh, sunodeÔou-
sec morfèc, isodunamÐa poluwnumik¸n pin�kwn.
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Abstract

This master thesis discusses the techniques used for linearization polynomial
matrices. The aim of linearization is to convert the original polynomial ma-
trix into a larger matrix pencil with the same eigenvalues and eigenvectors.
Also, we want to have the same zeros and the same elementary divisors.
The most common and convenient method of linearization are the first and
second companion forms. The companion forms have plenty advantages.
However, a disadvantage haw triggered further research. The inability of
companion forms to reflect the structure of the original polynomial matrix
led to the development of new methods. These new methods give matrix
pencils which will have as many as possible of the advantages who have the
companion forms and also they will reflect the structure of the original poly-
nomial matrix. In this thesis we discuss three methods of linearization, the
additive method, the permutation method and the multiplication method,
each of these will be accompanied by many examples and several comments.
Finally, we will complete our study by proposing a variant of the multiplica-
tion method.

KEY WORDS

Polynomial matrix, matrix pencil, linearization, strong linearization, com-
panion forms, polynomial matrix equivalence.
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Prìlogoc

Jèma thc paroÔsac ergasÐac apoteleÐ h grammikopoÐhsh poluwnumik¸n pin�-
kwn kai oi teqnikèc pou qrhsimopoioÔntai gia na katal xoume sthn grammiko-
poÐhsh tou poluwnumikoÔ pÐnaka. Stìqoc thc grammikopoÐhshc poluwnumikoÔ
pÐnaka t�xhc k ≥ 2 eÐnai h eÔresh prwtob�jmiou poluwnumikoÔ pÐnaka, o opoÐoc
ja èqei tic Ðdiec idiotimèc kai ta Ðdia idiodianÔsmata me ton arqikì poluwnumikì
pÐnaka. BrÐskontac ton prwtob�jmio poluwnumikì pÐnaka, o opoÐoc apoteleÐ
grammikopoÐhsh tou arqikoÔ mac poluwnumikoÔ pÐnaka kai qrhsimopoi¸ntac
ton sthn jèsh tou mporoÔme na aplopoi soume touc upologismoÔc mac petu-
qaÐnontac to Ðdio apotèlesma.
Oi poluwnumikoÐ pÐnakec sunant¸ntai se poll� probl mata kai èqoun pollèc
efarmogèc. Mia efarmog  touc eÐnai ta poluwnumik� probl mata idiotim¸n.
Wc poluwnumik� probl mata idiotim¸n anafèrontai probl mata thc morf c
P (λ)x ≡ 0, ìpou P (λ) =

∑k
i=0 λ

iAi eÐnai poluwnumikìc pÐnakac k t�xhc, me
pÐnakec suntelestèc Ai, pragmatik¸n   migadik¸n suntelest¸n. Ta poluw-
numik� probl mata idiotim¸n brÐskoun efarmog  kurÐwc se probl mata pou
aforoÔn thn an�lush talant¸sewn ktirÐwn, mhqan¸n kai oqhm�twn. H basi-
k  idèa thc mejìdou gia thn epÐlush tou poluwnumikoÔ probl matoc idiotim¸n,
eÐnai o metasqhmatismìc tou arqikoÔ probl matoc idiotim¸n P (λ)x ≡ 0 se è-
na grammikì prìblhma idiotim¸n thc morf c L(λ)z = (λX + Y )z = 0 me tic
Ðdiec idiotimèc. 'Eqontac metasqhmatÐsei to poluwnumikì prìblhma idiotim¸n
se grammikì prìblhma idiotim¸n me tic Ðdiec idiotimèc, qrhsimopoioÔme tic kla-
sikèc mejìdouc epÐlushc grammik¸n problhm�twn idiotim¸n gia na epilÔsoume
to prìblhma.
H grammikopoÐhsh poluwnumik¸n pin�kwn apodeÐqthke polÔ qr simh sthn epÐ-
lush diafìrwn problhm�twn, ìpwc ta poluwnumik� probl mata idiotim¸n. Gi'
autì anaptÔqjhkan arketèc mèjodoi grammikopoÐhshc poluwnumik¸n pin�kwn
kai wc jèma paramènei anoiqtì.
H pio diadedomènh kai eÔqrhsth mèjodoc grammikopoÐhshc eÐnai h pr¸th kai
deÔterh sunodeÔousa morf  (Companion forms). Ta pleonekt mat� touc
poll�. H apl  morf  touc, h apl  kataskeu  touc apì ta stoiqeÐa tou arqi-
koÔ poluwnumikoÔ pÐnaka kai fusik� h idiìtht� touc na diathroÔn idiotimèc kai
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idiodianÔsmata tou arqikoÔ poluwnumikoÔ pÐnaka,  tan oi lìgoi pou tic èkanan
èna dunatì ergaleÐo, me pollèc efarmogèc. 'Omwc, èna shmantikì meionèkthm�
touc apotèlesai thn afethrÐa gia peraitèrw èreuna me apotèlesma thn an�-
ptuxh mejìdwn grammikopoÐhshc, me treic apì tic opoÐec ja asqolhjoÔme se
aut  thn ergasÐa.
To basikì meionèkthma thc pr¸thc kai deÔterhc sunodeÔousac morf c eÐnai ìti
den diathroÔn thn dom  tou arqikoÔ poluwnumikoÔ pÐnaka. Dhlad , an o arqi-
kìc poluwnumikìc èqei k�poia dom , ìpwc gia par�deigma an eÐnai summetrikìc,
h pr¸th kai deÔterh sunodeÔousa morf  den ja èqoun aut  th dom , dhlad 
den ja eÐnai summetrikèc. To meionèkthma autì se k�poia probl mata eÐnai
polÔ shmantikì, diìti se orismènec peript¸seic endèqetai na èqei kai fusik 
shmasÐa. Gia par�deigma, up�rqoun arket� probl mata sta opoÐa o poluwnu-
mikìc pÐnakac eÐnai summetrikìc, ìpwc probl mata pou anafèrontai se an�lush
kradasm¸n mhqanik¸n susthm�twn. 'Otan o poluwnumikìc pÐnakac eÐnai sum-
metrikìc   Ermhtianìc (Hermitian) to f�sma tou eÐnai kai autì summetrikì
wc proc ton pragmatikì �xona. 'Etsi, h diat rhsh thc summetrik c dom c
kai ston prwtob�jmio poluwnumikì pÐnaka, o opoÐoc eÐnai grammikopoÐhsh tou
arqikoÔ poluwnumikoÔ pÐnaka, èqei kai fusik  shmasÐa diìti ìtan diathreÐtai
h summetrik  dom  kai sth grammikopoÐhsh tìte to kìstoc apoj keushc kai
to upologistikì kìstoc mei¸nontai. Epomènwc, h diat rhsh twn dom¸n twn
poluwnumik¸n pin�kwn, se orismèna probl mata, eÐnai epibeblhmènh.
To gegonìc autì od ghse sthn an�gkh dhmiourgÐac nèwn mejìdwn grammiko-
poÐhshc pou ja èqoun tic idiìthtec twn sunodeous¸n morf¸n kai ja diathroÔn
epiplèon kai th dom  tou arqikoÔ poluwnumikoÔ pÐnaka. H anaz thsh tètoiwn
mejìdwn od ghse sth dhmiourgÐa dianusmatik¸n q¸rwn pou èqoun wc stoi-
qeÐa prwtob�jmiouc poluwnumikoÔc pÐnakec, oi opoÐoi eÐnai genikeÔseic twn
dÔo sunodeuous¸n morf¸n kai èqoun koinèc idiìthtec me aut�. Ed¸ ja a-
sqolhjoÔme me treic mejìdouc grammikopoÐhshc, thn prosjetik  mèjodo, thn
mèjodo twn metajèsewn kai thn pollaplasiastik  mèjodo. Kai oi treic mèjo-
doi prokÔptoun èqontac wc b�sh thn pr¸th kai deÔterh sunodeÔousa morf .
Dhlad , me qr sh twn sunodeous¸n morf¸n kai me kat�llhla orismènec pr�-
xeic dhmiourgoÔme oikogèneiec pin�kwn, oi opoÐec ja deÐxoume ìti apoteloÔn
grammikopoi seic dosmènou poluwnumikoÔ pÐnaka.
Me tic mejìdouc autèc ja asqolhjoÔme sta kef�laia 2,3 kai 4 antÐstoiqa,
ja tic melet soume analutik� kai ja d¸soume kai orismèna paradeÐgmata gia
kalÔterh katanìhsh twn mejìdwn. Sto kef�laio 1, ja anaferjoÔme stic ba-
sikèc ènnoiec pou ja qrhsimopoi soume sthn ergasÐa aut  ìpwc epÐshc kai
sthn pr¸th kai deÔterh sunodeÔousa morf , tic opoÐec ja orÐsoume kai ja
apodeÐxoume ìti apoteloÔn grammikopoi seic tou arqikoÔ poluwnumikoÔ pÐna-
ka.



Kef�laio 1

Eisagwg 

To jèma pou ja mac apasqol sei sthn paroÔsa ergasÐa eÐnai oi teqnikèc gram-
mikopoÐhshc poluwnumik¸n pin�kwn. Oi teqnikèc autèc eÐnai polÔ qr simec kai
èqoun pollèc efarmogèc sta poluwnumik� probl mata idiotim¸n. Wc poluw-
numik� probl mata idiotim¸n anafèrontai probl mata thc morf c P (λ)x = 0,
ìpou P (λ) =

∑k
i=0 λ

iAi, me pÐnakec Ai pragmatik¸n   migadik¸n suntelest¸n.
Ta poluwnumik� probl mata idiotim¸n sunant¸ntai se probl mata pou ana-
fèrontai kurÐwc sthn an�lush talant¸sewn ktirÐwn, mhqan¸n kai oqhm�twn.
H basik  idèa thc mejìdou eÐnai o metasqhmatismìc tou arqikoÔ probl ma-
toc idiotim¸n P (λ)x = 0 se èna grammikì prìblhma idiotim¸n thc morf c
L(λ)z = (λX + Y )z = 0, me tic Ðdiec idiotimèc. 'Eqontac metasqhmatÐsei to
poluwnumikì prìblhma idiotim¸n se grammikì prìblhma idiotim¸n me tic Ðdiec
idiotimèc, qrhsimopoioÔme tic klasikèc mejìdouc epÐlushc grammik¸n problh-
m�twn idiotim¸n gia na lÔsoume to prìblhma.
Ed¸ ja asqolhjoÔme me treic teqnikèc grammikopoÐhshc poluwnumik¸n pin�-
kwn, thn prosjetik  mèjodo, th mèjodo twn metajèsewn kai thn pollapla-
siastik  mèjodo.
Xekin¸ntac th melèth mac ja qreiastoÔme k�poiouc basikoÔc orismoÔc oi o-
poÐoi apoteloÔn shmantik� ergaleÐa kai touc opoÐouc ja qrhsimopoi soume
eurèwc parak�tw. Merik� apì ta biblÐa pou qrhsimopoi same eÐnai ta [6],
[11], [12], [13], [23] kai [33].
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Teqnikèc GrammikopoÐhshc Poluwnumik¸n Pin�kwn KEFALAIO 1

1.1 BasikoÐ orismoÐ

Basik� stoiqeÐa thc melèthc mac ja eÐnai oi n× n tetragwnikoÐ poluwnumikoÐ
pÐnakec thc morf c

P (λ) =
k∑

i=0

λiAi, A0, A1, . . . , Ak ∈ Fn×n, Ak ̸= 0, (1.1)

ìpou me F ja sumbolÐzoume to s¸ma twn migadik¸n   pragmatik¸n arijm¸n
kai k ja eÐnai o bajmìc tou poluwnumikoÔ pÐnaka P (λ).

Orismìc 1. Bajmìc (degree) poluwnumikoÔ pÐnaka
O bajmìc enìc poluwnumikoÔ pÐnaka P (λ) ∈ R[λ]n×n, orÐzetai wc o mègistoc
bajmìc twn poluwnÔmwn pou emfanÐzetai metaxÔ twn stoiqeÐwn tou pÐnaka kai
sumbolÐzetai me deg(P (λ)).

Sthn ergasÐa aut  ja asqolhjoÔme kurÐwc me kanonikoÔc tetr�gwnouc po-
luwnumikoÔc pÐnakec. 'Etsi ja d¸soume t¸ra ton orismì tou kanonikoÔ po-
luwnumikoÔ pÐnaka.

Orismìc 2. Kanonikìc (Regular) poluwnumikìc pÐnakac
Kanonikìc poluwnumikìc pÐnakac onom�zetai o poluwnumikìc pÐnakac P (λ) tou
opoÐou h orÐzousa detP (λ) den eÐnai ek tautìthtoc mhdèn gia ìla ta λ ∈ C.
Se antÐjeth perÐptwsh onom�zetai mh - kanonikìc   idi�zwn (singular).

Orismìc 3. Monometrikìc (Unimodular) poluwnumikìc pÐnakac
Wc monometrikì poluwnumikì pÐnaka ja onom�zoume ton poluwnumikì pÐnaka
E(λ) ∈ R[λ]n×n tou opoÐou h orÐzousa det(E(λ)) eÐnai mh - mhdenik  stajer�,
anex�rthth tou λ.

KÔria stoiqeÐa thc ergasÐac mac ja apotelèsoun oi idiotimèc kai ta idiodia-
nÔsmata tou poluwnumikoÔ pÐnaka pou meletoÔme. 'Etsi sth sunèqeia ja d¸-
soume touc orismoÔc thc idiotim c, tou dexÐ kai tou aristeroÔ idiodianÔsmatoc
poluwnumikoÔ pÐnaka.
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Orismìc 4. Idiotimèc (eigenvalues) poluwnumikoÔ pÐnaka
Wc idiotimèc poluwnumikoÔ pÐnaka P (λ) ∈ R[λ]n×n ja onom�zoume tic timèc
li ∈ C gia tic opoÐec isqÔei det P (li) = 0.

Shmei¸noume ìti stouc kanonikoÔc poluwnumikoÔc pÐnakec oi peperasmènec i-
diotimèc eÐnai akrib¸c oi rÐzec tou bajmwtoÔ poluwnÔmou detP (λ).
'Estw li oi diakekrimènec rÐzec thc det P (li) = 0 me antÐstoiqec pollaplì-
thtec mi, ìpou i = 1, . . . , l ,

∑l
i=1mi = k. Oi deÐktec mi onom�zon-

tai algebrikèc pollaplìthtec twn idiotim¸n li gia i = 1, . . . , l. To sÔnolo
Uli = {x ∈ Ck : P (li)x = 0} onom�zetai idioq¸roc tou P (λ) pou antistoiqeÐ
sthn idiotim  λi kai h di�stash tou q¸rou onom�zetai gewmetrik  pollaplì-
thta thc idiotim c li.

Orismìc 5. DexÐ idiodi�nusma (right eigenvector) poluwnumikoÔ
pÐnaka
JewroÔme l ∈ C kai mh - mhdenikì di�nusma x ∈ Cn to opoÐo ikanopoieÐ
th sqèsh P (λ)x = 0. To di�nusma x ja onom�zetai dexÐ idiodi�nusma tou
poluwnumikoÔ pÐnaka P (λ) ∈ R[λ]n×n to opoÐo antistoiqeÐ sthn peperasmènh
idiotim  l.

Orismìc 6. Aristerì idiodi�nusma (left eigenvector) poluwnumi-
koÔ pÐnaka
Wc aristerì idiodi�nusma enìc n × n poluwnumikoÔ pÐnaka P to opoÐo anti-
stoiqeÐ se peperasmènh idiotim  l orÐzoume na eÐnai èna mh-mhdeikì di�nusma
y ∈ Cn tètoio ¸ste yP (l) = 0.

Sth sunèqeia, ja d¸soume kai ton orismì tou genikeumènou idiodianÔsmatoc.

'Estw h grammik  omogen c diaforikh exÐswsh

A(ρ)β(t) = 0, t ≥ 0 (1.2)

ìpou ρ = d
dt

eÐnai o diaforikìc telest c, A(ρ) eÐnai ènac r × r kanonikìc po-
luwnumikìc pÐnakac dhlad  A(ρ) ∈ R[ρ]r×r kai β(t) : (0−,∞) → Rr dhlad 
èna r-di�stato di�nusma pou perièqei stoiqeÐa sunart seic kai to opoÐo ana-
zhtoÔme.
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Upojètoume ìti to β(t) an kei sto q¸ro twn apeÐrwc diaforÐsimwn sunart -
sewn, ètsi ¸ste β(q)(0−) = β(q)(0+) = β(q)(0) me q = 0, 1, 2, . . . kai ìpou β(q)

dhl¸nei thn par�gwgo t�xhc q tou β(t) wc proc t.
'Estw

A(ρ) = Akρ
k + Ak−1ρ

k−1 + · · ·+ A1ρ+ A0 (1.3)

ìpou Ai ∈ Rp×m, i = 0, 1, . . . , k kai èstw β(0−), β(1)(0−), . . . , β(k−1)(0−) eÐnai
oi << arqikèc sunj kec >> tou dianÔsmatoc β(t) kai twn parag¸gwn tou t�xhc
1, 2, . . . , k − 1 sto shmeÐo t = 0−. 'Estw λ0 ∈ C èna peperasmèno mhdenikì
tou A(ρ).
'Estw | A(λ0) |= 0 , tìte èqoume

Prìtash 1. 'Estw

β(t) =

[
tµ

µ!
β0 +

tµ−1

(µ− 1)!
β1 + · · ·+ t

1!
βµ−1 + βµ

]
eλ0t (1.4)

ìpou βi ∈ C, i = 0, 1, . . . , µ kai β0 ̸= 0.
Tìte h β(t) ikanopoieÐ thn grammik  diaforik  exÐswsh (1.2) ean kai mìnon
ean oi epìmenec exis¸seic ikanopoioÔntai:

A(λ0)β0 = 0

A(1)(λ0)β0 + A(λ0)β1 = 0 (1.5)

...

1

µ!
A(µ)(λ0)β0 +

1

(µ− 1)!
A(µ−1)(λ0)β1 + · · ·+ A(1)(λ0)βµ−1 + A(λ0)βµ = 0

Orismìc 7. Genikeumèno Idiodi�nusma (generalized eigenvector)
H akoloujÐa β0, β1, . . . , βµ h opoÐa ikanopoieÐ tic exis¸seic (1) eÐnai gnwst 
wc Jordan alusÐda m kouc µ + 1 pou antistoiqeÐ sthn idiotim  λ0 ∈ C tou
pÐnaka A(ρ). To di�nusma β0 ∈ Rr, β0 ̸= 0 eÐnai gnwstì wc idiodi�nusma pou
antistoiqeÐ thn idiotim  λ0 ∈ C tou pÐnaka A(ρ). Ta dianÔsmata β1, β2, . . . , βµ

onom�zontai genikeumèna idiodianÔsmata pou antistoiqoÔn sthn idiotim  λ0 ∈ C
tou pÐnaka A(ρ). 'Ena di�nusma β(t) ìpwc auto thc sqèshc (1.4) onom�zetai
lÔsh thc grammik c diaforik c exÐswshc (1.2)
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ParathroÔme ìti oi prohgoÔmenoi orismoÐ anafèrontai se peperasmènec i-
diotimèc. KrÐnoume anagkaÐo ìmwc na anaferjoÔme kai stic peript¸seic pou
k�poia idiotim  tou poluwnumikoÔ pÐnaka eÐnai kai to ∞. Gia na mil soume gia
aut  thn perÐptwsh qrei�zetai na d¸soume pr¸ta duo akìmh orismoÔc.

Orismìc 8. Duðkìc (Dual) poluwnumikìc pÐnakac
Gia ton poluwnumikì pÐnaka P (λ), ìpwc perigr�fetai sthn sqèsh (1.1), o
duðkìc tou P (λ) ja eÐnai o poluwnumikìc pÐnakac thc morf c

revP (λ) := λkP

(
1

λ

)
=

k∑
i=0

λiAk−i. (1.6)

Shmei¸noume ìti oi mh - mhdenikèc kai peperasmènec idiotimèc tou revP (λ) eÐnai
oi antÐstrofec twn idiotim¸n tou poluwnumikoÔ pÐnaka P (λ).
Qrhsimopoi¸ntac touc orismoÔc tou duðkoÔ poluwnumikoÔ pÐnaka kai tou ka-
nonikoÔ poluwnumikoÔ pÐnaka mporoÔme na d¸soume ton orismì thc idiotim c
kai tou idiodianÔsmatoc sto ∞.

Orismìc 9. Idiotim  sto ∞
JewroÔme ton kanonikì poluwnumikì pÐnaka P (λ) bajmoÔ k ≥ 1. Tìte ja lème
ìti o kanonikìc poluwnumikìc pÐnakac P (λ) èqei idiotim  sto ∞ me idiodi�nu-
sma to x an o poluwnumikìc pÐnakac revP (λ) èqei idiotim  to 0 me antÐstoiqo
idiodi�nusma to x. H algebrik  kai gewmetrik  pollaplìthta thc idiotim c
∞ orÐzetai na eÐnai h Ðdia me thn antÐstoiqh algebrik  kai gewmetrik  polla-
plìthta thc idiotim c 0 tou poluwnumikoÔ pÐnaka revP (λ).

Orismìc 10. IdiodianÔsmata sto ∞
'Ena dexi (aristerì) idiodi�nusma tou n × n poluwnumikoÔ pÐnaka P to opoÐo
antistoiqeÐ sthn idiotim  ∞ orÐzetai wc èna dexÐ (aristerì) idiodi�nusma tou
poluwnumikoÔ pÐnaka revP to opoÐo antistoiqeÐ sthn idiotim  0.

Orismìc 11. [19] Austhr� IsodÔnamoi (Strict equivalent) poluw-
numikoÐ pÐnakec
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Duo poluwnumikoÐ pÐnakec Ðdiou bajmoÔ P1(λ) , P2(λ) ja lègontai austh-
r� isodÔnamoi (strict equivalent) an up�rqoun monometrikoÐ stajeroÐ pÐnakec
M ∈ Rm×m, N ∈ Rl×l tètoioi ¸ste na isqÔei

[
M P2(λ)

]
·
[
P1(λ)
−N

]
= 0.

O prohgoÔmenoc orismìc thc austhr c isodunamÐac diathreÐ tautìqrona tic
peperasmènec kai �peirec idiotimèc, sundèontac ìmwc mìno pÐnakec Ðdiac di�-
stashc kai bajmoÔ.
Sth sunèqeia, ja d¸soume touc orismoÔc thc Smith morf c poluwnumikoÔ
pÐnaka kai tou peperasmènou kai �peirou stoiqei¸dh diairèth.

Orismìc 12. Smith morf  poluwnumikoÔ pÐnaka
'Estw poluwnumikìc pÐnakac P (λ) ∈ R[λ]n×n, me rank(P (λ)) = n. Tìte o
poluwnumikìc pÐnakac P (λ) eÐnai austhr� isodÔnamoc me to diag¸nio pÐnaka
SC
P (λ)(λ) ∈ R[λ]n×n o opoÐoc èqei th morf 

SC
P (λ)(λ) = block diag{ε1(λ), ε2(λ), . . . , εn(λ)}

kai onom�zetai Smith morf  (Smith form) sto C tou poluwnumikoÔ pÐnaka
P (λ).
Ta polu¸numa εi(λ) kaloÔntai analloÐwta polu¸numa (invariant polynomial)
tou poluwnumikoÔ pÐnaka P (λ), èqoun wc megistob�jmio suntelest  th mon�-
da, eÐnai monadik� orismèna apì ton poluwnumikì pÐnaka P (λ) kai ikanopoioÔn
thn parak�tw idiìthta

εi(λ)�εi+1(λ) ∀i ∈ {1, . . . , n− 1}.

EpÐshc isqÔei

εi(λ) =
∆i(λ)

∆i+1(λ)
, i = 1, . . . , n

ìpou ∆0(λ) := 1, ∆i(λ) := o mègistoc koinìc diairèthc ìlwn twn i × i el�s-
sonwn orizous¸n tou poluwnumikoÔ pÐnaka P (λ).
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Orismìc 13. Mhdenik� (zeros) poluwnumikoÔ pÐnaka
Mhdenik� enìc poluwnumikoÔ pÐnaka P (λ) ∈ R[λ]n×n, onom�zontai oi rÐzec twn
analloi¸twn poluwnÔmwn εi(λ) .

Orismìc 14. Peperasmènoi stoiqei¸deic diairètec (finite elementary divisors)
poluwnumikoÔ pÐnaka
An λj ∈ C, j = 1, . . . , υ eÐnai ta diaforetik� metaxÔ touc mhdenik� tou po-
luwnumikoÔ pÐnaka P (λ), tìte ta analloÐwta polu¸numa εi(λ), mporoÔn na
grafoÔn wc

εi(λ) =
υ∏

j=1

(λ− λj)
mij

kai oi ìroi (λ−λj)
mij onom�zontai peperasmènoi stoiqei¸deic diairètec (finite

elementary divisors) tou poluwnumikoÔ pÐnaka P (λ).

Orismìc 15. Stoiqei¸deic diairètec sto �peiro (infinite elementary divisors)
poluwnumikoÔ pÐnaka
Stoiqei¸deic diairètec sto �peiro poluwnumikoÔ pÐnaka P (λ) ∈ R[λ]n×n ono-
m�zontai oi peperasmènoi stoiqei¸deic diairètec tou duðkoÔ tou poluwnumikoÔ
pÐnaka P (λ), revP (λ), sto λ = 0.
'Estw

S0
revP (λ)(λ) = diag{λµ1 , . . . , λµn}

h Smith morf  tou poluwnumikoÔ pÐnaka revP (λ) sto λ = 0, me µj ∈ Z+ kai
0 ≤ µ1 ≤ µ2 ≤ . . . ≤ µn.
O sunolikìc arijmìc stoiqeiwd¸n diairet¸n sto �peiro eÐnai µ =

∑n
i=1 µi.

Parat rhsh 1. O poluwnumikìc pÐnakac P (λ) ∈ R[λ]n×n bajmoÔ k, den
èqei stoiqei¸deic diairètec sto �peiro an kai mìnon an rank(Ak) = n.
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Prìtash 2. [32], [2] , [19]
'Estw poluwnumikìc pÐnakac P (λ) = Akλ

k + · · · + A1λ + A0 ∈ R[λ]n×n kai
det(P (λ)) ̸= 0. Tìte o sunolikìc arijmìc twn stoiqeiwd¸n diairet¸n (pepe-
rasmènwn kai �peirwn sumperilambanomènwn kai twn antÐstoiqwn pollaplo-
t twn) eÐnai Ðsoc me kn, dhlad  r + q = kn ìpou r eÐnai to pl joc twn
peperasmènwn stoiqeiwd¸n diairet¸n tou poluwnumikoÔ pÐnaka P (λ) (sum-
perilambanomènwn kai pollaplot twn) kai q eÐnai to pl joc twn stoiqeiwd¸n
diairet¸n sto �peiro tou poluwnumikoÔ pÐnaka P (λ)(sumperilambanomènwn kai
pollaplot twn).

'Eqontac ìla ta parap�nw wc efìdia, stìqoc mac eÐnai h epÐlush tou probl ma-
toc idiotim¸n thc morf c P (λ)x = 0. Mia klassik  mèjodoc epÐlushc tètoiwn
problhm�twn eÐnai me th mèjodo thc grammikopoÐhshc. H basik  idèa gia na to
petÔqoume autì eÐnai na metasqhmatÐsoume ton poluwnumikì pÐnaka P (λ) se
èna grammikì prwtob�jmio poluwnumikì pÐnaka thc morf c L(λ) = λX + Y
me tic Ðdiec idiotimèc kai na doulèyoume me autìn qrhsimopoi¸ntac tic sun jeic
mejìdouc epÐlushc problhm�twn idiotim¸n. Gia na pragmatopoi soume ton me-
tasqhmatismì tou poluwnumikoÔ pÐnaka se prwtob�jmio poluwnumikì pÐnaka
qrhsimopoioÔme èna monometrikì poluwnumikì pÐnaka.

Orismìc 16. GrammikopoÐhsh (Linearization) poluwnumikoÔ pÐ-
naka
JewroÔme èna n×n poluwnumikì pÐnaka P (λ), bajmoÔ k me k ≥ 1. 'Enac prw-
tob�jmioc poluwnumikìc pÐnakac thc morf c L(λ) = λX+Y meX, Y ∈ Fkn×kn

ja onom�zetai grammikopoÐhsh tou poluwnumikoÔ pÐnaka P (λ) an up�rqoun mo-
nometrikoÐ poluwnumikoÐ pÐnakec E(λ), F (λ) tètoioi ¸ste

E(λ)L(λ)F (λ) =

[
P (λ) 0
0 I(k−1)n

]
(1.7)

Parat rhsh 2. Shmei¸noume ìti mia �mesh sunèpeia tou prohgoÔmenou
orismoÔ eÐnai ìti

γdet(L(λ)) = det(P (λ))

gia k�poia mh - mhdenik  stajer� γ. Diìti,

det[E(λ) L(λ) F (λ)] = det

[
P (λ) 0
0 I(k−1)n

]
⇒

det(E(λ))det(L(λ))det(F (λ)) = det(P (λ)).
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Epeid  E,F eÐnai monometrikoÐ poluwnumikoÐ pÐnakec ja èqoume

det(E(λ))det(F (λ)) := γ

γ mh - mhdenik  stajer� .
'Etsi,γdet(L(λ)) = det(P (λ)).
Epomènwc, o poluwnumikìc pÐnakac P (λ) kai o prwtob�jmioc poluwnumikìc
pÐnakac L(λ) èqoun tic Ðdiec idiotimèc kai idiodianÔsmata.

Up�rqoun pollèc dunatìthtec epilog c kat�llhlwn pin�kwn X, Y ètsi ¸ste
o prwtob�jmioc poluwnumikìc pÐnakac pou ja prokÔyei na apoteleÐ grammiko-
poÐhsh tou poluwnumikoÔ pÐnaka P (λ). Oi pio sunhjismènec morfèc tètoiwn
grammikopoi sewn eÐnai oi sunodeÔousec morfèc (companion forms). Oi mor-
fèc autèc grammikopoi sewn qrhsimopoioÔntai eurèwc sthn pr�xh lìgw thc
apl c touc kataskeu c kai twn poll¸n efarmog¸n pou èqoun.

1.2 SunodeÔousec Morfèc (companion forms)

Oi sunodeÔousec morfèc apoteloÔn èna isqurì ergaleÐo grammikopoÐhshc po-
luwnumik¸n pin�kwn. H apl  touc morf , h �mesh kataskeu  touc apì ta
stoiqeÐa tou poluwnumikoÔ pÐnaka kai to gegonìc ìti èqoun tic Ðdiec idiotimèc
kai idiodianÔsmata me ton poluwnumikì pÐnaka, tic k�nei idanik  mèjodo gram-
mikopoÐhshc poluwnumik¸n pin�kwn. 'Ena ìmwc shmantikì meionèkthm� touc,
to opoÐo ja anafèroume parak�tw, apotèlesai to kÐnhtro gia peraitèrw èreu-
na.
Sthn par�grafo aut  ja melet soume tic duo sunodeÔousec morfèc (companion
forms). Sthn arq  ja orÐsoume tic duo sunodeÔousec morfèc, ja deÐxoume
ìti apoteloÔn grammikopoÐhsh tou poluwnumikoÔ pÐnaka P (λ) kai sÔmfwna
me thn Parat rhsh 2 ja èqoun tic Ðdiec idiotimèc kai idiodianÔsmata me ton
poluwnumikì pÐnaka P (λ).

Orismìc 17. SunodeÔousec Morfèc (Companion Forms )
JewroÔme touc pÐnakec:

X1 = X2 = diag(Ak, I(k−1)n) (1.8)
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kai

Y1 =


Ak−1 Ak−2 · · · A0

−In 0 · · · 0
...

. . .
. . .

...
0 · · · −In 0

 , Y2 =


Ak−1 −In · · · 0

Ak−2 0
. . .

...
...

...
. . . −In

A0 0 · · · 0

 (1.9)

tìte oi morfèc C1(λ) = λX1 + Y1 kai C2(λ) = λX2 + Y2 onom�zontai pr¸th
kai deÔterh sunodeÔousa morf  (companion form) tou poluwnumikoÔ pÐnaka
P (λ), antÐstoiqa.

T¸ra, ja deÐxoume ìti h pr¸th kai deÔterh sunodeÔousa morf  eÐnai grammi-
kopoi seic tou poluwnumikoÔ pÐnaka P (λ) =

∑k
i=0 λiA

i.

Je¸rhma 1. H pr¸th sunodeÔousa morf  eÐnai grammikopoÐhsh tou poluw-

numikoÔ pÐnaka P (λ) =
∑k

i=0 λiA
i.

Apìdeixh.

JewroÔme ton poluwnumikì pÐnaka P (λ) =
∑k

i=0 λiA
i kai thn pr¸th sunodeÔ-

ousa morf 

C1(λ) =


λAk + Ak−1 Ak−2 · · · A1 A0

−In λIn · · · 0 0
...

...
. . .

...
...

0 0 · · · −In λIn

 .

Gia na eÐnai h pr¸th sunodeÔousa morf  grammikopoÐhsh tou poluwnumikoÔ
pÐnaka P (λ) =

∑k
i=0 λiA

i , sÔmfwna me ton orismì thc grammikopoÐhshc pou
d¸same prohgoumènwc, ja prèpei na up�rqoun monometrikoÐ pÐnakec E(λ) kai
F (λ) tètoioi ¸ste na isqÔei:

E(λ)C1(λ)F (λ) =

[
P (λ) 0
0 I(k−1)n

]
. (1.10)

JewroÔme, loipìn, touc pÐnakec

E(λ) =


In λAk + Ak−1 Λ2Ak + λAk−1 + Ak−2 · · · λk−1Ak + . . .+ λA2 + A1

0 0 0 · · · −In
...

...
...

. . .
...

0 0 −In · · · 0
0 −In 0 · · · 0
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kai

F (λ) =


0 0 · · · 0 In
0 0 · · · −In −λIn
...

...
. . .

...
...

0 In · · · 0 0
In −λIn · · · 0 0

 .

Tìte ja èqoume ìti

E(λ) · C1(λ) =

=


In λAk + Ak−1 · · · λk−1Ak + . . .+ λA2 + A1

0 0 · · · −In
...

...
. . .

...
0 −In · · · 0

·

λAk + Ak−1 Ak−2 · · · A1 A0

−In λIn · · · 0 0
...

...
. . .

...
...

0 0 · · · −In λIn



=


0 0 · · · 0 P (λ)
0 0 · · · In −λIn
...

...
. . .

...
...

0 In · · · 0 0
In −λIn · · · 0 0

 (1.11)

kai [
P (λ) 0
0 I(k−1)n

]
· F (λ) =

=

[
P (λ) 0
0 I(k−1)n

]
·


0 0 · · · 0 In
0 0 · · · −In −λIn
...

...
. . .

...
...

0 In · · · 0 0
In −λIn · · · 0 0



=


0 0 · · · 0 P (λ)
0 0 · · · In −λIn
...

...
. . .

...
...

0 In · · · 0 0
In −λIn · · · 0 0

 (1.12)
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Apì tic sqèseic (1.11) kai (1.12) prokÔptei

E(λ) · C1(λ) =

[
P (λ) 0
0 I(k−1)n

]
· F (λ).

Akìmh, èqoume ìti det(E(λ)) = ±1 kai det(F (λ)) = 1. Epomènwc oi prwto-
b�jmioi poluwnumikoÐ pÐnakec eÐnai monometrikoÐ kai ètsi o kn × kn pÐnakac
F (λ) eÐnai antistrèyimoc, dhlad  up�rqei o F−1(λ).
'Etsi,

E(λ)C1(λ)F
−1(λ) =

[
P (λ) 0
0 I(k−1)n

]
,

ìpou oi prwtob�jmioi poluwnumikoÐ pÐnakec E(λ) kai F−1(λ) eÐnai monometri-
koÐ.
'Ara h pr¸th sunodeÔousa morf  eÐnai grammikopoÐhsh tou poluwnumikoÔ pÐ-
naka P (λ).

OmoÐwc prokÔptei ìti kai h deÔterh sunodeÔousa morf  eÐnai grammikopoÐhsh
tou poluwnumikoÔ pÐnaka P (λ).
Gia kalÔterh katanìhsh ìlwn ìswn perigr�yame prohgoumènwc ja d¸soume
t¸ra èna par�deigma, sto opoÐo ja p�roume èna sugkekrimèno poluwnumikì
pÐnaka, ja broÔme tic idiotimèc kai ta idiodianÔsmat� tou, ìpwc epÐshc th pr¸-
th kai deÔterh sunodeÔousa morf  me tic idiotimèc kai ta idiodianÔsmat� touc.

Par�deigma

'Estw o poluwnumikìc pÐnakac

P (λ) =

[
1 λ2 − 1

λ− 2 λ3 − λ

]
=

[
0 0
0 1

]
λ3 +

[
0 1
0 0

]
λ2 +

[
0 0
1 −1

]
λ+

[
1 −1
−2 0

]
= A3λ

3 + A2λ
2 + A1λ+ A0.

Arqik� ja broÔme tic idiotimèc tou poluwnumikoÔ pÐnaka P (λ).
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Idiotimèc tou poluwnumikoÔ pÐnaka P (λ):

det P (λ) =

∣∣∣∣ 1 λ2 − 1
λ− 2 λ3 − λ

∣∣∣∣
= λ3 − λ− (λ2 − 1)(λ− 2) = λ3 − λ− (λ3 − 2λ2 − λ+ 2)

= 2(λ2 − 1).

• Idiotimèc : λ1,2 = ±1.

Sth sunèqeia ja broÔme ta dexi� idiodianÔsmata tou poluwnumikoÔ pÐnaka
P (λ).

Dexi� IdiodianÔsmata tou poluwnumikoÔ pÐnaka P (λ):

P (λ) · x = 0 ⇒
[

1 λ2 − 1
λ− 2 λ3 − λ

] [
x1

x2

]
=

[
0
0

]
⇒ x1 + (λ2 − 1)x2 = 0

(λ− 2)x1 + (λ3 − λ)x2 = 0
(1.13)

• Dexi� idiodianÔsmata gia thn idiotim  λ1 = 1:

Apì to sÔsthma (1.13) gia λ = 1 prokÔptei x1 = 0. 'Etsi jètontac x2 =
t, t ∈ R, prokÔptoun ta idiodianÔsmata:

x∗
1 =

[
0
t

]
, t ∈ R

• Dexi� idiodianÔsmata gia thn idiotim  λ2 = −1:

Apì to sÔsthma (1.13) gia λ = −1 prokÔptei x1 = 0 , −3x1 = 0. 'Etsi
jètontac x2 = t, t ∈ R, prokÔptoun ta idiodianÔsmata:

x∗
2 =

[
0
t

]
, t ∈ R

T¸ra ja broÔme kai ta arister� idiodianÔsmata tou poluwnumikoÔ pÐnaka P (λ).
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Arister� idiodianÔsmata tou poluwnumikoÔ pÐnaka P (λ):

y · P (λ) = 0 ⇒
[
y1 y2

]
·
[

1 λ2 − 1
λ− 2 λ3 − λ

]
=

[
0 0

]
⇒ y1 + (λ2 − 1)y2 = 0

(λ− 2)y1 + (λ3 − λ)y2 = 0
(1.14)

• Arister� idiodianÔsmata gia thn idiotim  λ1 = 1:

Apì to sÔsthma (1.14) gia λ = 1 prokÔptei y1 − y2 = 0 ⇒ y1 = y2. 'E-
tsi jètontac y2 = t, t ∈ R, prokÔptoun ta idiodianÔsmata:

y∗1 =
[
t t

]
, t ∈ R

• Arister� idiodianÔsmata gia thn idiotim  λ2 = −1:

Apì to sÔsthma (1.14) gia λ = −1 prokÔptei y1 − 3y2 = 0 ⇒ y1 = 3y2.
'Etsi jètontac y2 = t, t ∈ R, prokÔptoun ta idiodianÔsmata:

y∗2 =
[
3t t

]
, t ∈ R.

Sto shmeÐo autì ja boÔme thn Smith morf  tou poluwnumikoÔ pÐnaka P (λ).
H Smith morf  tou poluwnumikoÔ pÐnaka P (λ) ja eÐnai

SC
P (λ) =

[
1 0
0 λ2 − 1

]
.

ParathroÔme, loipìn, ìti o poluwnumikìc pÐnakac P (λ) èqei duo mhdenik�
m = 1 kai m = −1 t�xhc 1 kai duo peperasmènouc stoiqei¸deic diairètec touc
(λ− 1) kai (λ+ 1).
T¸ra, epeid  o megistob�jmioc pÐnakac suntelest c A3 tou poluwnumikoÔ
pÐnaka P (λ) eÐnai idi�zwn pÐnakac, dhlad  det(A3) = 0, o poluwnumikìc pÐnakac
P (λ) ja èqei kai �peirouc stoiqei¸deic diairètec. Gia na boÔme, loipìn, touc
stoiqei¸deic diairètec sto �peiro tou poluwnumikoÔ pÐnaka P (λ) ja broÔme
pr¸ta ton duðkì pÐnaka tou poluwnumikoÔ pÐnaka P (λ) kai sth sunèqeia th
Smith morf  tou poluwnumikoÔ pÐnaka revP (λ) gia λ = 0.
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Epomènwc ja èqoume

revP (λ) =

[
1 −1
−2 0

]
λ3 +

[
0 0
1 −1

]
λ2 +

[
0 1
0 0

]
λ+

[
0 0
0 1

]
=

[
λ3 λ− λ3

λ2 − 2λ3 1− λ2

]
.

'Etsi, h Smith morf  tou poluwnumikoÔ pÐnaka revP (λ) gia λ = 0 ja eÐnai

S0
revP (λ)(λ) =

[
1 0
0 λ4

]
.

ParathroÔme ìti o poluwnumikìc pÐnakac P (λ) èqei èna stoiqei¸dh diairèth
sto �peiro tètarthc t�xhc, ton λ4.
ParathroÔme akìmh, ìti to sÔnolo twn stoiqeiwd¸n diairet¸n peperasmè-
nwn kai �peirwn (sumperilambanomènwn kai twn pollaplot twn touc) eÐnai
2 + 4 = 6 to opoÐo eÐnai Ðso me to ginìmeno 3× 2 tou bajmoÔ tou poluwnumi-
koÔ pÐnaka P (λ) epÐ th di�stas  tou. (bl. Prìtash 2)

Sth sunèqeia ja broÔme tic sunodeÔousec morfèc tou P (λ).

H pr¸th sunodeÔousa morf  tou poluwnumikoÔ pÐnaka P (λ) eÐnai:

C1(λ) = λX1 + Y1

=

λA3 + A2 A1 A0

−I2 λI2 0
0 −I2 λI2



= λ


0 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

+


0 1 0 0 1 −1
0 0 1 −1 −2 0
−1 0 0 0 0 0
0 −1 0 0 0 0
0 0 −1 0 0 0
0 0 0 −1 0 0



=


0 1 0 0 1 -1
0 λ 1 -1 -2 0
-1 0 λ 0 0 0
0 -1 0 λ 0 0
0 0 -1 0 λ 0
0 0 0 -1 0 λ


• Idiotimèc thc pr¸thc sunodeÔousac morf c:
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det C1(λ) =

∣∣∣∣∣∣∣∣∣∣∣∣

0 1 0 0 1 −1
0 λ 1 −1 −2 0
−1 0 λ 0 0 0
0 −1 0 λ 0 0
0 0 −1 0 λ 0
0 0 0 −1 0 λ

∣∣∣∣∣∣∣∣∣∣∣∣
= −

∣∣∣∣∣∣∣∣
0 1 −1 −2 0
−1 λ 0 0 0
0 0 λ 0 0
0 −1 0 λ 0
0 0 −1 0 λ

∣∣∣∣∣∣∣∣+
∣∣∣∣∣∣∣∣
0 λ 1 −1 0
−1 0 λ 0 0
0 −1 0 λ 0
0 0 −1 0 0
0 0 0 −1 λ

∣∣∣∣∣∣∣∣+
∣∣∣∣∣∣∣∣
0 λ 1 −1 −2
−1 0 λ 0 0
0 −1 0 λ 0
0 0 −1 0 λ
0 0 0 −1 0

∣∣∣∣∣∣∣∣
= · · · = −λ3 + 2λ2 + λ3 − λ+ λ− 2

= 2(λ2 − 1).

◦ Idiotimèc : λ1
1,2 = ±1.

Sth sunèqeia ja broÔme ta dexi� idiodianÔsmata thc pr¸thc sunodeÔousac
morf c.

Dexi� idiodianÔsmata thc pr¸thc sunodeÔousac morf c:

C1(λ) · x = 0 ⇒


0 1 0 0 1 −1
0 λ 1 −1 −2 0
−1 0 λ 0 0 0
0 −1 0 λ 0 0
0 0 −1 0 λ 0
0 0 0 −1 0 λ

 ·


x1

x2

x3

x4

x5

x6

 =


0
0
0
0
0
0



⇒

x2 + x5 − x6 = 0
λx2 + x3 − x4 − 2x5 = 0
−x1 + λx3 = 0
−x2 + λx4 = 0
−x3 + λx5 = 0
−x4 + λx6 = 0
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• Dexi� idiodianÔsmata thc pr¸thc sunodeÔousac morf c gia λ1
1 = 1:

x2 + x5 − x6 = 0
x2 + x3 − x4 − 2x5 = 0
−x1 + x3 = 0
−x2 + x4 = 0
−x3 + x5 = 0
−x4 + x6 = 0

⇒
x5 = 0
x1 = x3 = x5

x2 = x4 = x6

Epomènwc jètontac x2 = t , t ∈ R, ta dexi� idiodianÔsmata thc pr¸thc
sunodeÔousac morf c gia thn idiotim  λ1

1 = 1 ja eÐnai thc morf c:

x1∗
1 =


0
t
0
t
0
t

 , t ∈ R.

• Dexi� idiodianÔsmata thc pr¸thc sunodeÔousac morf c gia λ1
1 = −1:

x2 + x5 − x6 = 0
−x2 + x3 − x4 − 2x5 = 0
−x1 − x3 = 0
−x2 − x4 = 0
−x3 − x5 = 0
−x4 − x6 = 0

⇒
x5 = 0
x1 = −x3 = x5

x2 = −x4 = x6

'Ara jètontac x2 = t , t ∈ R, ta dexi� idiodianÔsmata thc pr¸thc sunodeÔou-
sac morf c gia thn idiotim  λ1

1 = −1 ja eÐnai thc morf c:

x1∗
2 =


0
t
0
−t
0
t

 , t ∈ R.

Sto shmeÐo autì ja boÔme thn Smith morf  thc pr¸thc sunodeÔousac morf c
C1(λ).
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H Smith morf  thc pr¸thc sunodeÔousac morf c C1(λ) ja eÐnai

SC
C1(λ)

=


1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 λ2 − 1

 .

ParathroÔme, loipìn, ìti h pr¸th sunodeÔousa morf  C1(λ) èqei duo mhdeni-
k� m = 1 kai m = −1 t�xhc 1 kai duo peperasmènouc stoiqei¸deic diairètec
touc (λ− 1) kai (λ+ 1).
T¸ra, epeid  o megistob�jmioc pÐnakac suntelest c X1 thc pr¸thc suno-
deÔousac morf c C1(λ) eÐnai idi�zwn pÐnakac, dhlad  det(X1) = 0, h pr¸th
sunodeÔousa morf  C1(λ) ja èqei kai �peirouc stoiqei¸deic diairètec. Gia na
boÔme, loipìn, touc stoiqei¸deic diairètec sto �peiro thc pr¸thc sunodeÔou-
sac morf c C1(λ) ja broÔme pr¸ta ton duðkì pÐnaka thc pr¸thc sunodeÔousac
morf c C1(λ) kai sth sunèqeia th Smith morf  thc pr¸thc sunodeÔousac
morf c revC1(λ) gia λ = 0.
Epomènwc ja èqoume

revC1(λ) =


0 λ 0 0 λ −λ
0 1 λ −λ −2λ 0
−λ 0 1 0 0 0
0 −λ 0 1 0 0
0 0 −λ 0 1 0
0 0 0 −λ 0 1

 .

'Etsi, h Smith morf  thc pr¸thc sunodeÔousac morf c revC1(λ) gia λ = 0
ja eÐnai

S0
revC1(λ)

(λ) =


1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 λ4

 .

ParathroÔme ìti h pr¸th sunodeÔousa morf  C1(λ) èqei èna stoiqei¸dh diai-
rèth sto �peiro tètarthc t�xhc, ton λ4.
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H deÔterh sunodeÔousa morf  tou poluwnumikoÔ pÐnaka P (λ) eÐnai:

C2(λ) = λX2 + Y2 =

λA3 + A2 −I2 0
A1 λI2 −I2
A0 0 λI2



= λ


0 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

+


0 1 −1 0 0 0
0 0 0 −1 0 0
0 0 0 0 −1 0
1 −1 0 0 0 −1
1 −1 0 0 0 0
−2 0 0 0 0 0



=


0 1 -1 0 0 0
0 λ 0 -1 0 0
0 0 λ 0 -1 0
1 -1 0 λ 0 -1
1 -1 0 0 λ 0
-2 0 0 0 0 λ


• Idiotimèc thc deÔterhc sunodeÔousac morf c:

det C2(λ) =

∣∣∣∣∣∣∣∣∣∣∣∣

0 1 −1 0 0 0
0 λ 0 −1 0 0
0 0 λ 0 −1 0
1 −1 0 λ 0 −1
1 −1 0 0 λ 0
−2 0 0 0 0 λ

∣∣∣∣∣∣∣∣∣∣∣∣

= −

∣∣∣∣∣∣∣∣∣∣
0 0 −1 0 0
0 λ 0 −1 0
1 0 λ 0 −1
1 0 0 λ 0
−2 0 0 0 λ

∣∣∣∣∣∣∣∣∣∣
−

∣∣∣∣∣∣∣∣∣∣
0 λ −1 0 0
0 0 0 −1 0
1 −1 λ 0 −1
1 −1 0 λ 0
−2 0 0 0 λ

∣∣∣∣∣∣∣∣∣∣

=

∣∣∣∣∣∣∣∣
0 λ −1 0
1 0 0 −1
1 0 λ 0
−2 0 0 λ

∣∣∣∣∣∣∣∣+ λ

∣∣∣∣∣∣∣∣
0 0 −1 0
1 λ 0 −1
1 0 λ 0
−2 0 0 λ

∣∣∣∣∣∣∣∣+
∣∣∣∣∣∣∣∣
0 0 −1 0
1 −1 0 −1
1 −1 λ 0
−2 0 0 λ

∣∣∣∣∣∣∣∣
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= · · · = −λ3 + 2λ2 + λ3 + λ− λ− 2

= 2(λ2 − 1).

◦ Idiotimèc : λ2
1,2 = ±1.

T¸ra, ja broÔme ta arister� idiodianÔsmata thc deÔterhc sunodeÔousac mor-
f c.

Arister� idiodianÔsmata thc deÔterhc sunodeÔousac morf c:

y · C2(λ) = 0 ⇒

⇒
[
y1 y2 y3 y4 y5 y6

]
·


0 1 −1 0 0 0
0 λ 0 −1 0 0
0 0 λ 0 −1 0
1 −1 0 λ 0 −1
1 −1 0 0 λ 0
−2 0 0 0 0 λ

 =
[
0 0 0 0 0 0

]
⇒

⇒

y4 + y5 − 2y6 = 0
y1 + λy2 − y4 − y5 = 0
−y1 + λy3 = 0
−y2 + λy4 = 0
−y3 + λy5 = 0
−y4 + λy6 = 0

• Arister� idiodianÔsmata thc deÔterhc sunodeÔousac morf c gia λ2
1 = 1:

y4 + y5 − 2y6 = 0
y1 + y2 − y4 − y5 = 0
−y1 + y3 = 0
−y2 + y4 = 0
−y3 + y5 = 0
−y4 + y6 = 0

⇒ y1 = y3 = y5 = y2 = y4 = y6
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Epomènwc jètontac y2 = t , t ∈ R, ta arister� idiodianÔsmata thc deÔterhc
sunodeÔousac morf c gia thn idiotim  λ2

1 = 1 ja eÐnai thc morf c:

y2∗1 =


t
t
t
t
t
t

 , t ∈ R.

• Arister� idiodianÔsmata thc deÔterhc sunodeÔousac morf c gia λ2
2 = −1:

y4 + y5 − 2y6 = 0
y1 − y2 − y4 − y5 = 0
−y1 − y3 = 0
−y2 − y4 = 0
−y3 − y5 = 0
−y4 − y6 = 0

⇒
y5 = 3y6
y1 = −y3 = y5
y2 = −y4 = y6

'Ara jètontac y2 = t , t ∈ R, ta arister� idiodianÔsmata thc deÔterhc suno-
deÔousac morf c gia thn idiotim  λ2

2 = −1 ja eÐnai thc morf c:

y2∗2 =


3t
t

−3t
−t
3t
t

 , t ∈ R.

Sto shmeÐo autì ja boÔme thn Smith morf  thc deÔterhc sunodeÔousac mor-
f c C2(λ).
H Smith morf  thc deÔterhc sunodeÔousac morf c C2(λ) ja eÐnai

SC
C2(λ)

=


1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 λ2 − 1

 .

ParathroÔme, loipìn, ìti h deÔterh sunodeÔousa morf  C2(λ) èqei duo mhde-
nik� m = 1 kai m = −1 t�xhc 1 kai duo peperasmènouc stoiqei¸deic diairètec
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touc (λ− 1) kai (λ+ 1).
T¸ra, epeid  o megistob�jmioc pÐnakac suntelest c X2 thc deÔterhc suno-
deÔousac morf c C2(λ) eÐnai idi�zwn pÐnakac, dhlad  det(X2) = 0, h deÔterh
sunodeÔousa morf  C2(λ) ja èqei kai �peirouc stoiqei¸deic diairètec. Gia
na boÔme, loipìn, touc stoiqei¸deic diairètec sto �peiro thc deÔterhc su-
nodeÔousac morf c C2(λ) ja broÔme pr¸ta ton duðkì pÐnaka thc deÔterhc
sunodeÔousac morf c C2(λ) kai sth sunèqeia th Smith morf  thc deÔterhc
sunodeÔousac morf c revC2(λ) gia λ = 0.
Epomènwc ja èqoume

revC2(λ) =


0 λ −λ 0 0 0
0 1 0 −λ 0 0
0 0 1 0 −λ 0
λ −λ 0 1 0 −λ
λ −λ 0 0 1 0

−2λ 0 0 0 0 1

 .

'Etsi, h Smith morf  thc deÔterhc sunodeÔousac morf c revC2(λ) gia λ = 0
ja eÐnai

S0
revC2(λ)

(λ) =


1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 λ4

 .

ParathroÔme ìti h deÔterh sunodeÔousa morf  C2(λ) èqei èna stoiqei¸dh
diairèth sto �peiro tètarthc t�xhc, ton λ4.

Ja oloklhr¸soume to par�deigm� mac me mia parat rhsh. ParathroÔme sto
par�deigm� mac ìti o poluwnumikìc pÐnakac P (λ), h pr¸th kai deÔterh suno-
deÔousa morf  èqoun tic Ðdiec idiotimèc, ta Ðdia idiodianÔsmata, ta Ðdia pepera-
smèna mhdenik� kai touc Ðdiouc peperasmènouc kai �peirouc stoiqei¸deic diai-
rètec. Aut  h idiìthta twn sunodeuous¸n morf¸n, thn opoÐa ja apodeÐxoume
parak�tw, mazÐ me thn apl  kataskeu  touc eÐnai pou k�nei tic sunodeÔousec
morfèc tìso qr simec kai me tìsec pollèc efarmogèc.
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1.3 IsodunamÐec poluwnumik¸n pin�kwn

Sthn par�grafo aut  ja d¸soume merik� shmantik� jewr mata kai orismoÔc
ta opoÐa ja qreiastoÔme sth sunèqeia thc melèthc mac.
Sthn par�grafo 1.1, d¸same ton orismì thc grammikopoÐhshc poluwnumikoÔ
pÐnaka. 'Omwc o orismìc ìpwc dìjhke qrhsimopoieÐ poluwnumikoÔc pÐnakec
P (λ) thc morf c (1.1) me monometrikoÔc pÐnakec Ak. Autì èqei wc apotèle-
sma oi idiotimèc tou poluwnumikoÔ pÐnaka P (λ) na eÐnai peperasmènec, ìpwc
epÐshc kai oi stoiqei¸deic diairètec ja eÐnai mìno peperasmènoi. Ti gÐnetai
ìmwc ìtan o poluwnumikìc pÐnakac P (λ) èqei kai mh peperasmènec idiotimèc,
mhdenik� kai stoiqei¸deic diairètec, dhlad  ìtan o megistob�jmioc pÐnakac
suntelest c tou kanonikoÔ poluwnumikoÔ pÐnakac P (λ) eÐnai idi�zwn pÐnakac
(dhlad  det(Ak) = 0). Se aut  thn perÐptwsh ja up�rqei kai h idiotim  ∞
me k�poia pollaplìthta m > 0. Gia tic peperasmènec idiotimèc mporoÔme na
qrhsimopoi soume opoiad pote grammikopoÐhsh, ìmwc gia thn idiotim ∞ ja è-
qoume prìblhma. Gia na xeper�soume aut  th duskolÐa ja d¸soume ton orismì
thc isqur c grammikopoÐhshc. O orismìc autìc sthrÐzetai sthn parat rhsh
pou k�name parap�nw gia th sqèsh an�mesa sthn idiotim  ∞ tou poluwnumi-
koÔ pÐnaka P (λ) kai thc idiotim c 0 tou duðkoÔ poluwnumikoÔ pÐnaka revP (λ).
'Ena akìmh er¸thma pou dhmiourgeÐtai eÐnai to ti gÐnetai sthn perÐptwsh pou
o poluwnumikìc pÐnakac P (λ) eÐnai idi�zwn (dhlad  det(P (λ)) = 0). Aut 
h perÐptwsh den ja apotelèsei antikeÐmeno melèthc mac, entoÔtoic ìmwc ja
k�noume k�poia sqìlia kai gia aut  thn perÐptwsh.

Orismìc 18. Isqur  GrammikopoÐhsh (Strong Linearization) po-
luwnumikoÔ pÐnaka [12]
JewroÔme ton poluwnumikì pÐnaka P (λ) bajmoÔ k, me k ≥ 1. An o L(λ)
eÐnai grammikopoÐhsh gia ton poluwnumikì pÐnaka P (λ) kai o revL(λ) eÐnai
grammikopoÐhsh gia ton pÐnaka revP (λ), tìte ja lème ìti o pÐnakac L(λ) eÐnai
isqur  grammikopoÐhsh gia ton poluwnumikì pÐnaka P (λ).

SÔmfwna, loipìn, me ton prohgoÔmeno orismì, ènac prwtob�jmioc poluwnu-
mikìc pÐnakac L(λ) , o opoÐoc eÐnai grammikopoÐhsh tou poluwnumikoÔ pÐnaka
P (λ) èqei tic Ðdiec idiotimèc me ton poluwnumikì pÐnaka P (λ) kai gia na èqei
kai tic Ðdiec idiotimèc sto �peiro ja prèpei na deÐxoume ìti eÐnai isqur  gram-
mikopoÐhsh tou poluwnumikoÔ pÐnaka P (λ), dhlad  ìti o duðkìc revL(λ) tou
prwtob�jmiou poluwnumikoÔ pÐnaka L(λ) apoteleÐ grammikopoÐhsh tou duðkoÔ
tou poluwnumikoÔ pÐnaka P (λ).
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Prìtash 3. [12]
Oi sunodeÔousec morfèc kanonik¸n poluwnumik¸n pin�kwn P (λ) èqoun thn
idiìthta ìti an o L(λ) eÐnai grammikopoÐhsh tou P (λ) tìte kai o revL(λ) eÐnai
grammikopoÐhsh tou revP (λ). Epomènwc eÐnai isqurèc grammikopoi seic.

H prohgoÔmenh prìtash mac lèei ìti ìtan o poluwnumikìc pÐnakac P (λ) eÐnai
kanonikìc (det(P (λ)) ̸= 0 gia k�poia λ) tìte oi duo sunodeÔousec morfèc eÐ-
nai p�ntote isqurèc grammikopoi seic tou poluwnumikoÔ pÐnaka P (λ), dhlad 
èqoun tic Ðdiec peperasmènec kai �peirec idiotimèc.

Sth sunèqeia, ja d¸soume èna l mma to opoÐo sundèei th grammikopoÐhsh
kai isqur  grammikopoÐhsh me th diat rhsh twn peperasmènwn kai �peirwn
stoiqeiwd¸n diairet¸n. Pr¸ta, ìmwc, ja d¸soume k�poiouc orismoÔc.
Wc F(λ) ja sumbolÐzoume to s¸ma twn rht¸n sunart sewn me suntelestèc
apì to s¸ma twn migadik¸n   pragmatik¸n arijm¸n F. 'Etsi, wc F(λ)(n) ja
sumbolÐzoume to dianusmatikì q¸ro tou opoÐou ta stoiqeÐa eÐnai n-adec me
stoiqeÐa apì to s¸ma F(λ).
Akìmh, me nrank(P (λ)) ja sumbolÐzoume th di�stash thc megalÔterhc mh-
mhdenik c upoorÐzousac tou poluwnumikoÔ pÐnaka P (λ).

Orismìc 19. [27]Dexiìc kai Aristerìc mhdenikìc q¸roc (Right and Left
nullspace) Wc dexÐ kai aristerì mhdenikì q¸ro enìc poluwnumikoÔ pÐnaka
P (λ) ∈ R[λ]n×n, touc opoÐouc ja sumbolÐsoume me Nr(P ) kai Nl(P ) antÐstoi-
qa, orÐzoume na eÐnai oi parak�tw upoq¸roi tou F(λ)(n):

Nr(P ) := {x(λ) ∈ F(λ)(n) : P (λ)x(λ) ≡ 0}
Nl(P ) := {y(λ) ∈ F(λ)(n) : yτ (λ)P (λ) ≡ 0}.

Shmei¸noume, akìmh, ìti isqÔei nrank(P ) = n−dim(Nr(P )) = n−dim(Nl(P )).
Dhlad , dim(Nr(P )) = dim(Nl(P )).
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L mma 1. [27]
'Estw poluwnumikìc pÐnakac P (λ) ∈ R[λ]n×n, bajmoÔ k, kai ènac prwtob�j-
mioc poluwnumikìc pÐnakac L(λ) ∈ R[λ]kn×kn.
Upojètoume ìti isqÔoun ta ex c:

(a) dim(Nr(L)) = dim(Nr(P ))

(b) oi peperasmènoi stoiqei¸dhc diairètec twn poluwnumik¸n pin�kwn L(λ)
kai P (λ) eÐnai oi Ðdioi

(g) oi stoiqei¸deic diairètec sto �peiro twn poluwnumik¸n pin�kwn L(λ) kai
P (λ) eÐnai oi Ðdioi.
Tìte o prwtob�jmioc poluwnumikìc pÐnakac L(λ) eÐnai:

• grammikopoÐhsh tou poluwnumikoÔ pÐnaka P (λ) an kai mìnon an isqÔoun
oi sunj kec (a) kai (b) .

• isqur  grammikopoÐhsh tou poluwnumikoÔ pÐnaka P (λ) an kai mìnon an
isqÔoun oi sunj kec (a) , (b) kai (g) .

Gia thn apìdeixh bl. [27].

T¸ra, proqwr¸ntac sth melèth mac ja orÐsoume ton omogen  poluwnumikì
pÐnaka kai thn factor isodunamÐa gia na deÐxoume katal gontac ìti oi suno-
deÔousec morfèc èqoun touc Ðdiouc peperasmènouc kai �peirouc stoiqei¸deic
diairètec.

Oloklhr¸nontac thn eisagwg  ja apodeÐxoume èna polÔ shmantikì je¸rh-
ma, to opoÐo dÐnei ap�nthsh sthn parat rhsh pou k�name sto tèloc tou pa-
radeÐgmatoc pou d¸same. Ja deÐxoume ìti o poluwnumikìc pÐnakac P (λ) kai
h pr¸th sunodeÔousa morf  C1(λ) eÐnai isodÔnamoi pÐnakec kai èqoun touc
Ðdiouc stoiqei¸deic diairètec, peperasmènouc kai �peirouc. Prin to je¸rhma,
ja anafèroume merikoÔc qr simouc orismoÔc.

Orismìc 20. [19] Omogen c (Homogeneous) poluwnumikìc pÐna-
kac
H omogen c morf c enìc poluwnumikoÔ pÐnaka A(λ) = Akλ

k + Ak−1λ
k−1 +

· · ·+ A1λ+ A0 orÐzetai na eÐnai o pÐnakac

AH(λ, µ) = Akλ
k + Ak−1λ

k−1µ+ · · ·+ A1λµ
k−1 + A0µ

k.
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Orismìc 21. [19] factor coprime equivalent
Duo poluwnumikoÐ pÐnakec A1(λ) kai A2(λ) ja eÐnai factor coprime equivalent
an up�rqoun poluwnumikoÐ pÐnakec M(λ, µ) kai N(λ, µ) tètoioi ¸ste[

M(λ, µ) A2(λ, µ)
] [ A1(λ, µ)

−N(λ, µ)

]
= 0

ìpou oi pÐnakec
[
M(λ, µ) A2(λ, µ)

]
kai

[
A1(λ, µ)
−N(λ, µ)

]
eÐnai factor coprime, dh-

lad  an ìlec oi kn×kn kai n×n upoorÐzousec twn pin�kwn
[
M(λ, µ) A2(λ, µ)

]
kai

[
A1(λ, µ)
−N(λ, µ)

]
antÐstoiqa, den èqoun touc Ðdiouc poluwnumikoÔc par�gontec.

Orismìc 22. [19] factor equivalent
Duo poluwnumikoÐ pÐnakec A1(λ) kai A2(λ) ja eÐnai factor equivalent an oi
antÐstoiqoi omogeneÐc poluwnumikoÐ pÐnakec AH

1 (λ, µ) kai A
H
2 (λ, µ) eÐnai factor

coprime equivalent.

Je¸rhma 2. [19] O poluwnumikìc pÐnakac P (λ) =
∑k

i=0 λ
iAi kai h pr¸th

sunodeÔousa morf  C1(λ) = λX1 + Y1 eÐnai factor equivalent.

Apìdeixh.
JewroÔme ton poluwnumikì pÐnaka P (λ) = Akλ

k+Ak−1λ
k−1+ · · ·+A1λ+A0

kai ton antÐstoiqo omogen  PH(λ, µ) = Akλ
k +Ak−1λ

k−1µ+ · · ·+A1λµ
k−1 +

A0µ
k. Sth sunèqeia jewroÔme thn pr¸th sunodeÔousa morf 

C1(λ) = λX1 + Y1 =


λAk + Ak−1 Ak−2 · · · A0

−In λIn · · · 0
...

. . .
. . .

...
0 · · · −In λIn


kai h antÐstoiqh omogen c pr¸th sunodeÔousa morf 

CH
1 (λ) = λX1 + µY1 =


λAk + µAk−1 µAk−2 · · · µA0

−µIn λIn · · · 0
...

. . .
. . .

...
0 · · · −µIn λIn
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ParathroÔme ìti isqÔei h sqèsh:

[
Ip

0(k−1)n,p

]
︸ ︷︷ ︸

M(λ,µ)

PH(λ, µ) = CH
1 (λ, µ)


λk−1In
λk−2µIn

...
λµk−2In
µk−1In


︸ ︷︷ ︸

N(λ,µ)

Pr�gmati,

[
Ip

0(k−1)n,p

]
(Akλ

k+· · ·+A0µ
k) =


λAk + µAk−1 µAk−2 · · · µA0

−µIn λIn · · · 0
...

. . .
. . .

...
0 · · · −µIn λIn



λk−1In
λk−2µIn

...
λµk−2In
µk−1In

 ⇒


λkAk + · · ·+ A0µ

k

0
...
0

 =


λkAk + · · ·+ A0µ

k

−λk−1µ+ λk−1µ
...

−µk−1λ+ µk−1λ

 =


λkAk + · · ·+ A0µ

k

0
...
0



Akìmh o pÐnakac
[
M(λ, µ) CH

1 (λ, µ)
]
èqei duo kn × kn upoorÐzousec thc

morf c

det


In Ak−2µ · · · A2µ A1µ A0µ
0 λIn · · · 0 0 0
...

...
. . .

...
...

...
0 0 · · · λIn −µIn 0
0 0 · · · 0 λIn −µIn

 = λ(k−1)n

kai

det


In Akλ+ Ak−1µ · · · A2µ A1µ
0 µIn · · · 0 0
...

...
. . .

...
...

0 0 · · · −µIn λIn
0 0 · · · 0 −µIn

 = (−µ)(k−1)n

oi opoÐec den èqoun kanèna koinì par�gonta, dhlad  eÐnai pr¸tec metaxÔ touc.
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'Etsi o pÐnakac
[
M(λ, µ) CH

1 (λ, µ)
]
eÐnai factor coprime.

OmoÐwc o pÐnakac

[
PH(λ, µ)
−N(λ, µ)

]
èqei duo n× n upoorÐzousec thc morf c

det
[
µ(k−1)n In

]
= µ(k−1)n kai det

[
λ(k−1)n In

]
= λ(k−1)n

oi opoÐec den èqoun kanèna koinì par�gonta, dhlad  eÐnai pr¸tec metaxÔ touc

kai epomènwc o pÐnakac

[
PH(λ, µ)
−N(λ, µ)

]
eÐnai factor coprime.

EpÐshc isqÔei ìti

[
M(λ, µ) CH

1 (λ, µ)
] [PH(λ, µ)

−N(λ, µ)

]
=

=


In λAk + µAk−1 µAk−2 · · · µA0

0 −µIn λIn · · · 0
...

...
. . .

. . .
...

0 0 · · · −µIn λIn





Akλ
k + Ak−1λ

k−1µ+ · · ·+ A0µ
k

−λk−1In
−λk−2µIn

...
−λµk−2In
−µk−1In



=


Akλk + · · ·+ A0µ

k − λkAk − · · · − µkA0

λk−1µ− λk−1µ
...

λµk−1 − λµk−1



=


0
0
...
0


'Etsi oi omogeneÐc pÐnakec PH(λ, µ) kai CH

1 (λ, µ) eÐnai factor coprime isodÔ-
namoi. Autì shmaÐnei ìti o poluwnumikìc pÐnakac P (λ) kai h pr¸th sunodeÔ-
ousa morf  eÐnai factor isodÔnamoi.
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Pìrisma 1. [19] An duo poluwnumikoÐ pÐnakec A1(λ) kai A2(λ) eÐnai factor
equivalent tìte èqoun touc Ðdiouc peperasmènouc kai �peirouc stoiqei¸deic
diairètec.

DeÐxame sto je¸rhma 2 ìti o poluwnumikìc pÐnakac P (λ) kai h pr¸th suno-
deÔousa morf  eÐnai factor isodÔnamoi. Apì to pìrisma èqoume ìti oi duo
autoÐ pÐnakec èqoun touc Ðdiouc peperasmènouc kai �peirouc stoiqei¸deic diai-
rètec, dhlad  èqoun tic Ðdiec peperasmènec kai �peirec idiotimèc.

1.4 PerÐlhyh

Sto pr¸to kef�laio, to opoÐo eÐnai kai h eisagwg  thc ergasÐac mac, arqik�
d¸same merikoÔc basikoÔc orismoÔc, èpeita melet same thn pr¸th kai deÔterh
sunodeÔousa morf  kai tèloc anafèrame orismèna jewr mata pou ja qreia-
stoÔme.
Xekin same dÐnontac touc orismoÔc thc idiotim c kai idiodianÔsmatoc (dexÐ kai
aristerì), tou duðkoÔ poluwnumikoÔ pÐnaka, thc idiotim c kai tou idiodianÔsma-
toc sto �peiro, tou monometrikoÔ poluwnumikoÔ pÐnaka kai thc Smith morf c
poluwnumikoÔ pÐnaka. Basikìc orismìc, eÐnai kai o orismìc thc grammikopoÐ-
hshc, h opoÐa apoteleÐ kai ton kÔrio stìqo thc ergasÐac .
Sth deÔterh par�grafo asqolhj kame me thn pr¸th kai deÔterh sunodeÔou-
sa morf  . 'Opwc anafèrame, o duo sunodeÔousec morfèc apoteloÔn isqurì
ergaleÐo grammikopoÐhshc poluwnumikoÔ pÐnaka. EÐnai aplèc sthn kataskeu ,
prokÔptoun �mesa apì ta stoiqeÐa tou poluwnumikoÔ pÐnaka kai èqoun tic Ðdiec
peperasmènec kai �peirec idiotimèc, mhdenik� kai stoiqei¸deic diairètec me ton
poluwnumikì pÐnaka P (λ). Aut� ta pleonekt mata tic k�noun polÔ eÔqrhstec
kai qrhsimopoioÔntai eurèwc se pollèc efarmogèc. 'Ena meiwnèkthm� touc,
ìmwc, ègine aform  gia na xekin sei peraitèrw èreuna ston tomèa thc grammi-
kopoÐhshc poluwnumik¸n pin�kwn.
Sth trÐth par�grafo, anaferj kame sthn ènnoia thc isqur c grammikopoÐhshc
kai sundèsame tic ènnoiec thc grammikopoÐhshc kai isqur c grammikopoÐhshc
me th diat rhsh twn peperasmènwn kai �peirwn stoiqeiwd¸n diairet¸n.
Oloklhr¸nontac to pr¸to kef�laio, apodeÐxame ìti oi duo sunodeÔousec mor-
fèc èqoun touc Ðdiouc peperasmènouc kai �peirouc stoiqei¸deic diairètec me ton
poluwnumikì pÐnaka P (λ).
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'Eqoume, loipìn, ìla ta aparaÐthta èfìdia gia na xekin soume th melèth twn
tri¸n mejìdwn grammikopoÐhshc me tic opoÐec ja asqolhjoÔme sthn paroÔsa
ergasÐa. Ja xekin soume me th melèth thc pr¸thc mejìdou grammikopoÐhshc,
thc prosjetik c mejìdou.
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H Prosjetik  Mèjodoc

EÐdame ìti gia thn epÐlush tou probl matoc idiotim¸n thc morf c P (λ)x = 0
mporoÔme na epilèxoume th mèjodo thc grammikopoÐhshc. Se aut  th mèjo-
do qrhsimopoioÔme prwtob�jmiouc poluwnumikoÔc pÐnakec thc morf c L(λ) =
λX+Y me idiotimèc Ðdiec me autèc tou P (λ). H pio sunhjismènh morf  tètoiwn
grammikopoi sewn apoteloÔn h pr¸th kai deÔterh sunodeÔousa morf , ìpwc
anafèrame sto kef�laio 1. Autèc oi morfèc qrhsimopoioÔntai eurèwc lìgw
merik¸n polÔ kal¸n idiot twn pou èqoun. Merikèc apì autèc tic idiìthtec
eÐnai ìti eÐnai aplèc sthn kataskeu , mporoÔn na kataskeuastoÔn apeujeÐac
apì ta stoiqeÐa tou P (λ) kai èqoun touc Ðdiouc peperasmènouc kai �peirouc
stoiqei¸deic diairètec. 'Opwc ja deÐxoume sto kef�laio autì ta idiodianÔsmata
tou P (λ) mporoÔn eÔkola na anaqjoÔn apì ta idiodianÔsmata twn sunodeou-
s¸n morf¸n.
'Omwc parìlo pou oi pr¸th kai deÔterh sunodeÔousa morf  èqoun tìsec ka-
lèc idiìthtec, èqoun kai èna meg�lo meionèkthma: Den metafèroun kami� dom 
  summetrÐa pou endeqomènwc na èqei o poluwnumikìc pÐnakac P (λ). Ac doÔme
èna par�deigma. JewroÔme ènan summetrikì poluwnumikì pÐnaka

P (λ) =

[
λ 1
1 λ2

]
=

[
0 0
0 1

]
λ2 +

[
1 0
0 0

]
λ+

[
0 1
1 0

]
.

H pr¸th sunodeÔousa morf  ìpwc orÐsthke sto kef�laio 1 ja eÐnai

C1(λ) =


0 0 0 0
0 λ 0 0
0 0 λ 0
0 0 0 λ

+


1 0 0 1
0 0 1 0
-1 0 0 0
0 -1 0 0

 =


1 0 0 1
0 λ 1 0
-1 0 λ 0
0 -1 0 λ

 ,

o opoÐoc profan¸c den eÐnai summetrikìc diìti
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C1(λ) =


1 0 0 1
0 λ 1 0
−1 0 λ 0
0 −1 0 λ

 ̸= CT
1 (λ) =


1 0 −1 0
0 λ 0 −1
0 1 λ 0
1 0 0 λ

 .

'Etsi, gia tic peript¸seic pou o arqikìc poluwnumikìc pÐnakac èqei k�poia
dom , prokÔptei h an�gkh dhmiourgÐac �llwn morf¸n pou ja diathroÔn tic
idiìthtec pou èqei o poluwnumikìc pÐnakac P (λ) kai ja èqoun ìsec perissì-
terec eÐnai dunatìn apì tic wraÐec idiìthtec twn sunodeous¸n morf¸n.
H anaz thsh aut¸n twn morf¸n ja mac odhg sei sth dhmiourgÐa dianusmati-
k¸n q¸rwn pou ja èqoun wc stoiqeÐa prwtob�jmiouc poluwnumikoÔc pÐnakec,
ta opoÐa ja eÐnai genikeÔseic twn duo sunodeuous¸n morf¸n kai ja èqoun koi-
nèc idiìthtec me aut�. Oi prwtob�jmioi autoÐ pÐnakec diathroÔn th summetrÐa
tou arqikoÔ poluwnumikoÔ pÐnaka. Sto prohgoÔmeno par�deigma, o antÐstoi-
qoc prwtob�jmioc poluwnumikìc pÐnakac L(λ), o opoÐoc ja doÔme parak�tw
p¸c prokÔptei, ja eÐnai

L(λ) = λ


0 0 0 0
0 1 0 0
0 0 0 −1
0 0 −1 0

+


1 0 0 1
0 0 0 0
0 1 0 0
1 0 0 0

 =


1 0 0 1
0 λ 1 0
0 1 0 −λ
1 0 −λ 0

 .

O L(λ) eÐnai summetrikìc diìti

L(λ) =


1 0 0 1
0 λ 1 0
0 1 0 −λ
1 0 −λ 0

 = LT (λ).

Gia th dhmiourgÐa aut¸n twn dianusmatik¸n q¸rwn ja orÐsoume duo nèec pr�-
xeic, to metatopismèno kat� st lh �jroisma kai to metatopismèno kat� gramm 
�jroisma oi opoÐec sthrÐzontai sthn prìsjesh pin�kwn apì thn opoÐa p re kai
thn onomasÐa thc h mèjodoc. Oi phgèc pou qrhsimopoi same gia th melèth thc
prosjetik c mejìdou eÐnai kurÐwc oi [7], [8], [25], [26] kai [30].
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2.1 DianusmatikoÐ q¸roi grammikopoi se-
wn

Se aut  thn par�grafo ja orÐsoume duo dianusmatikoÔc q¸rouc oi opoÐoi ba-
sÐzontai se genikeÔseic thc pr¸thc kai deÔterhc sunodeÔousac morf c.

2.1.1 O dianusmatikìc q¸roc L1(P )

Arqik� ja upenjum soume ton orismì thc pr¸thc sunodeÔousac morf c.
H pr¸th sunodeÔousa morf  eÐnai ènac prwtob�jmioc poluwnumikìc pÐnakac
thc morf c C1(λ) = λX1 + Y1, ìpou

X1 = diag(Ak, I(k−1)n) kai Y1 =


Ak−1 Ak−2 · · · A0

−In 0 · · · 0
...

. . .
. . .

...
0 · · · −In 0

 .

Jètontac

x1 = λk−1x, x2 = λk−2x, . . . , xk−1 = λx, xk = x, (2.1)

sto n × n poluwnumikì prìblhma idiotim¸n P (λ)x =

(∑k
i=0 λ

iAi

)
x = 0

prokÔptei

Ak(λx1) + Ak−1x1 + Ak−2x2 + · · ·+ A1xk−1 + A0xk = 0

Jètontac sth sunèqeia ìpou P (λ) thn pr¸th sunodeÔsa morf  prokÔptei

λ


Ak 0 · · · 0

0 In
. . .

...
...

. . .
. . . 0

0 · · · 0 In

+


Ak−1 Ak−2 · · · A0

−In 0 · · · 0
...

. . .
. . .

...
0 · · · −In 0




︸ ︷︷ ︸
=C1(λ)


x1

...
xk−1

xk

 = 0. (2.2)

To di�nusma
[
λk−1 λk−2 · · · λ 1

]T ∈ Fk twn elattoÔmenwn dun�mewn tou
λ ja to sumbolÐzoume me Λ. Merikèc forèc mporeÐ na qrhsimopoi soume to Λ
mazÐ me k�poio ìrisma, dhlad 

Λ(r) :=
[
rk−1 rk−2 · · · r 1

]T
. (2.3)
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Akìmh shmei¸noume ìti me ⊗ ja sumbolÐzoume to ginìmeno tou Kronecker.
'Etsi sÔmfwna me th sqèsh (2.1) h lÔsh thc prohgoÔmenhc sqèshc ja eÐnai


x1

...
xk−1

xk

 2.1
=


λk−1x

...
λx
x

 = Λ⊗ x

gia k�poio x ∈ Fn. ParathroÔme akìmh ìti

C1(λ) · (Λ⊗ x) =


λIn + Ak−1 Ak−2 · · · A0

−In λIn · · · 0
...

. . .
. . . 0

0 0 −In λIn



λk−1x

...
λx
x



=


λkAkx+ λk−2Ak−2x+ . . .+ λA1x+ A0x

−Inλ
k−1x+ λk−1Inx+ 0 + . . .+ 0

0
0 + . . .+ 0− Inλx+ λInx

 ⇒

C1(λ) · (Λ⊗ x) =


P (λ)x

0
...
0

 (2.4)

gia ìla ta x ∈ Fn. Autì deÐqnei ìti oi lÔseic thc (2.2) eÐnai oi lÔseic tou
arqikoÔ mac probl matoc P (λ)x = 0.
T¸ra, efìson h sqèsh (2.4) isqÔei gia ìla ta x èqoume
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C1(λ) · (Λ⊗ In) = C1(λ)


λk−1In

...
λIn
In



=


λkAk + λk−1Ak−1 + λk−2Ak−2 + . . .+ λA1 + A0

−λk−1In + λk−1In + 0 + . . .+ 0
0

0 + . . .+ 0− λIn + λIn

 ⇒

C1(λ) · (Λ⊗ In) =


P (λ)
0
...
0

 = e1 ⊗ P (λ) (2.5)

'Etsi genikeÔontac thn pr¸th sunodeÔousa morf  jewroÔme ìlouc touc kn×
kn prwtob�jmiouc poluwnumikoÔc pÐnakec L(λ) = λX + Y oi opoÐoi ikano-
poioÔn thn idiot ta

L(λ) · (Λ⊗ In) = L(λ)


λk−1In

...
λIn
In

 =


v1P (λ)

...
vk−1P (λ)
vkP (λ)

 ⇒

L(λ) · (Λ⊗ In) = v ⊗ P (λ) (2.6)

gia k�poio di�nusma v = [v1, . . . , vk]
T ∈ Fk.

Ja jewr soume to sÔnolo

Vp = {v ⊗ P (λ) : v ∈ Fk} (2.7)

ìlwn twn dianusm�twn v gia ta opoÐa isqÔei h sqèsh (2.6).
T¸ra èqoume ìla ta aparaÐthta stoiqeÐa gia na d¸soume ton orismì tou dia-
nusmatikoÔ q¸rou L1(P ).
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Orismìc 23.

L1(P ) := {L(λ) = λX + Y : X,Y ∈ Fkn×kn, L(λ) · (Λ⊗ In) ∈ Vp}

Orismìc 24. DexÐ ansatz di�nusma
Ja lème ìti to v eÐnai dexÐ ansatz di�nusma gia ton L(λ) ìtan L(λ) ∈ L1(P )
kai to v eÐnai ìpwc sth sqèsh (2.6).

QrhsimopoioÔme ton ìro <<dexÐ>> ansatz diìti o L(λ) pollaplasi�zetai apì de-
xi� me to Λ⊗ In.
Apì tic idiìthtec tou Kronecker ginomènou prokÔptei ìti to sÔnolo Vp eÐnai
dianusmatikìc q¸roc isìmorfoc me ton Fk kai kat' epèktash kai o L1(P ) eÐnai
epÐshc dianusmatikìc q¸roc.

Prìtash 4. Gia k�je poluwnumikì pÐnaka P (λ), o L1(P ) eÐnai dianusmatikìc
q¸roc p�nw sto s¸ma F.

Sth sunèqeia ja deÐxoume p¸c mporoÔme na kataskeu�soume touc prwtob�j-
miouc poluwnumikoÔc pÐnakec tou dianusmatikoÔ q¸rou L1(P ) apì dosmèno
poluwnumikì pÐnaka P (λ). Gia na to k�noume ìmwc autì ja orÐsoume mia kai-
noÔrgia pr�xh sto dianusmatikì q¸ro L1(P ).

Orismìc 25. Metatopismèno kat� st lh �jroisma (Column Shifted Sum)
JewroÔme k × k pÐnakec X kai Y thc morf c

X =

X11 · · · X1k

...
...

Xk1 · · · Xkk

 , Y =

Y11 · · · Y1k

...
...

Yk1 · · · Ykk


me blocks Xij, Yij ∈ Fn×n.
Tìte to Metatopismèno kat� st lh �jroisma twn X kai Y orÐzetai na eÐnai:

X �→ Y :=

X11 · · · X1k 0
...

...
...

Xk1 · · · Xkk 0

+

0 Y11 · · · Y1k

...
...

...
0 Yk1 · · · Ykk

 ,

ìpou ta mhdenik� blocks eÐnai epÐshc n× n.
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Ja doÔme, t¸ra, mia efarmog  tou metatopismènou kat� st lh ajroÐsmatoc
qrhsimopoi¸ntac touc pÐnakec X1 kai Y1 thc pr¸thc sunodeÔousac morf c
C1(λ) = λX1 + Y1.

Efarmog  1. Ja boÔme to metatopismèno kat� st lh �jroisma twn pin�-
kwn X1 kai Y1 thc pr¸thc sunodeÔousac morf c C1(λ) = λX1 + Y1.

To metatopismèno kat� st lh �jroisma X1�→ Y1,twn pin�kwn X1 kai Y1

thc pr¸thc sunodeÔousac morf c C1(λ) = λX1 + Y1, ja eÐnai

X1�→ Y1 =


Ak 0 · · · 0

0 In
. . .

...
...

. . .
. . . 0

0 · · · · · · In

�→

Ak−1 Ak−2 · · · A0

−In 0 · · · 0
...

. . .
. . .

...
0 · · · −In 0



=


Ak 0 · · · 0 0

0 In
. . .

...
...

...
. . .

. . . 0 0
0 · · · · · · In 0

+


0 Ak−1 Ak−2 · · · A0

0 −In 0 · · · 0
...

...
. . .

. . .
...

0 0 · · · −In 0



=


Ak Ak−1 · · · A0

0 0 · · · 0
...

...
...

...
0 0 · · · 0

 .

ParathroÔme, ìmwc, ìti isqÔei

X1�→ Y1 =


Ak Ak−1 · · · A0

0 0 · · · 0
...

...
...

...
0 0 · · · 0

 =


1
0
...
0

⊗
[
Ak Ak−1 · · · A0

]
= e1 ⊗

[
Ak Ak−1 · · · A0

]
to opoÐo moi�zei polÔ me th sqèsh pou eÐdame prohgoumènwc C1(λ) ·(Λ⊗In) =
e1 ⊗ P (λ).
'Etsi èqoume to epìmeno l mma.
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L mma 2. 'Estw ènac n × n poluwnumikìc pÐnakac P (λ) =
∑k

i=0 λ
iAi kai

ènac kn× kn prwtob�jmioc poluwnumikìc pÐnakac L(λ) = λX + Y . Tìte gia
v ∈ Fk ja èqoume

(λX+Y )·(Λ⊗In) = v⊗P (λ) ⇔ X �→ Y = v⊗
[
Ak Ak−1 · · · A0

]
, (2.8)

kai epomènwc o dianusmatikìc q¸roc L1(P ) mporeÐ na oristeÐ wc

L1(P ) = {λX+Y : X �→ Y = v⊗
[
Ak Ak−1 · · · A0

]
, v ∈ Fk}. (2.9)

Apìdeixh.
” ⇒ ”
Upojètoume ìti isqÔei (λX + Y ) · (Λ⊗ In) = v ⊗ P (λ).
'Eqoume ìti

λX + Y = λ

X11 · · · X1k

...
...

Xk1 · · · Xkk

+

Y11 · · · Y1k

...
...

Yk1 · · · Ykk


=

λX11 + Y11 · · · λX1k + Y1k

...
...

λXk1 + Yk1 · · · λXkk + Ykk

 .

'Etsi,

(λX + Y )(Λ⊗ In) =

λX11 + Y11 · · · λX1k + Y1k

...
...

λXk1 + Yk1 · · · λXkk + Ykk



λk−1In
λk−2In

...
λIn
In



=

 λkX11 + λk−1Y11 + λk−1X12 + λk−2Y12 + · · ·+ λX1k + Y1k

...
λkXk1 + λk−1Yk−1 + λk−1Xk2 + λk−2Yk2 + · · ·+ λXkk + Ykk



=

 λkX11 + λk−1(Y11 +X12) + · · ·+ λ(Y1k−1 +X1k)
...

λkXk1 + λk−1(Yk1 +Xk2) + · · ·+ λ(Ykk−1 +Xkk) + Ykk
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Akìmh

v ⊗ P (λ) =

v1...
vk

⊗ (λkAk + · · ·+ λA1 + A0)

=

v1(λ
kAk + · · ·+ A0)

...
vk(λ

kAk + · · ·+ A0)


=

λ
kv1Ak + · · ·+ λv1A1 + v1A0

...
λkvkAk + · · ·+ λvkA1 + vkA0


Epomènwc

(λX + Y )(Λ⊗ In) = v ⊗ P (λ)

⇒
X11 = v1Ak , X12 + Y11 = v1Ak−1 , · · · ,
X1k + Y1k−1 = v1A1 , Y1k = v1A0 , · · · ,
· · · , Xkk + Ykk−1 = vkA1 , Ykk = vkA0 .

(2.10)

Opìte

X �→ Y =

X11 X12 + Y11 · · · X1k + Y1k−1 Y1k

...
...

Xk1 Xk2 + Yk1 · · · Xkk + Ykk−1 Ykk


(2.10)
=

v1Ak v1Ak−1 · · · v1A1 v1A0

...
...

...
...

vkAk vkAk−1 · · · vkA1 vkA0


=

v1...
vk

⊗
[
Ak Ak−1 · · · A1 A0

]
= v ⊗

[
Ak Ak−1 · · · A1 A0

]
.

” ⇐ ”
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'Eqoume ìti

X �→ Y =

X11 · · · X1k

...
...

Xk1 · · · Xkk

�→
Y11 · · · Y1k

...
...

Yk1 · · · Ykk



=

X11 · · · X1k 0
...

...
...

Xk1 · · · Xkk 0

+

0 Y11 · · · Y1k

...
...

...
0 Yk1 · · · Ykk



=

X11 X12 + Y11 · · · X1k + Y1k−1 Y1k

...
...

Xk1 Xk2 + Yk1 · · · Xkk + Ykk−1 Ykk



Apì upìjesh èqoume ìti

X �→ Y = v ⊗
[
Ak Ak−1 · · · A1 A0

]
.

Opìte

X �→ Y =

X11 X12 + Y11 · · · X1k + Y1k−1 Y1k

...
...

Xk1 Xk2 + Yk1 · · · Xkk + Ykk−1 Ykk


=

v1...
vk

⊗
[
Ak Ak−1 · · · A1 A0

]

=

v1Ak v1Ak−1 · · · v1A1 v1A0

...
...

...
...

vkAk vkAk−1 · · · vkA1 vkA0



⇒
X11 = v1Ak , X12 + Y11 = v1Ak−1 , · · · ,
X1k + Y1k−1 = v1A1 , Y1k = v1A0 , · · · ,
· · · , Xkk + Ykk−1 = vkA1 , Ykk = vkA0 .
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'Etsi,

L(λ)(Λ⊗ In) =

λX11 + Y11 · · · λX1k + Y1k

...
...

λXk1 + Yk1 · · · λXkk + Ykk



λk−1In
λk−2In

...
λIn
In



=

 λkX11 + λk−1Y11 + λk−1X12 + λk−2Y12 + · · ·+ λX1k + Y1k

...
λkXk1 + λk−1Yk−1 + λk−1Xk2 + λk−2Yk2 + · · ·+ λXkk + Ykk



=

 λkX11 + λk−1(Y11 +X12) + · · ·+ λ(Y1k−1 +X1k)
...

λkXk1 + λk−1(Yk1 +Xk2) + · · ·+ λ(Ykk−1 +Xkk) + Ykk


(2.10)
=

λ
kv1Ak + · · ·+ λv1A1 + v1A0

...
λkvkAk + · · ·+ λvkA1 + vkA0



=

v1(λ
kAk + · · ·+ A0)

...
vk(λ

kAk + · · ·+ A0)



=

v1...
vk

⊗ (λkAk + · · ·+ A0)

= v ⊗ P (λ).

Apì to prohgoÔmeno l mma prokÔptei to akìloujo je¸rhma.
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Je¸rhma 3. 'Estw n × n poluwnumikìc pÐnakac P (λ) =
∑k

i=0 λ
iAi kai

v ∈ Fk èna opoiod pote di�nusma. Tìte to sÔnolo twn prwtob�jmiwn poluw-
numik¸n pin�kwn tou L1(P ) me dexÐ ansatz di�nusma v apoteleÐtai apì ìla ta
L(λ) = λX + Y tètoia ¸ste

X =
n (k − 1)n[

v ⊗ Ak −W
]

kai Y =
(k − 1)n n[

W + (v ⊗
[
Ak−1 · · · A1

]
) v ⊗ A0

]
,

me W ∈ Fkn×(k−1)n aujaÐreto.

Apìdeixh.

JewroÔme thn apeikìnish M me L1(P )
M−→ Vp h opoÐa prokÔptei apì ton

orismì tou dianusmatikoÔ q¸rou L1(P ) kai orÐzetai wc ex c:

L1(P )
M−→ Vp (2.11)

L(λ) 7−→ L(λ) · (Λ⊗ In).

Profan¸c h apeikìnish M eÐnai grammik . Sth sunèqeia ja deÐxoume ìti h
apeikìnish M eÐnai epÐ. 'Estw v⊗P (λ) èna tuqaÐo stoiqeÐo tou dianusmatikoÔ
q¸rou Vp kai kataskeu�zoume ta

Xv =
n (k − 1)n[

v ⊗ Ak 0
]

kai Yv =
(k − 1)n n[

v ⊗
[
Ak−1 · · · A1

]
v ⊗ A0

]
,

Tìte isqÔei ìti

Xv�→ Yv =
[
v ⊗ Ak 0

]
�→

[
v ⊗

[
Ak−1 · · · A1

]
v ⊗ A0

]
=

v1Ak 0 · · · 0
...

...
. . .

...
vkAk 0 · · · 0

+

0 v1Ak−1 · · · v1A1 v1A0

...
...

...
...

0 vkAk · · · vkAk vkA0


=

v1Ak v1Ak−1 · · · v1A1 v1A0

...
...

...
...

vkAk vkAk−1 · · · vkA1 vkA0


=

v1...
vk

⊗
[
Ak Ak−1 · · · A0

]
= v ⊗

[
Ak Ak−1 · · · A0

]
kai apì to l mma 2 o prwtob�jmioc poluwnumikìc pÐnakac Lv(λ) := λXv + Yv

eÐnai mia pro-eikìna tou v ⊗ P (λ) mèsw thc apeikìnishc M. To sÔnolo ìlwn
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twn pro-eikìnwn v ⊗ P (λ) ja an koun sto Lv + kerM. 'Etsi mènei na upo-
logÐsoume ton pur na kerM. Apì th sqèsh (2.8) tou l mmatoc 2 o pur nac
thc apeikìnishc M apoteleÐtai apì ìlouc touc prwtob�jmiouc poluwnumikoÔc
pÐnakec λX + Y gia touc opoÐouc isqÔei X�→ Y = 0. Apì ton orismì, ìmwc,
tou metatopismènou kat� st lh ajroÐsmatoc prokÔptei ìti ta X kai Y prèpei
na eÐnai thc morf c

X =
n (k − 1)n[
0 −W

]
kai Yv =

(k − 1)n n[
W 0

]
,

ìpou W ∈ Fkn×(k−1)n eÐnai aujaÐreto.
Autì oloklhr¸nei thn apìdeix  mac.

Pìrisma 2.
dim L1(P ) = k(k − 1)n2 + k.

Apìdeixh.
Efìson h apeikìnish M eÐnai epÐ (ìpwc deÐxame sthn prohgoÔmenh apìdeixh)
ja èqoume dim L1(P ) = dim ker M+ dim Vp = k(k − 1)n2 + k.

To epìmeno pìrisma dÐnei mia eidik  perÐptwsh tou Jewr matoc 3 kai ja eÐnai
polÔ qr simo gia ta epìmena.

Pìrisma 3. Upojètoume ìti L(λ) = λX + Y ∈ L1(P ) èqei dexÐ ansatz
di�nusma to v = αe1. Tìte

X =

[
αAk X12

0 −Z

]
και Y =

[
Y11 αA0

Z 0

]
(2.12)

gia k�poio Z ∈ F(k−1)n×(k−1)n.
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Apìdeixh.
Apì to Je¸rhma 3 èqoume ìti

X =
[
v ⊗ Ak −W

]
kai U =

[
W + (v ⊗

[
Ak−1 · · · A1

]
) v ⊗ A0

]
.

'Etsi èqoume

X =
[
v ⊗ Ak −W

]
=

v1Ak −W11 · · · −W1k−1

...
...

...
vkAk −Wk1 · · · −Wkk−1



v=αe1=



α
0
...
0


=


αAk −W11 · · · −W1k−1

0
...
0

−W21 · · · −W2k−1

...
...

−Wk1 · · · −Wkk−1


=

[
αAk X12

0 −Z

]
ìpou

X12 =
[
−W11 · · · −W1k−1

]
kai Z =

W21 · · · W2k−1

...
...

Wk1 · · · Wkk−1

 me Z ∈ F(k−1)n×(k−1)n.

EpÐshc

Y =

W11 + v1Ak−1 · · · W1k−1 + v1A1 v1A0

...
...

...
W1k + vkAk−1 · · · W1k−1 + vkA1 vkA0



v=αe1=



α
0
...
0


=


W11 + αAk−1 · · · W1k−1 + αA1 αA0

W21 · · · W2k−1

...
...

Wk1 · · · Wkk−1

0
...
0


=

[
Y11 αA0

Z 0

]
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ìpou

Y11 =
[
W11 + αAk−1 · · · W1k−1 + αA1

]
kai

Z =

W21 · · · W2k−1

...
...

Wk1 · · · Wkk−1

 me Z ∈ F(k−1)n×(k−1)n.

ParathroÔme ìti h pr¸th sunodeÔousa morf  ikanopoieÐ th morf  tou proh-
goÔmenou porÐsmatoc ìtan v = e1 kai Z = −I(k−1)n.
Epomènwc ta stoiqeÐa tou dianusmatikoÔ q¸rou L1(P ) apoteloÔn genÐkeush
thc pr¸thc sunodeÔousac morf c. H pr¸th sunodeÔousa morf  mac  tan
polÔ qr simh lìgw thc endiafèrousac idiìtht�c thc na èqei tic Ðdiec idioti-
mèc me ton arqikì poluwnumikì pÐnaka P (λ) ton opoÐo kai grammikopoioÔse.
'Etsi parousi�zei idiaÐtero endiafèron na exet�soume an isqÔei to Ðdio kai me
ta stoiqeÐa tou dianusmatikoÔ q¸rou L1(P ). EÐqame dei ìti ta idiodianÔsma-
ta thc pr¸thc sunodeÔousac morf c C1(λ) èqoun th morf  Λ ⊗ x, ìpou x
eÐnai idiodi�nusma tou P (λ). 'Ara mporoÔme na broÔme ta idiodianÔsmata tou
P (λ) paÐrnontac tic teleutaÐec n suntetagmènec twn idiodianusm�twn thc pr¸-
thc sunodeÔousac morf c. Epomènwc stìqoc mac eÐnai na deÐxoume ìti kai ta
stoiqeÐa tou dianusmatikoÔ q¸rou L1(P ) èqoun thn Ðdia idiìthta.

Je¸rhma 4. JewroÔme n× n poluwnumikì pÐnaka P (λ) bajmoÔ k kai ènan
tuqaÐo prwtob�jmio poluwnumikì pÐnaka L(λ) tou P (λ), me mh - mhdenikì
dexÐ ansatz di�nusma v. Tìte to x ∈ Cn eÐnai idiodi�nusma tou P (λ) me
peperasmènh idiotim  λ ∈ C an kai mìnon an to Λ ⊗ x eÐnai idiodi�nusma tou
 L(λ) me idiotim  λ. An, epiplèon, o poluwnumikìc pÐnakac P (λ) eÐnai kanonikìc
kai L ∈ L1(P ) eÐnai mia grammikopoÐhsh tou P , tìte k�je idiodi�nusma tou L
me peperasmènh idiotim  λ eÐnai thc morf c Λ ⊗ x gia k�poio idiodi�nusma x
tou P .

Apìdeixh.
O pr¸toc isqurismìc prokÔptei amèswc apì th sqèsh

L(λ)(Λ⊗ x) = L(λ)(Λ⊗ In)(1⊗ x) = (v⊗P (λ))(1⊗ x) = v⊗ (P (λ)x).

Gia to deÔtero isqurismì upojètoume ìti λ ∈ C eÐnai peperasmènh idiotim  tou
L(λ) me gewmetrik  pollaplìthta m, kai èstw y ∈ Ckn eÐnai èna opoiod pote
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idiodi�nusma tou L(λ) to opoÐo anafèretai sthn idiotim  λ. Efìson to L(λ)
eÐnai grammikopoÐhsh tou P (λ), h gewmetrik  pollaplìthta thc idiotim c λ tou
P (λ) eÐnai epÐshc m. 'Estw x1, . . . , xm grammik� anex�rthta idiodianÔsmata
tou P (λ) ta opoÐa anafèrontai sthn idiotim  λ kai orÐzoun yi = Λ ⊗ xi, gia
i = 1, . . . ,m. Tìte ta y1, . . . , ym grammik� anex�rthta idiodianÔsmata tou
L(λ) me idiotim  λ kai epomènwc to y prèpei na eÐnai grammikìc sunduasmìc
twn y1, . . . , ym. 'Ara to y ja eÐnai thc morf c y = Λ⊗x gia k�poio idiodi�nusma
x ∈ Cn tou P .

Gia kalÔterh katanìhsh tou prohgoÔmenou jewr matoc ja d¸soume sto sh-
meÐo autì èna par�deigma. Ja qrhsimopoi soume ton poluwnumikì pÐnaka P (λ)
tou paradeigmatoc pou anafèrame sto Kef�laio 1.

Par�deigma

Jewr same sto par�deigma tou KefalaÐou 1, ton poluwnumikì pÐnaka

P (λ) =

[
1 λ2 − 1

λ− 2 λ3 − λ

]
.

EÐdame akìmh ìti o P (λ) èqei idiotimèc λ1 = 1 , λ2 = −1 kai antÐstoiqec

oikogèneiec idiodianusm�twn x∗
1 = x∗

2 =

[
0
t

]
, t ∈ R.

JewroÔme kai thn pr¸th sunodeuousa morf 

C1(λ) =


0 1 0 0 1 −1
0 λ 1 −1 −2 0
−1 0 λ 0 0 0
0 −1 0 λ 0 0
0 0 −1 0 λ 0
0 0 0 −1 0 λ


EÐdame ìti o poluwnumikìc pÐnakac P (λ) kai h pr¸th sunodeÔousa morf 
èqoun tic Ðdiec idiotimèc. SÔmfwna me to prohgoÔmeno je¸rhma, ta dexi� i-
diodianÔsmata thc pr¸thc sunodeÔousac morf c ja eÐnai thc morf c Λ ⊗ x∗,
ìpou x∗ eÐnai to antÐstoiqo idiodi�nusma thc peperasmènhc idiotim c λ1 = 1
kai λ2 = −1.
'Etsi, gia thn idiotim  λ1 = 1 ta idiodianÔsmata thc pr¸thc sunodeÔousac
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morf c ja eÐnai:

Λ⊗ x∗
1 =

λ2
1I2

λ1I2
I2

⊗
[
0
t

]
=


0
t
0
t
0
t

 , t ∈ R.

'EpÐshc, gia thn idiotim  λ2 = −1 ta idiodianÔsmata thc pr¸thc sunodeÔousac
morf c ja eÐnai:

Λ⊗ x∗
2 =

λ2
2I2

λ2I2
I2

⊗
[
0
t

]
=


0
t
0
−t
0
t

 , t ∈ R.

Pr�gmati, ta idiodianÔsmata pou br kame eÐnai ta Ðdia me aut� pou eÐqame brei
sto par�deigma tou KefalaÐou 1.
T¸ra jèloume na k�noume to antÐjeto. Ja broÔme ta idiodianÔsmata tou po-
luwnumikoÔ pÐnaka P (λ), paÐrnontac ènan prwtob�jmio poluwnumikì pÐnaka
tou dianusmatikoÔ q¸rou L1(P ) kai qrhsimopoi¸ntac to prohgoÔmeno je¸rh-
ma.
JewroÔme ton prwtob�jmio poluwnumikì pÐnaka ìpwc sto Je¸rhma 3 me

v =

10
0

 kai W =


0 −1 0 0
0 0 −1 1
0 0 1 0
1 0 0 0
0 0 0 1
0 1 1 0

 .
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'Etsi,

L(λ) = λX + Y

= λ


0 0 0 1 0 0
0 1 0 0 1 −1
0 0 0 0 −1 0
0 0 −1 0 0 0
0 0 0 0 0 −1
0 0 0 −1 1 0

+


0 0 0 0 1 −1
0 0 0 0 −2 0
0 0 1 0 0 0
1 0 0 0 0 0
0 0 0 1 0 0
0 1 1 0 0 0



=


0 0 0 λ 1 −1
0 λ 0 0 λ− 2 −λ
0 0 1 0 −λ 0
1 0 −λ 0 0 0
0 0 0 1 0 −λ
0 1 1 −λ λ 0


Arqik� ja broÔme tic idiotimèc tou prwtob�jmiou poluwnumikoÔ pÐnaka.

detL(λ) = det


0 0 0 λ 1 −1
0 λ 0 0 λ− 2 −λ
0 0 1 0 −λ 0
1 0 −λ 0 0 0
0 0 0 1 0 −λ
0 1 1 −λ λ 0



= −λ


0 λ 0 λ− 2 −λ
0 0 1 −λ 0
1 0 −λ 0 0
0 0 0 0 −λ
0 1 1 −λ 0

+

0 λ 0 0 −λ
0 0 1 0 0
1 0 −λ 0 0
0 0 0 1 −λ
0 1 1 −λ 0

+

0 λ 0 0 λ− 2
0 0 1 0 λ
1 0 −λ 0 0
0 0 0 1 0
0 1 1 −λ −λ



= · · · = λ4 − λ4 + λ3 − 2λ2 − λ3 + λ− λ2 + λ2 − λ+ 2

= 2− 2λ2 = 2(1− λ2)

'Ara oi idiotimèc eÐnai λ1,2 = ±1.

Sth sunèqeia ja broÔme ta idiodianÔsmata tou prwtob�jmiou poluwnumikoÔ
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pÐnaka:

L(λ) · x = 0 ⇒

⇒


0 0 0 λ 1 −1
0 λ 0 0 λ− 2 −λ
0 0 1 0 −λ 0
1 0 −λ 0 0 0
0 0 0 1 0 −λ
0 1 1 −λ λ 0




x1

x2

x3

x4

x5

x6

 =


0
0
0
0
0
0



⇒

λx4 + x5 − x6 = 0
λx2 + (λ− 2)x5 − λx6 = 0
x3 + λx5 = 0
x1 − λx3 = 0
x4 − λx6 = 0
x2 + x3 − λx4 − λx5 = 0

• Gia thn idiotim  λ1 = 1 to antÐstoiqo idiodi�nusma ja eÐnai:

x4 + x5 − x6 = 0
x2 − x5 − x6 = 0

x3 + x5 = 0
x1 − x3 = 0
x4 − x6 = 0

x2 + x3 − x4 − x5 = 0

⇒

x5 = 0
x3 = x5 = x1

x4 = x6 = x2

x2 = t , t ∈ R

ιδιoδιανυσµα x∗
1 =


0
t
0
t
0
t

 , t ∈ R.

• Gia thn idiotim  λ1 = 1 to antÐstoiqo idiodi�nusma ja eÐnai:

−x4 + x5 − x6 = 0
−x2 − 3x5 + x6 = 0

x3 + x5 = 0
x1 + x3 = 0
x4 + x6 = 0

x2 + x3 + x4 + x5 = 0

⇒

x5 = 0
−x3 = x5 = x1

−x4 = x6 = x2

x2 = t , t ∈ R

ιδιoδιανυσµα x∗
2 =


0
t
0
−t
0
t

 , t ∈ R.

Qrhsimopoi¸ntac t¸ra to prohgoÔmeno je¸rhma ja broÔme ta idiodianÔsmata
tou poluwnumikoÔ pÐnaka P (λ) apì ta idiodianÔsmata tou prwtob�jmiou po-
luwnumikoÔ pÐnaka L(λ).
'Estw u∗

1 kai u∗
2 oi duo oikogèneiec idiodianusm�twn tou poluwnumikoÔ pÐnaka

P (λ) gia tic idiotimèc λ1 = 1 kai λ2 antÐstoiqa.

• Gia thn idiotim  λ1 = 1 h antÐstoiqh oikogèneia idiodianusm�twn tou po-
luwnumikoÔ pÐnaka P (λ) ja eÐnai:
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Apì to Je¸rhma 3 èqoume th sqèsh

Λ⊗ u∗
1 = x∗

1 ⇒

λ2
1I2

λ1I2
I2

⊗
[
u1

u2

]
=


x1

x2

x3

x4

x5

x6

 ⇒


u1

u2

u1

u2

u1

u2

 =


0
t
0
t
0
t

 t ∈ R ⇒ u1 = 0 , u2 = t , t ∈ R.

'Ara h oikogèneia idiodianusm�twn tou poluwnumikoÔ pÐnaka P (λ) gia thn i-

diotim  λ1 = 1 eÐnai: u∗
1 =

[
0
t

]
, t ∈ R.

DouleÔoume omoÐwc gia thn idiotim  λ2 = −1

• Gia thn idiotim  λ2 = −1 h antÐstoiqh oikogèneia idiodianusm�twn tou po-
luwnumikoÔ pÐnaka P (λ) ja eÐnai:
Apì to Je¸rhma 3 èqoume th sqèsh

Λ⊗ u∗
2 = x∗

2 ⇒

λ2
2I2

λ2I2
I2

⊗
[
u1

u2

]
=


x1

x2

x3

x4

x5

x6

 ⇒


u1

u2

−u1

−u2

u1

u2

 =


0
t
0
−t
0
t

 t ∈ R ⇒ u1 = 0 , u2 = t , t ∈ R.

'Ara h oikogèneia idiodianusm�twn tou poluwnumikoÔ pÐnaka P (λ) gia thn i-

diotim  λ2 = −1 eÐnai: u∗
2 =

[
0
t

]
, t ∈ R.
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ParathroÔme, loipìn, ìti br kame tic oikogèneiec idiodianusm�twn tou poluw-
numikoÔ pÐnaka P (λ), oi opoÐec eÐnai Ðdiec me autèc pou eÐqame brei sthn arq .

SunoyÐzontac ìla ta parap�nw, sthn par�grafo aut  dhmiourg same to dia-
nusmatikì q¸ro L1(P ) qrhsimopoi¸ntac thn pr¸th sunodeÔousa morf . DeÐ-
xame ìti o dianusmatikìc autìc q¸roc apoteleÐ genÐkeus  thc kai epiplèon
èqei thn shmantik  idiìtht� thc, na èqei tic Ðdiec idiotimèc me dosmèno arqikì
poluwnumikì pÐnaka P (λ). DhmiourgeÐtai ìmwc to er¸thma tou tÐ ja ginìntan
an eÐqame qrhsimopoi sei antÐ thc pr¸thc sunodeÔouosac morf c, th deÔterh
sunodeÔousa morf . 'Etsi, sth sunèqeia thc melèthc mac, ja asqolhjoÔme me
th deÔterh sunodeÔousa morf  kai ja prospaj soume na bg�loume an�loga
sumper�smata.

2.1.2 O dianusmatikìc q¸roc L2(P )

Ja upenjum soume kai p�li ton orismì thc deÔterhc sunodeÔousa morf .
H deÔterh sunodeÔousa morf  eÐnai ènac prwtob�jmioc poluwnumikìc pÐnakac
thc morf c C2(λ) = λX2 + Y2, ìpou

X2 = diag(Ak, I(k−1)n) kai Y2 =


Ak−1 −In · · · 0

Ak−2 0
. . .

...
...

...
. . . −In

A0 0 · · · 0

 .

Jètontac, ìpwc kai prohgoÔmena

x1 = λk−1x, x2 = λk−2x, . . . , xk−1 = λx, xk = x, (2.13)

sto n × n poluwnumikì prìblhma idiotim¸n xP (λ) = x

(∑k
i=0 λ

iAi

)
= 0

prokÔptei, ìpwc eÐdame

(λx1)Ak + x1Ak−1 + x2Ak−2 + · · ·+ xk−1A1 + xkA0 = 0

Jètontac sth sunèqeia ìpou P (λ) thn deÔterh sunodeÔousa morf  prokÔptei

[
x1 · · · xk−1 xk

]
λ


Ak 0 · · · 0

0 In
. . .

...
...

. . .
. . . 0

0 · · · 0 In

+


Ak−1 −In · · · 0

Ak−2 0
. . .

...
...

...
. . . −In

A0 0 · · · 0




︸ ︷︷ ︸
=C2(λ)

= 0.
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(2.14)

Epomènwc h lÔsh tou xP (λ) = 0 ja eÐnai thc morf c

[
x1 · · · xk−1 xk

] (2.13)
=

[
λk−1x · · · λx x

]
= ΛT ⊗ x

gia k�poio di�nusma x ∈ Fn.

'Etsi ja èqoume

[
λk−1In · · · λIn In

]
·C2(λ) =

[
λk−1In · · · λIn In

]
·


λAk + Ak−1 −In · · · 0

Ak−2 λIn · · · 0
...

...
... −In

A0 0 · · · λIn


=

[
λkAk + λk−1Ak−1 + . . .+ λA1 + A0 −λk−1In + λk−1In · · · −λIn + λIn

]
=

[
P (λ) 0 · · · 0

]
gia ìla ta dianÔsmata x ∈ Fn.
'Ara k�je lÔsh tou (2.14) dÐnei lÔsh tou arqikoÔ probl matoc xP (λ) = 0.
Akìmh prokÔptei h isìthta

(ΛT ⊗ In) · C2(λ) =
[
P (λ) 0 · · · 0

]
=

[
1 0 · · · 0

]
⊗ P (λ)

= eT1 ⊗ P (λ)

'Etsi genikeÔontac th deÔterh sunodeÔousa morf  jewroÔme to sÔnolo ìlwn
twn kn× kn prwtob�jmiwn poluwnumik¸n pin�kwn L(λ) = λX + Y ta opoÐa
ikanopoioÔn thn idiìthta

(ΛT ⊗ In) · L(λ) =
[
λk−1In · · · λIn In

]
· L(λ)

=
[
w1P (λ) · · · wk−1P (λ) wkP (λ)

]
= wT ⊗ P (λ)

gia k�poio w =
[
w1 · · · wk

]T ∈ Fk.
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Ja jewr soume, t¸ra, to sÔnolo

Wp = {wT ⊗ P (λ) : w ∈ Fk}.

kai ja d¸soume ton orismì tou L2(P ) dianusmatikoÔ q¸rou.

Orismìc 26.

L2(P ) = {L(λ) = λX + Y : X, Y ∈ Fkn×kn , (ΛT ⊗ In) · L(λ) ∈ Wp}.

ParathroÔme, loipìn, ìti kai gia th deÔterh sunodeÔousa morf  douleÔoume
ìpwc kai sthn pr¸th sunodeuousa morf . Epomènwc ta sumper�smata ja eÐ-
nai an�loga [25]. Gia autì to lìgo ja anafèroume en suntomÐa ta jewr mata
kai ta l mmata pou isqÔoun gia th deÔterh sunodeÔousa morf . Oi apodeÐxeic
eÐnai akrib¸c an�logec me autèc pou anafèrame gia thn pr¸th sunodeÔousa
morf .

'Opwc eÐdame kai sthn pr¸th sunodeÔousa morf  , ja d¸soume ton orismì
tou aristeroÔ ansatz dianÔsmatoc.

Orismìc 27. Aristerì ansatz di�nusma
Ja lème ìti to w eÐnai aristerì ansatz di�nusma gia ton L(λ) ìtan L(λ) ∈
L2(P ) kai gia to w isqÔei (ΛT ⊗ In)L(λ) = w ⊗ P (λ).

QrhsimopoioÔme ton ìro << aristerì >> ansatz di�nusma diìti o L(λ) pollapla-
si�zetai apì arister� me ton ΛT ⊗ In.

Orismìc 28. Metatopismèno kat� gramm  �jroisma (Row Shifted Sum)
JewroÔme touc block-pÐnakec X kai Y

X =

X11 · · · X1k

...
...

Xk1 · · · Xkk

 και Y =

Y11 · · · Y1k

...
...

Yk1 · · · Ykk


me block Xij, Yij ∈ Fn×n.
Tìte to metatopismèno kat� gramm  �jroisma twn pin�kwn X kai Y orÐzetai
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na eÐnai:

X�↓ Y :=


X11 · · · X1k

... · · ·
...

Xk1 · · · Xkk

0 · · · 0

+


0 · · · 0
Y11 · · · Y1k

... · · ·
...

Yk1 · · · Ykk


ìpou ta mhdenik� blocks eÐnai di�stashc n× n.

To epìmeno l mma deÐqnei th sqèsh tou aristeroÔ ansatz dianÔsmatoc kai
tou metatopismènou kat� gramm  ajroÐsmatoc.

L mma 3. JewroÔme n × n poluwnumikì pÐnaka P (λ) =
∑k

i=0 λ
iAi kai èna

kn × kn prwtob�jmio poluwnumikì pÐnaka L(λ) = λX + Y . Tìte gia k�je
w ∈ Fk isqÔei

(ΛT ⊗ In) · (λX + Y ) = wT ⊗ P (λ) ⇔ X�↓ Y = wT ⊗

Ak

...
A0

 (2.15)

K�nontac qr sh tou metatopismènou kat� gramm  ajroÐsmatoc mporoÔme na
kataskeu�soume ìlouc touc prwtob�jmiouc poluwnumikoÔc pÐnakec tou L2(P ).

Je¸rhma 5. JewroÔme n × n poluwnumikì pÐnaka P (λ) =
∑k

i=0 λ
iAi kai

w ∈ Fk tuqaÐo di�nusma. Tìte to sÔnolo twn prwtob�jmiwn poluwnumik¸n
pin�kwn tou L2(P ) me aristerì ansatz di�nusma w apoteleÐtai apì ìla ta
L(λ) = λX + Y gia ta opoÐa isqÔei

X =

[
wT ⊗ Ak

−V

]
n

(k − 1)n
και Y =

[
V + (wT ⊗

[
Ak−1 · · · A1

]
)

wT ⊗ A0

]
(k − 1)n

n

ìpou V ∈ F(k−1)n×kn tuqaÐo di�nusma.
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Pìrisma 4.

dim(L2(P )) = dim(L1(P )) = k(k − 1)n2 + k

Apìdeixh.
Efìson h apeikìnish N eÐnai epÐ ja èqoume

dim(L2(P )) = dim(kerN ) + dim(Wp) = k(k − 1)n2 + k

To epìmeno je¸rhma deÐqnei ìti ta arister� idiodianÔsmata tou P mporoÔn
eÔkola na dhmiourghjoÔn apì ta stoiqeÐa tou dianusmatikoÔ q¸rou L2(P ).

Je¸rhma 6. JewroÔme n×n poluwnumikì pÐnaka P (λ) bajmoÔ k kai tuqaÐo
prwtob�jmio poluwnumikì pÐnaka L(λ) tou L2(P ) me mh-mhdenikì aristerì
ansatz di�nusma w. Tìte to y ∈ Cn eÐnai aristerì idiodi�nusma tou P (λ) me
peperasmènh idiotim  λ ∈ C an kai mìnon an Λ⊗ y eÐnai aristerì idiodi�nusma
gia to L(λ) me idiotim  λ. An, epiplèon, o poluwnumikìc pÐnakac P eÐnai
kanonikìc kai L ∈ L2(P ) eÐnai grammikopoÐhsh tou P , tìte k�je aristerì
idiodi�nusma tou L me peperasmènh idiotim  λ eÐnai thc morf c Λ ⊗ y gia
k�poio aristerì idiodi�nusma y tou P .

Sthn par�grafo aut  dhmiourg same duo dianusmatikoÔc q¸rouc L1(P ) kai
L2(P ) oi opoÐoi apoteloÔn genÐkeush thc pr¸thc kai deÔterhc sunodeÔousac
morf c. OrÐsame p�nw stouc q¸rouc autoÔc apì mia pr�xh, ston L1(P ) to
metatopismèno kat� st lh �jroisma kai ston L2(P ) to metatopismèno kat�
gramm  �jroisma. Me th bo jeia aut¸n twn pr�xewn eÐdame ìti autoÐ oi duo
dianusmatikoÐ q¸roi èqoun thn Ðdia di�stash kai èqoun mia polÔ endiafèrousa
idiìthta. K�poia apì ta stoiqeÐa touc apoteloÔn grammikopoi seic dosmènou
arqikoÔ poluwnumikoÔ pÐnaka P (λ) me tic Ðdiec idiotimèc. Epomènwc, genn�tai
to er¸thma pìte ènac prwtob�jmioc poluwnumikìc pÐnakac tou dianusmatikoÔ
q¸rou L1(P ) apoteleÐ grammikopoÐhsh dosmènou arqikoÔ poluwnumikoÔ pÐ-
naka P (λ). Me thn ap�nthsh tou erwt matoc autoÔ ja asqolhjoÔme sthn
epìmenh par�grafo.
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2.2 Grammikopoi seic tou L1(P ) dianusma-
tikoÔ q¸rou

Sthn par�grafo aut  ja exet�soume poia apì ta stoiqeÐa twn dianusmatik¸n
q¸rwn L1(P ) kai L2(P ) apoteloÔn grammikopoi seic dosmènou poluwnumikoÔ
pÐnaka P (λ). Shmei¸noume ìti den eÐnai ìloi oi prwtob�jmioi poluwnumikoÐ
pÐnakec twn q¸rwn L1(P ) kai L2(P ) grammikopoi seic dosmènou poluwnumi-
koÔ pÐnaka P (λ). 'Etsi ed¸ ja mac apasqol sei h eÔresh twn krithrÐwn ta
opoÐa ja mac epitrèpoun na diakrÐnoume pìte ènac prwtob�jmioc poluwnumikìc
pÐnakac apoteleÐ grammikopoÐhsh dosmènou poluwnumikoÔ pÐnaka P (λ). Sth
sunèqeia, ja perigr�youme tic sunj kec kai ta krit ria pou prèpei na isqÔoun
gia na èqoume grammikopoÐhsh sto dianusmatikì q¸ro L1(P ). An�loga sum-
per�smata prokÔptoun kai gia to dianusmatikì q¸ro L2(P ).

2.2.1 Je¸rhma Isqur c GrammikopoÐhshc

Arqik� ja d¸soume èna polÔ shmantikì je¸rhma to opoÐo ja mac faneÐ polÔ
qr simo gia thn apìdeixh tou jewr matoc isqur c grammikopoÐhshc.

Parat rhsh 3. Shmei¸noume ìti gia to epìmeno je¸rhma den eÐnai aparaÐ-
thth h upìjesh pou k�name sthn arq  thc melèthc mac ìti o poluwnumikìc
pÐnakac P (λ) eÐnai kanonikìc. To epìmeno je¸rhma isqÔei kai sthn perÐptwsh
pou o poluwnumikìc pÐnakac eÐnai idi�zwn.

Je¸rhma 7. JewroÔme ènan n× n poluwnumikì pÐnaka P (λ) =
∑k

i=0 λ
iAi

me Ak ̸= 0 kai ènan prwtob�jmio poluwnumikì pÐnaka L(λ) = λX+Y to opoÐo
èqei mh-mhdenikì dexÐ ansatz di�nusma v = αe1 tètoio ¸ste

L(λ) · (Λ⊗ In) = αe1 ⊗ P (λ) (2.16)

JewroÔme pÐnakec X kai Y ìpwc sto Pìrisma 3. Ja èqoume, loipìn,

L(λ) = λX + Y = λ

[
αAk X12

0 −Z

]
+

[
Y11 αA0

Z 0

]
(2.17)

ìpou Z ∈ F(k−1)n×(k−1)n. Tìte o kanonikìc pÐnakac Z deÐqnei ìti to L(λ) eÐnai
isqur  grammikopoÐhsh tou P (λ).
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Apìdeixh.
Arqik� ja deÐxoume ìti o L(λ) eÐnai grammikopoÐhsh tou P (λ).
JewroÔme touc pÐnakec R = Rk di�stashc n×n kai N = Nk di�stashc k× k

R = Rk =

 1

. .
.

1

 και N = Nk =


0 1

0
. . .
. . . 1

0


JewroÔme epÐshc touc antistrèyimouc poluwnumikoÔc pÐnakec

T (λ) =



1 λ λ2 · · · λk−1

1 λ
. . .

...

1
. . . λ2

. . . λ
1


⊗In και G(λ) =


1 λk−1

. . .
...

1 λ
1

⊗In

ParathroÔme ìti h teleutaÐa block- st lh tou G(λ) eÐnai Λ⊗In kai ìti o T (λ)
mporeÐ na paragontopoihjeÐ wc

T (λ) = G(λ)


In λIn

In
In

. . .

In




In

In λIn
In

. . .

In

 · · ·


In

. . .

In λIn
In

In


(2.18)

Jèloume na metatrèyoume ton L(λ) se diag(P (λ), I(k−1)n) qrhsimopoi¸ntac
touc antistrèyimouc poluwnumikoÔc pÐnakec T (λ) kai G(λ). Sto ginìmeno
L(λ) · G(λ), oi pr¸tec k − 1 block-st lec eÐnai Ðdiec me autèc tou L(λ) diìti
oi teleutaÐec block-st lec tou G(λ) eÐnai Λ ⊗ In kai epomènwc apì th sqèsh
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L(λ) · (Λ⊗ In) = v ⊗ P (λ) èqoume

L(λ) ·G(λ) = L(λ) · (Λ⊗ In) = v ⊗ P (λ)

v=αe1= αe1 ⊗ P (λ) =


α
0
...
0

⊗ P (λ)

=


αP (λ)

0
...
0


dhlad  oi teleutaÐec block- st lec tou ginomènou L(λ) ·G(λ) eÐnai αe1⊗P (λ).
QwrÐzontac to Z thc sqèshc (2.17) se block- st lec

[
Z1 Z2 · · · Zk−1

]
ìpou Zi ∈ F(k−1)n×n prokÔptei

L(λ) ·G(λ) =

[
⋆ ⋆ · · · ⋆ ⋆
Z1 (Z2 − λZ1) · · · (Zk−1 − λZk−2) −λZk−1

]
·G(λ)

=

[
⋆ ⋆ · · · ⋆ αP (λ)
Z1 (Z2 − λZ1) · · · (Zk−1 − λZk−2) 0

]
. (2.19)

Akìmh èqoume

L(λ)·T (λ)
(2.18)
= L(λ)G(λ)


In λIn

In
In

. . .

In




In

In λIn
In

. . .

In

 · · ·


In

. . .

In λIn
In

In



(2.19)
=

[
⋆ ⋆ · · · ⋆ αP (λ)
Z1 (Z2 − λZ1) · · · (Zk−1 − λZk−2) 0

]

In λIn

In
In

. . .

In




In

In λIn
In

. . .

In



· · ·


In

. . .

In λIn
In

In


=

[
⋆ αP (λ)
Z 0

]
.

Pragmatopoi¸ntac block-metajèseic sto L(λ) · T (λ) deÐqnoun ìti up�rqei
antistrèyimoc poluwnumikìc pÐnakac F (λ) tètoioc ¸ste

L(λ) · F (λ) =

[
P (λ) W (λ)
0 Z

]
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gia k�poio poluwnumikì pÐnaka W (λ).
Shmei¸noume ìti mèqri t¸ra den k�name kamÐa upìjesh gia ton pÐnaka Z.
'Omwc, an o Z eÐnai kanonikìc, tìte o L(λ) eÐnai grammikopoÐhsh gia ton P (λ)
efìson[

In −W (λ)Z−1

0 Z−1

]
· L(λ) · F (λ) =

[
In −W (λ)Z−1

0 Z−1

]
·
[

P (λ) W (λ)
0 Z

]

=

[
P (λ) W (λ)−W (λ)Z−1

0 Z−1Z

]

=

[
P (λ) 0
0 I(k−1)n

]
Gia na deÐxoume ìti o L(λ) eÐnai kai isqur  grammikopoÐhshc gia to P (λ), mènei
na deÐxoume ìti revL(λ) = λX + Y eÐnai grammikopoÐhsh gia to revL(λ).
ParathroÔme ìti

λk−1Λ(1/λ) = λk−1


1/λk−1

1/λk−2

...
1/λ
1

 =


1
λ
...

1/λk−2

1/λk−1


(2.20)

=

 1

. .
.

1



λk−1

λk−2

...
λ
1


(2.21)

= RkΛ(λ) (2.22)

ìpou Rk ìpwc èqoume dei eÐnai di�stashc n× n.
Sth sunèqeia antikajistoÔme to λ me 1

λ
sth sqèsh (2.16) kai pollaplasi�zon-

tac kai ta duo mèlh me λk èqoume

λL(1/λ) ·
(
λk−1Λ(1/λ)⊗ In

)
= αe1 ⊗ λkP (1/λ),

  isodÔnama, apì th sqèsh (2.22) kai ton orismì tou duikoÔ poluwnumikoÔ
pÐnaka, èqoume

revL(λ) · (RkΛ⊗ In) = αe1 ⊗ revP (λ) (2.23)
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'Etsi, jètoume L̂(λ) := revL(λ) · (Rk ⊗ In) kai h prohgoÔmenh sqèsh gÐnetai

L̂(λ) · (Λ⊗ In) = αe1 ⊗ revP (λ)

Autì shmaÐnei ìti L̂ ∈ L1(revP ) apì ton orismì tou dianusmatikoÔ q¸rou L1.

Shmei¸noume ìti o L̂(λ) eÐnai ousiastik� o revL(λ) = λX + Y me block- st -
lec twn Y kai X diatetagmèna se antÐstrofh seir�.

Efìson o L̂ kai o revL eÐnai isodÔnamoi prwtob�jmioi poluwnumikoÐ pÐnakec,

h apìdeixh ja oloklhrwjeÐ an deÐxoume ìti λX̂ + Ŷ := L̂(λ) eÐnai grammiko-

poÐhsh gia ton revP (λ). All� X̂ = Y · (Rk ⊗ In) kai Ŷ = X · (Rk ⊗ In) kai
epomènwc apì th sqèsh (2.17) èqoume

X̂ = Y · (Rk ⊗ In)

=

[
Y11 αA0

Z 0

] 1

. .
.

1

⊗ In

=

[
αA0 Y11(Rk−1 ⊗ In)
0 Z · (Rk−1 ⊗ In)

]

=

[
αA0 X̂12

0 −Ẑ

]
kai

Ŷ = X · (Rk ⊗ In)

=

[
αAk X12

0 −Z

] 1

. .
.

1

⊗ In

=

[
X12(Rk−1 ⊗ In) αAk

−Z · (Rk−1 ⊗ In) 0

]

=

[
Ŷ11 αAk

Ẑ 0

]

ìpou X̂12 = Y11(Rk−1 ⊗ In),Ŷ11 = X12(Rk−1 ⊗ In) kai Ẑ = −Z(Rk−1 ⊗ In).
Profan¸c o Ẑ eÐnai kanonikìc an o Z eÐnai kanonikìc. Akolouj¸ntac ìmoia
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diadikasÐa pou akolouj same sthn arq  thc apìdeixhc apodeiknÔetai ìti o L̂
kai epomènwc kai o revL eÐnai grammikopoÐhsh gia ton revP (λ).

ShmeÐwsh 1. Eidik  perÐptwsh tou prohgoÔmenou jewr matoc apoteleÐ to
gegonìc ìti h pr¸th sunodeÔousa morf  eÐnai p�nta isqur  grammikopoÐhsh.

'Otan ènac poluwnumikìc pÐnakac P (λ) eÐnai kanonikìc tìte apì ton orismì
thc grammikopoÐhshc mporoÔme eÔkola na doÔme ìti kai k�je grammikopoÐhs 
tou ja eÐnai epÐshc kanonikìc prwtob�jmioc poluwnumikìc pÐnakac. Me to
epìmeno je¸rhma ja deÐxoume ìti arkeÐ h upìjesh thc kanonikìthtac gia na
exasfalÐsoume tìso th grammikopoÐhsh ìso kai thn isqur  grammikopoÐhsh
tou P .

Je¸rhma 8. Je¸rhma Isqur c GrammikopoÐhshc
JewroÔme kanonikì poluwnumikì pÐnaka P (λ) kai ènan prwtob�jmio poluwnu-
mikì pÐnaka L(λ) ∈ L1(P ). Tìte oi akìloujec prot�seic eÐnai isodÔnamec:

(i) O L(λ) eÐnai grammikopoÐhsh tou P (λ).

(ii) O L(λ) eÐnai kanonikìc prwtob�jmioc poluwnumikìc pÐnakac.

(iii) O L(λ) eÐnai isqur  grammikopoÐhsh tou P (λ).

Apìdeixh.

(i) ⇒ (ii) Ean o L(λ) eÐnai grammikopoÐhsh tou P (λ) tìte apì ton orismì thc
grammikopoÐhshc up�rqoun monometrikoÐ poluwnumikoÐ pÐnakec E(λ), F (λ) tè-
toioi ¸ste

E(λ)L(λ)F (λ) =

[
P (λ) 0
0 I(k−1)n

]
'Etsi lìgw tou ìti o P (λ) eÐnai kanonikìc poluwnumikìc pÐnakac, apì upìje-
sh, kai o L(λ) ja eÐnai kanonikìc prwtob�jmioc poluwnumikìc pÐnakac.
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(ii) ⇒ (iii) Efìson o L(λ) ∈ L1(P ) deÐxame ìti isqÔei h sqèsh L(λ)·(Λ⊗In) =
v ⊗ P (λ) gia k�poio di�nusma v ∈ Fk. Epeid  o L(λ) eÐnai kanonikìc, apì u-
pìjesh, to di�nusma v ja eÐnai mh-mhdenikì. 'Estw M ∈ Fk×k ènac kanonikìc
pÐnakac tètoioc ¸ste Mv = αe1. Tìte o kanonikìc prwtob�jmioc poluwnumi-
kìc pÐnakac L̃(λ) := (M⊗In)L(λ) an kei ston L1(P ) me dexÐ ansatz di�nusma
to αe1 efìson isqÔei

L̃(λ) · (Λ⊗ In) = (M ⊗ In)L(λ)(Λ⊗ In)

= (M ⊗ In) · v ⊗ P (λ)

= (M · v)⊗ P (λ)

= αe1 ⊗ P (λ)

Epomènwc apì to Pìrisma 3 pÐnakec X̃ kai Ỹ tou L̃(λ) := λX̃ + Ỹ ja èqoun
th morf 

X̃ =

n (k − 1)n αAk X̃12

0 −Z̃

 n

(k − 1)n
και Ỹ =

n (k − 1)n Ỹ11 αA0

Z̃ 0

 n

(k − 1)n

T¸ra an Z̃  tan mh-kanonikìc ja up rqe èna mh-mhdenikì di�nusma w ∈ F(k−1)n

tètoio ¸ste wT Z̃ = 0.
All� ja eÐqame[

0 wT
]
(λX̃ + Ỹ ) = 0 gia ìla ta λ ∈ F.

to opoÐo èrqetai se antÐjesh me to ìti o L(λ) eÐnai kanonikìc. 'Etsi o Z̃ eÐnai
kanonikìc kai apì to Je¸rhma 7 èqoume ìti o L̃(λ) kai epomènwc o L(λ) eÐnai
isqur  grammikopoÐhsh tou P (λ).

(iii) ⇒ (i) ProkÔptei �mesa apì ton orismì thc isqur c grammikopoÐhshc.
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2.3 EÔresh grammikopoÐhshc

Sthn par�grafo aut  ja exet�soume tic sunj kec pou prèpei na isqÔoun ¸-
ste na èqoume grammikopoÐhsh tou P . 'Opwc èqoume anafèrei den apoteloÔn
ìloi oi prwtob�jmioi poluwnumikoÐ pÐnakec twn dianusmatik¸n q¸rwn L1(P )
kai L2(P ) grammikopoi seic tou poluwnumikoÔ pÐnaka P (λ). 'Etsi anazhtoÔme
tic kat�llhlec sunj kec me tic opoÐec ja diakrÐnoume pìte ènac prwtob�jmioc
poluwnumikìc pÐnakac L(λ) eÐnai grammikopoÐhsh tou P (λ).
Sth sunèqeia, loipìn, ja d¸soume ènan algìrijmo me ton opoÐo mporoÔme na e-
lègxoume se 4 b mata an o prwtob�jmioc poluwnumikìc pÐnakac L(λ) ∈ L1(P )
eÐnai grammikopoÐhsh tou P (λ).

Arijmhtikìc algìrijmoc eÔreshc grammikopoÐhshc

À Upojètoume ìti o P (λ) eÐnai ènac poluwnumikìc pÐnakac kai ìti o prw-
tob�jmioc poluwnumikìc pÐnakac L(λ) = λX + Y ∈ L1(P ) èqei dexÐ
ansatz di�nusma v ∈ Fk tètoio ¸ste L(λ) · (Λ⊗ In) = v ⊗ P (λ).

Á Epilègoume tuqaÐo pÐnaka M tètoio ¸ste M · v = αe1.

Â Efarmìzontac touc antÐstoiqouc block-metasqhmatismoÔc tou M ⊗ In
sto L(λ) gia na dhmiourg soume to L̃(λ) := (M ⊗ In)L(λ) to opoÐo ja
eÐnai thc morf c

L̃(λ) = λX̃ + Ỹ = λ

[
X̃11 X̃12

0 −Z

]
+

[
Ỹ11 Ỹ12

Z 0

]
ìpou oi pÐnakec X̃11 kai Ỹ12 eÐnai di�stashc n× n kai Ỹ = (M ⊗ In)Y .

Ã Epomènwc gia na èqoume grammikopoÐhsh tou P (λ) ja prèpei na isqÔei
h sunj kh gia to det(Z) ̸= 0 gia to L(λ).

Gia kalÔterh katanìhsh thc parap�nw mejìdou ja qrhsimopoi soume to pa-
r�deigma tou KefalaÐou 1, to opoÐo suneqÐsame se autì to kef�laio kai ja
doÔme an o L(λ) pou orÐsame eÐnai grammikopoÐhsh tou poluwnumikoÔ pÐnaka
P (λ) .
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Par�deigma

Jewr same to poluwnumikì pÐnaka

P (λ) =

[
1 λ2 − 1

λ− 2 λ3 − λ

]
=

[
0 0
0 1

]
λ3+

[
0 1
0 0

]
λ2+

[
0 0
1 −1

]
λ+

[
1 −1
−2 0

]
= A3λ

3 + A2λ
2 + A1λ+ A0

kai ton prwtob�jmio poluwnumikì pÐnaka

L(λ) = λ


0 0 0 1 0 0
0 1 0 0 1 −1
0 0 0 0 −1 0
0 0 −1 0 0 0
0 0 0 0 0 −1
0 0 0 −1 −1 0

+


0 0 0 0 1 −1
0 0 0 0 −2 0
0 0 1 0 0 0
1 0 0 0 0 0
0 0 0 1 0 0
0 1 1 0 0 0



=


0 0 0 λ 1 −1
0 λ 0 0 λ− 2 −λ
0 0 1 0 −λ 0
1 0 −λ 0 0 0
0 0 0 1 0 −λ
0 1 1 −λ −λ 0


ìpou L(λ) = λX + Y ,
me X =

[
v ⊗ Ak −W

]
kai Y =

[
W + [v ⊗ (Ak−1 . . . A1)] v ⊗ A0

]

o opoÐoc proèkuye gia v =

10
0

 kai W =


0 −1 0 0
0 0 −1 1
0 0 1 0
1 0 0 0
0 0 0 1
0 1 1 0

.

'Epeita epilègoume pÐnaka M tètoio ¸ste M · v = α · e1, kai α = 1

M ·

10
0

 = 1 ·

10
0
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Epilègoume ton ex c pÐnaka

M =

1 0 0
0 1 0
0 0 1

 .

Tèloc gia na broÔme ton pÐnaka Z ja upologÐsoume ton pÐnaka

Ỹ = (M ⊗ In)Y =

[
Ỹ11 Ỹ12

Z 0

]
'Etsi,

Ỹ =

I2 0 0
0 I2 0
0 0 I2

 · Y =

I2 0 0
0 I2 0
0 0 I2

 ·


0 0 0 0 1 −1
0 0 0 0 −2 0
0 0 1 0 0 0
1 0 0 0 0 0
0 0 0 1 0 0
0 1 1 0 0 0



=


0 0 0 0 1 -1
0 0 0 0 -2 0
0 0 1 0 0 0
1 0 0 0 0 0
0 0 0 1 0 0
0 1 1 0 0 0

 .

Epomènwc o pÐnaka Z =


0 0 1 0
1 0 0 0
0 0 0 1
0 1 1 0

 .

Epeid  det(Z) = det


0 0 1 0
1 0 0 0
0 0 0 1
0 1 1 0

 = −1 ̸= 0

o prwtob�jmioc poluwnumikìc pÐnakac L(λ) eÐnai grammikopoÐhsh tou poluw-
numikoÔ pÐnaka P (λ).
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2.4 Parathr seic

Oloklhr¸nontac th melèth mac p�nw sthn prosjetik  mèjodo grammikopoÐh-
shc, ja k�noume merikèc qr simec parathr seic.
Xekin same èqontac jewr sei ton poluwnumikì pÐnaka P (λ) =

∑k
i=1 λ

iAi ,
P (λ) ∈ R[λ]n×n kai epÐshc upojèsame ìti eÐnai kanonikìc poluwnumikìc pÐna-
kac, (dhlad  det(P (λ)) ̸= 0 ). DeÐxame sto Je¸rhma 8 ìti gia na eÐnai o prw-

tob�jmioc poluwnumikìc pÐnakac L(λ) = λX + Y , ìpou X =
n (k − 1)n[

v ⊗ Ak −W
]

kai Y =
(k − 1)n n[

W + (v ⊗
[
Ak−1 · · · A1

]
) v ⊗ A0

]
, me W ∈ Fkn×(k−1)n aujaÐ-

reto, grammikopoÐhsh kai m�lista isqur  grammikopoÐhsh tou poluwnumikoÔ
pÐnaka P (λ), arkeÐ na deÐxoume mìno ìti o poluwnumikìc pÐnakac P (λ) eÐnai
kanonikìc. Genn�tai amèswc to er¸thma: Ti gÐnetai ìtan o poluwnumikìc pÐ-
nakac P (λ) eÐnai mh - kanonikìc, dhlad  idi�zwn (det(P (λ)) ≡ 0). Mia èndeixh
ìti kai sthn perÐptwsh pou o poluwnumikìc pÐnakac P (λ) eÐnai idi�zwn kai tìte
o prwtob�jmioc poluwnumikìc pÐnakac L(λ) ∈ L1(P )) eÐnai isqur  grammiko-
poÐhsh tou poluwnumikoÔ pÐnaka P (λ) èqoume apì thn Parat rhsh 3 , ìti to
Je¸rhma 7 isqÔei kai sthn perÐptwsh pou o poluwnumikìc pÐnakac P (λ) eÐnai
idi�zwn. Analutik�, ìmwc, gia to tÐ sumbaÐnei sthn perÐptwsh pou o poluw-
numikìc pÐnakac P (λ) eÐnai idi�zwn mporoÔme na doÔme sto [27] . EkeÐ gÐnetai
anafor� sthn perÐptwsh pou o poluwnumikìc pÐnakac P (λ) eÐnai idi�zwn, ìti
o prwtob�jmioc poluwnumikìc pÐnakac L(λ) ∈ L1(P )) eÐnai isqur  grammiko-
poÐhsh tou poluwnumikoÔ pÐnaka P (λ). Tèloc ja anafèroume ìti sÔmfwna
me to L mma 1, to opoÐo to anafèrame sthn Eisagwg , efìson deÐxame ìti
o prwtob�jmioc poluwnumikìc pÐnakac L(λ ∈ L1(P )) eÐnai isqur  grammiko-
poÐhsh tou poluwnumikoÔ pÐnaka P (λ), o prwtob�jmioc poluwnumikìc pÐnakac
L(λ) ∈ L1(P )) ja èqei touc Ðdiouc peperasmènouc kai �peirouc stoiqei¸deic
diairètec me ton poluwnumikì pÐnaka P (λ).

Sto shmeÐo autì ac d¸soume merik� paradeÐgmata gia kalÔterh katanìhsh
thc prosjetik c mejìdou grammikopoÐhshc.
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2.5 ParadeÐgmata

Ja d¸soume merik� akìmh paradeÐgmata.

• Par�deigma 1

JewroÔme ton poluwnumikì pÐnaka

P (λ) =

[
λ2 λ+ 1
1 λ2 + λ

]
=

[
1 0
0 1

]
λ2 +

[
0 1
0 1

]
λ+

[
0 1
1 0

]
= A2λ

2 + A1λ+ A0.

JewroÔme epÐshc ton prwtob�jmio poluwnumikì pÐnaka L(λ) = λX + Y
ìpou X =

[
v ⊗ Ak −W

]
kai Y =

[
W + [v ⊗ (Ak−1 . . . A1)] v ⊗ A0

]

me v =

[
1
0

]
kai W =


0 0
0 0
0 1
1 0

.
'Etsi ja exet�soume an o prwtob�jmioc poluwnumikìc pÐnakac

L(λ) = λ


1 0 0 0
0 1 0 0
0 0 0 −1
0 0 −1 0

+


0 1 0 1
0 1 1 0
0 1 0 0
1 0 0 0



=


λ 1 0 1
0 λ+ 1 1 0
0 1 0 −λ
1 0 −λ 0


eÐnai grammikopoÐhsh tou poluwnumikoÔ pÐnaka P (λ).
Epilègoume pÐnaka M tètoio ¸ste M · v = α · e1 me α = 1,

M ·
[
1
0

]
= α

[
1
0

]
'Etsi ja p�roume ton pÐnaka

M =

[
1 0
0 1

]
81



Teqnikèc GrammikopoÐhshc Poluwnumik¸n Pin�kwn KEFALAIO 2

Gia na broÔme to pÐnaka Z ja upologÐsoume ton pÐnaka

Ỹ = (M ⊗ In)Y =

[
Ỹ11 Ỹ12

Z 0

]
'Etsi,

Ỹ =

[
I2 0
0 I2

]
· Y =


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 ·


0 1 0 1
0 1 1 0
0 1 0 0
1 0 0 0



=


0 1 0 1
0 1 1 0
0 1 0 0
1 0 0 0



Epomènwc o pÐnakac Z =

[
0 1
1 0

]
.

Epeid 

det(Z) = det

[
0 1
1 0

]
= −1 ̸= 0

o prwtob�jmioc poluwnumikìc pÐnakac L(λ) eÐnai grammikopoÐhsh tou
poluwnumikoÔ pÐnaka P (λ).

ParathroÔme akìmh ìti o megistob�jmioc pÐnakac suntelast c A2 eÐnai
kanonikìc dhlad  det(A2) = 1 ̸= 0. Epomènwc o poluwnumikìc pÐnakac
P (λ) èqei mìno peperasmèna mhdenik� kai peperasmènouc stoiqei¸deic
diairètec. Efìson deÐxame ìti o prwtob�jmioc poluwnumikìc pÐnakac
L(λ) eÐnai grammikopoÐhsh tou poluwnumikoÔ pÐnaka P (λ) sÔmfwna me
to L mma 1 tou KefalaÐou 1, ja èqei ta Ðdia mhdenik� kai stoiqei¸deic
diairètec me ton poluwnumikì pÐnaka P (λ).
Pr�gmati, h Smith morf  tou poluwnumikoÔ pÐnaka P (λ) eÐnai

SC
P (λ)(λ) =

[
1 0
0 λ4 + λ3 − λ− 1

]

Epomènwc ta peperasmèna mhdenik� tou poluwnumikoÔ pÐnaka P (λ) eÐnai

±1 kai −(−1)
1
3 , (−1)

2
3 . 'Etsi, oi peperasmènoi diairètec ja eÐnai (λ+1),
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(λ− 1) , (λ− (−1)
1
3 ) kai (λ+ (−1)

2
3 ).

Tèloc, h Smith morf  tou prwtob�jmiou poluwnumikoÔ pÐnaka L(λ)
eÐnai

SC
L(λ)(λ) =


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 λ4 + λ3 − λ− 1


ìpou eÐnai fanerì ìti èqei ta Ðdia peperasmèna mhdenik� kai touc Ðdiouc
peperasmènouc stoiqei¸deic diairètec me ton poluwnumikì pÐnaka P (λ).

• Par�deigma 2

JewroÔme ton poluwnumikì pÐnaka

P (λ) =

[
2λ2 + λ+ 1 4λ2 + 2

λ2 + 1 2λ2 + λ

]
=

[
2 4
1 2

]
λ2 +

[
1 0
0 1

]
λ+

[
1 2
1 0

]
= A2λ

2 + A1λ+ A0.

JewroÔme epÐshc ton prwtob�jmio poluwnumikì pÐnaka L(λ) = λX + Y
ìpou X =

[
v ⊗ Ak −W

]
kai Y =

[
W + [v ⊗ (Ak−1 . . . A1)] v ⊗ A0

]

me v =

[
0
1

]
kai W =


−2 −1
−1 −2
−1 0
0 −1

.
'Etsi ja exet�soume an o prwtob�jmioc poluwnumikìc pÐnakac

L(λ) = λ


0 0 2 1
0 0 1 2
2 4 1 0
1 2 0 1

+


−2 −1 0 0
−1 −2 0 0
0 0 1 2
0 0 1 0



=


−2 −1 2λ λ
−1 −2 λ 2λ
2λ 4λ λ+ 1 2
λ 2λ 1 λ
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eÐnai grammikopoÐhsh tou poluwnumikoÔ pÐnaka P (λ).
Epilègoume pÐnaka M tètoio ¸ste M · v = α · e1 me α = 1,

M ·
[
0
1

]
= α

[
1
0

]
Epilègoume loipìn

M =

[
1 1
−1 0

]
Gia na broÔme to pÐnaka Z ja upologÐsoume ton pÐnaka

Ỹ = (M ⊗ In)Y =

[
Ỹ11 Ỹ12

Z 0

]
'Etsi,

Ỹ =

[
I2 0
−I2 I2

]
· Y =


1 0 1 0
0 1 0 1
−1 0 0 0
0 −1 0 0

 ·


−2 −1 0 0
−1 −2 0 0
0 0 1 2
0 0 1 0



=


-2 -1 1 2
-1 -2 1 0
2 1 0 0
1 2 0 0



Epomènwc o pÐnakac Z =

[
2 1
1 2

]
.

'Eqoume ìti

det(Z) = det

[
2 1
1 2

]
= 3 ̸= 0.

'Ara o prwtob�jmioc poluwnumikìc pÐnakac L(λ) eÐnai grammikopoÐhsh
tou poluwnumikoÔ pÐnaka P (λ).

Shmei¸noume ìti o megistob�jmioc pÐnakac suntelest c tou poluwnu-
mikoÔ pÐnaka P (λ) eÐnai idi�zwn, diìti det(A2) = 0. Autì shmaÐnei ìti
o poluwnumikìc pÐnakac P (λ) ja èqei peperasmèna kai �peira mhdenik�
kai peperasmènouc kai �peirouc stoiqei¸deic diairètec. SÔmfwna me to
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Je¸rhma 7 thc isqur c grammikopoÐhshc, deÐxame ìti o prwtob�jmioc
poluwnumikìc pÐnakac L(λ) eÐnai isqur  grammikopoÐhsh tou poluwnu-
mikoÔ pÐnaka P (λ) kai epomènwc o prwtob�jmioc poluwnumikìc pÐnakac
L(λ) èqei touc Ðdiouc peperasmènouc kai �peirouc stoiqei¸deic diairètec.

Pr�gmati, h Smith morf  tou poluwnumikoÔ pÐnaka P (λ) ja eÐnai

SC
P (λ)(λ) =

[
1 0
0 λ3 − 3

4
λ2 + 1

3
λ− 2

3

]
.

O duðkìc tou poluwnumikoÔ pÐnaka P (λ) eÐnai

revP (λ) =

[
1 2
1 0

]
λ2+

[
1 0
0 1

]
λ+

[
2 4
1 2

]
=

[
λ2 + λ+ 2 2λ2 + 4
λ2 + 1 λ+ 2

]
.

'Etsi, h Smith morf  tou poluwnumikoÔ pÐnaka revP (λ) sto 0 ja eÐnai

S0
revP (λ)(λ) =

[
1 0
0 λ

]
.

Sth sunèqeia ja broÔme th Smith morf  tou prwtob�jmiou poluwnumi-
koÔ pÐnaka L(λ).
H Smith morf  tou prwtob�jmiou poluwnumikoÔ pÐnaka L(λ) ja eÐnai

SC
L(λ)(λ) =


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 λ3 − 1

4
λ2 + 1

12
λ− 1

6
)

 .

O duðkìc tou poluwnumikoÔ pÐnaka L(λ) eÐnai

revL(λ) =


−2λ −λ 2 1
−λ −2λ 1 2
2 4 λ+ 1 2λ
1 2 λ 1

 .

'Etsi, h Smith morf  tou poluwnumikoÔ pÐnaka revL(λ) sto 0 ja eÐnai

S0
revL(λ)(λ) =

[
I3 0
0 λ

]
.

Epomènwc eÐnai fanerì apì th morf  twn Smith morf¸n, ìti o poluw-
numikìc pÐnakac P (λ) kai o prwtob�jmioc poluwnumikìc pÐnakac L(λ)
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èqoun ta Ðdia peperasmèna mhdenik� kai touc peperasmènouc kai �pei-
rouc stoiqei¸deic diairètec.

• Par�deigma 3

JewroÔme ton poluwnumikì pÐnaka P (λ) = λ2A+λB+C o opoÐoc upo-
jètoume ìti eÐnai kanonikìc. Jèloume na exet�soume an o prwtob�jmioc
poluwnumikìc pÐnakac

L(λ) = λ

[
A A
A B − C

]
+

[
B − A C
C C

]
apoteleÐ grammikopoÐhsh tou poluwnumikoÔ pÐnaka P (λ).
ìpou L(λ) = λX + Y ,
me X =

[
v ⊗ Ak −W

]
kai Y =

[
W + [v ⊗ (Ak−1 . . . A1)] v ⊗ A0

]
o opoÐoc proèkuye gia v =

[
1
1

]
kai W =

[
−A

C −B

]
.

Epilègoume pÐnaka M tètoio ¸ste M · v = α · e1

M ·
[
1
1

]
= α

[
1
0

]
Epilègoume ton pÐnaka

M =

[
1 0
−1 1

]
Gia na broÔme to pÐnaka Z ja upologÐsoume ton pÐnaka

Ỹ = (M ⊗ In)Y =

[
Ỹ11 Ỹ12

Z 0

]
'Etsi,

Ỹ =

[
In 0
−In In

]
·Y =

[
In 0
−In In

]
·
[
B − A C
C C

]
=

[
B − A C

C + A−B 0

]

Epomènwc o pÐnakac Z = A−B + C.
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'Ara gia na eÐnai o L(λ) grammikopoÐhsh to P (λ) ja prèpei det(Z) ̸= 0 ⇒

det(A−B + C) ̸= 0

⇒ det[P (−1)] ̸= 0, dhlad  to -1 na mhn eÐnai idiotim  tou poluwnumikoÔ
pÐnaka P (λ).

• Par�deigma 4

JewroÔme ton poluwnumikì pÐnaka

P (λ) =

[
λ3 + λ2 + 1 λ

0 λ3 + 1

]
=

[
1 0
0 1

]
λ3+

[
1 0
0 0

]
λ2+

[
0 1
0 0

]
λ+

[
1 0
0 1

]
.

JewroÔme epÐshc ton prwtob�jmio poluwnumikì pÐnaka L(λ) = λX + Y
ìpou X =

[
v ⊗ Ak −W

]
kai Y =

[
W + [v ⊗ (Ak−1 . . . A1)] v ⊗ A0

]

me v =

10
0

 kai W =


0 0 0 0
0 0 0 0
0 1 1 0
0 0 0 1
1 0 0 0
0 1 0 0

.
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'Etsi ja exet�soume an o prwtob�jmioc poluwnumikìc pÐnakac

L(λ) = λ


1 0 0 0 0 0
0 1 0 0 0 0
0 0 0 −1 −1 0
0 0 0 0 0 −1
0 0 −1 0 0 0
0 0 0 −1 0 0

+


1 0 0 1 1 0
0 0 0 0 0 1
0 1 1 0 0 0
0 0 0 1 0 0
1 0 0 0 0 0
0 1 0 0 0 0



=


λ+ 1 0 0 1 1 0
0 λ 0 0 0 1
0 1 1 −λ −λ 0
0 0 0 1 0 −λ
1 0 −λ 0 0 0
0 1 0 −λ 0 0



eÐnai grammikopoÐhsh tou poluwnumikoÔ pÐnaka P (λ).
Epilègoume pÐnaka M tètoio ¸ste M · v = α · e1 me α = 1,

M ·

10
0

 = α

10
0



Epilègoume ton pÐnaka

M =

1 0 0
0 1 0
0 0 1



Gia na broÔme to pÐnaka Z ja upologÐsoume ton pÐnaka

Ỹ = (M ⊗ In)Y =

[
Ỹ11 Ỹ12

Z 0

]
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'Etsi,

Ỹ =

I2 0 0
0 I2 0
0 0 I2

 · Y =


1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

 ·


1 0 0 1 1 0
0 0 0 0 0 1
0 1 1 0 0 0
0 0 0 1 0 0
1 0 0 0 0 0
0 1 0 0 0 0



=


1 0 0 1 1 0
0 0 0 0 0 1
0 1 1 0 0 0
0 0 0 1 0 0
1 0 0 0 0 0
0 1 0 0 0 0



Epomènwc o pÐnakac Z =


0 1 1 0
0 0 0 1
1 0 0 0
0 1 0 0

.
Epeid 

det(Z) = det


0 1 1 0
0 0 0 1
1 0 0 0
0 1 0 0

 = 1 ̸= 0

o prwtob�jmioc poluwnumikìc pÐnakac L(λ) eÐnai grammikopoÐhsh tou
poluwnumikoÔ pÐnaka P (λ)

ParathroÔme akìmh ìti o megistob�jmioc pÐnakac suntelast c A3 eÐnai
kanonikìc dhlad  det(A3) = 1 ̸= 0. Epomènwc o poluwnumikìc pÐnakac
P (λ) èqei mìno peperasmèna mhdenik� kai peperasmènouc stoiqei¸deic
diairètec. Efìson deÐxame ìti o prwtob�jmioc poluwnumikìc pÐnakac
L(λ) eÐnai grammikopoÐhsh tou poluwnumikoÔ pÐnaka P (λ) sÔmfwna me
to L mma 1 tou KefalaÐou 1, ja èqei ta Ðdia mhdenik� kai stoiqei¸deic
diairètec me ton poluwnumikì pÐnaka P (λ).
Pr�gmati, h Smith morf  tou poluwnumikoÔ pÐnaka P (λ) eÐnai

SC
P (λ)(λ) =

[
1 0
0 λ6 + λ5 + 2λ3 + λ2 + 1

]
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Tèloc, h Smith morf  tou prwtob�jmiou poluwnumikoÔ pÐnaka L(λ)
eÐnai

SC
L(λ)(λ) =


1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 λ6 + λ5 + 2λ3 + λ2 + 1

 .

Apì th morf  twn Smith morf¸n twn poluwnumik¸n pin�kwn P (λ) kai
L(λ) eÐnai fanerì ìti o prwtob�jmioc poluwnumikìc pÐnakac L(λ) èqei
ta Ðdia peperasmèna mhdenik� kai touc Ðdiouc peperasmènouc stoiqei¸deic
diairètec me ton poluwnumikì pÐnaka P (λ).

• Par�deigma 5

JewroÔme ton poluwnumikì pÐnaka

P (λ) =

[
2λ3 + λ2 + 1 4λ3 + λ

λ3 2λ3 + 1

]
=

[
2 4
1 2

]
λ3 +

[
1 0
0 0

]
λ2 +

[
0 1
0 0

]
λ+

[
1 0
0 1

]
= A3λ

3 + A2λ
2 + A1λ+ A0.

JewroÔme epÐshc ton prwtob�jmio poluwnumikì pÐnaka L(λ) = λX + Y
ìpou X =

[
v ⊗ Ak −W

]
kai Y =

[
W + [v ⊗ (Ak−1 . . . A1)] v ⊗ A0

]

me v =

00
1

 kai W =


0 0 −2 −1
0 0 −1 −2
−2 −1 −1 0
−1 −2 0 0
−1 0 0 −1
0 0 0 0

.
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'Etsi ja exet�soume an o prwtob�jmioc poluwnumikìc pÐnakac

L(λ) = λ


0 0 0 0 2 1
0 0 0 0 1 2
0 0 2 1 1 0
0 0 1 2 0 0
2 4 1 0 0 1
1 2 0 0 0 0

+


0 0 −2 −1 0 0
0 0 −1 −2 0 0
−2 −1 −1 0 0 0
−1 −2 0 0 0 0
0 0 0 0 1 0
0 0 0 0 0 1



=


0 0 −2 −1 2λ λ
0 0 −1 −2 λ 2λ
−2 −1 2λ− 1 λ λ 0
−1 −2 λ 2λ 0 0
2λ 4λ λ 0 1 λ
λ 2λ 0 0 0 1



eÐnai grammikopoÐhsh tou poluwnumikoÔ pÐnaka P (λ).
Epilègoume pÐnaka M tètoio ¸ste M · v = α · e1 me α = 1,

M ·

00
1

 = α

10
0



Epilègoume ton pÐnaka

M =

 1 0 1
0 1 0
−1 0 0



Gia na broÔme to pÐnaka Z ja upologÐsoume ton pÐnaka

Ỹ = (M ⊗ In)Y =

[
Ỹ11 Ỹ12

Z 0

]
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'Etsi,

Ỹ =

 I2 0 I2
0 I2 0

−I2 0 0

 · Y =


1 0 0 0 1 0
0 1 0 0 0 1
0 0 1 0 0 0
0 0 0 1 0 0
−1 0 0 0 0 0
0 −1 0 0 0 0

 ·


0 0 −2 −1 0 0
0 0 −1 −2 0 0
−2 −1 −1 0 0 0
−1 −2 0 0 0 0
0 0 0 0 1 0
0 0 0 0 0 1



=


0 0 -2 -1 1 0
0 0 -1 -2 0 1
-2 -1 -1 0 0 0
-1 -2 0 0 0 0
0 0 2 1 0 0
0 0 1 2 0 0



Epomènwc o pÐnakac Z =


−2 −1 −1 0
−1 −2 0 0
0 0 2 1
0 0 1 2

.
'Eqoume ìti

det(Z) = det


−2 −1 −1 0
−1 −2 0 0
0 0 2 1
0 0 1 2

 = 9 ̸= 0

Epomènwc o prwtob�jmioc poluwnumikìc pÐnakac L(λ) eÐnai grammiko-
poÐhsh tou poluwnumikoÔ pÐnaka P (λ).

Shmei¸noume ìti o megistob�jmioc pÐnakac suntelest c A3 tou poluw-
numikoÔ pÐnaka P (λ) eÐnai idi�zwn, diìti det(A3) = 0. Autì shmaÐnei ìti
o poluwnumikìc pÐnakac P (λ) ja èqei peperasmèna kai �peira mhdenik�
kai peperasmènouc kai �peirouc stoiqei¸deic diairètec. SÔmfwna me to
Je¸rhma 7 thc isqur c grammikopoÐhshc, deÐxame ìti o prwtob�jmioc
poluwnumikìc pÐnakac L(λ) eÐnai isqur  grammikopoÐhsh tou poluwnu-
mikoÔ pÐnaka P (λ) kai epomènwc o prwtob�jmioc poluwnumikìc pÐnakac
L(λ) èqei touc Ðdiouc peperasmènouc kai �peirouc stoiqei¸deic diairètec.

Pr�gmati, h Smith morf  tou poluwnumikoÔ pÐnaka P (λ) ja eÐnai

SC
P (λ)(λ) =

[
1 0
0 λ5 − 1

2
λ4 + 2λ3 + 1

2
λ2 + 1

2

]
.
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O duðkìc tou poluwnumikoÔ pÐnaka P (λ) eÐnai

revP (λ) =

[
1 0
0 1

]
λ3 +

[
0 1
0 0

]
λ2 +

[
1 0
0 0

]
λ+

[
2 4
1 2

]
=

[
λ3 + λ+ 2 λ2 + 4

1 λ3 + 2

]
.

'Etsi, h Smith morf  tou poluwnumikoÔ pÐnaka revP (λ) sto 0 ja eÐnai

S0
revP (λ)(λ) =

[
1 0
0 λ

]
.

Sth sunèqeia ja broÔme th Smith morf  tou prwtob�jmiou poluwnumi-
koÔ pÐnaka L(λ).
H Smith morf  tou prwtob�jmiou poluwnumikoÔ pÐnaka L(λ) ja eÐnai

SC
L(λ)(λ) =


1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 λ5 − 1

18
λ4 + 4

18
λ3 + 1

18
λ2 + 1

18
)

 .

O duðkìc tou poluwnumikoÔ pÐnaka L(λ) eÐnai

revL(λ) =


0 0 −2λ −λ 2 1
0 0 −λ −2λ 1 2

−2λ −λ 2− λ 1 1 0
−λ −2λ 1 2 0 0
2 4 1 0 λ 1
1 2 0 0 0 λ

 .

'Etsi, h Smith morf  tou poluwnumikoÔ pÐnaka revL(λ) sto 0 ja eÐnai

S0
revL(λ) =


1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 λ

 .

Epomènwc eÐnai fanerì apì th morf  twn Smith morf¸n, ìti o poluw-
numikìc pÐnakac P (λ) kai o prwtob�jmioc poluwnumikìc pÐnakac L(λ)

93



Teqnikèc GrammikopoÐhshc Poluwnumik¸n Pin�kwn KEFALAIO 2

èqoun ta Ðdia peperasmèna mhdenik� kai touc peperasmènouc kai �pei-
rouc stoiqei¸deic diairètec.

• Par�deigma 6

JewroÔme ton poluwnumikì pÐnaka P (λ) = λ3A+λ2B+λC+D o opoÐ-
oc upojètoume ìti eÐnai kanonikìc. JewroÔme epÐshc ton prwtob�jmio
poluwnumikì pÐnaka L(λ) = λX + Y
ìpou X =

[
v ⊗ Ak −W

]
kai Y =

[
W + [v ⊗ (Ak−1 . . . A1)] v ⊗ A0

]
me v =

11
1

 kai W =

 A A
A+B − C B −D
−B − C C −D

.
Jèloume na exet�soume an o prwtob�jmioc poluwnumikìc pÐnakac

L(λ) = λ

A A A
A A+B − C B −D
A B − C C −D

+

B − A C − A D
C − A C +D −B D
D D D


apoteleÐ grammikopoÐhsh tou poluwnumikoÔ pÐnaka P (λ).
Epilègoume pÐnaka M tètoio ¸ste M · v = α · e1

M ·

11
1

 = α

10
0

 ⇒ M =

 1 0 0
−1 1 0
−1 0 1


Gia na broÔme to pÐnaka Z ja upologÐsoume ton pÐnaka

Ỹ = (M ⊗ In)Y =

[
Ỹ11 Ỹ12

Z 0

]
'Etsi,

Ỹ =

 In 0 0
−In In 0
−In 0 In

 · Y

=

 In 0 0
−In In 0
−In 0 In

 ·

B − A C − A D
C − A C +D −B D
D D D
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=

 B − A C − A D
C −B A−B +D 0

A+D −B A+D − C 0


Epomènwc o pÐnakac Z =

[
C −B A−B +D

A+D −B A+D − C

]
.

'Ara gia na eÐnai o L(λ) grammikopoÐhsh to P (λ) ja prèpei det(Z) ̸= 0 ⇒

det

([
C −B A−B +D

A+D −B A+D − C

])
̸= 0

2.6 PerÐlhyh

Sto deÔtero kef�laio asqolhj kame me mia apì tic teqnikèc grammikopoÐhshc,
th prosjetik  mèjodo grammikopoÐhshc. Arqik�, orÐsame duo dianusmatikoÔc
q¸rouc L1(P ) kai L2(P ), ìpwc epÐshc kai mia pr�xh ston kajèna, to meta-
topismèno kat� st lh �jroisma (column shifted sum) kai to metatopismèno
kat� gramm  �jroisma (row shifted sum) antÐstoiqa. Me th bo jeia twn
duo aut¸n pr�xewn orÐsame to sÔnolo twn prwtob�jmiwn poluwnumik¸n pi-
n�kwn L(λ) ∈ L1(P ) kai (L(λ) ∈ L2(P ), antÐstoiqa) ta opoÐa apodeÐxame ìti
apoteloÔn grammikopoÐhsh kai m�lista isqur  grammikopoÐhsh tou poluwnu-
mikoÔ pÐnaka P (λ). DeÐxame, akìmh, ìti ìtan o poluwnumikìc pÐnakac P (λ)
eÐnai kanonikìc tìte o prwtob�jmioc poluwnumikìc pÐnakac L(λ) eÐnai isqur 
grammikopoÐhsh tou poluwnumikoÔ pÐnaka P (λ). Sth sunèqeia, d¸same ènan
algìrijmo me ton opoÐo mporoÔme na upologÐsoume ton prwtob�jmio poluwnu-
mikì pÐnaka L(λ), o opoÐoc apoteleÐ grammikopoÐhsh tou poluwnumikoÔ pÐnaka
P (λ). Tèloc, anafèrame orismèna paradeÐgmata gia kalÔterh katanìhsh thc
mejìdou.

Sth sunèqeia, ja melet soume akìmh mia teqnik  grammikopoÐhshc, th mèjodo
twn metajèsewn.
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Kef�laio 3

Mèjodoc twn Metajèsewn

Sto prohgoÔmeno kef�laio melet same thn prosjetik  mèjodo grammikopoÐ-
hshc. Arqik� mil same gia thn pr¸th kai deÔterh sunodeÔousa morf  oi
opoÐec apodeÐxame sto Kef�laio 1 ìti apoteloÔn grammikopoi seic dosmènou
poluwnumikoÔ pÐnaka P (λ). Sth sunèqeia epekteÐname tic duo autèc morfèc kai
dhmiourg same duo dianusmatikoÔc q¸rouc, twn opoÐwn sqedìn ìla ta stoi-
qeÐa apoteloÔn grammikopoi seic tou poluwnumikoÔ pÐnaka P (λ). Autì pou
mac od ghse sthn epèktash kai dhmiourgÐa twn duo dianusmatik¸n q¸rwn  tan
h adunamÐa twn sunodeuous¸n morf¸n na diathroÔn sugkekrimènec idiìthtec
tou arqikoÔ poluwnumikoÔ pÐnaka, ìpwc gia par�deigma th summetrikìthta.
Sto kef�laio autì ja d¸soume mia nèa mèjodo grammikopoÐhshc h opoÐa eÐ-
nai h mèjodoc twn metajèsewn. Sth mèjodo aut  ja xekin soume kai p�li
apì thn pr¸th sunodeÔousa morf , thn opoÐa ja epekteÐnoume ¸ste h nèa
aut  oikogèneia sunodeuous¸n morf¸n pou ja dhmiourg soume na mporeÐ na
parametropoihjeÐ wc ginìmeno apl¸n stajer¸n pin�kwn kai na èqei tic Ðdiec
idiotimèc me ton arqikì poluwnumikì pÐnaka P (λ). H qrhsimìthta thc nèac
aut c oikogèneiac ègkeitai sto gegonìc ìti up�rqei sugkekrimèno mèloc thc
oikogèneiac aut c to opoÐo apoteleÐ grammikopoÐhsh enìc ermhtianoÔ poluw-
numikoÔ pÐnaka kai eÐnai epÐshc ermhtianì. Aut  h idiìthta eÐnai polÔ shmantik 
epeid  oi ermhtianoÐ poluwnumikoÐ pÐnakec paÐzoun shmantikì rìlo sth melèth
twn susthm�twn talant¸sewn me apìsbesh me peperasmèno bajmì eleujerÐ-
ac, pou mporoÔn na perigrafoÔn apì deutèrou bajmoÔ sust mata diaforik¸n
exis¸sewn me ermhtianoÔc pÐnakec wc suntelestèc. Tèloc, prin xekin soume
th melèth mac, shmei¸noume ìti sto kef�laio autì ja asqolhjoÔme mìno me
kanonikoÔc poluwnumikoÔc pÐnakec (det(P (λ)) ̸= 0).
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3.1 Nèa oikogèneia sunodeuous¸n morf¸n

Arqik�, ja upenjum soume ton orismì thc pr¸thc kai deÔterhc sunodeÔousac
morf c. MeletoÔme, ìpwc èqoume dei, ton poluwnumikì pÐnaka P (λ) o opoÐoc
eÐnai thc morf c P (λ) = Akλ

k + Ak−1λ
k−1 + . . .+ A1λ+ A0.

Wc pr¸th sunodeÔousa morf  orÐsame ton poluwnumikì pÐnaka thc morf c:

C1(λ) = λ


Ak 0 · · · 0
0 In · · · 0
...

...
. . .

...
0 0 · · · In

+


Ak−1 Ak−2 · · · A0

−In 0 · · · 0
...

. . .
. . .

...
0 · · · −In 0



= λ


Ak 0 · · · 0
0 In · · · 0
...

...
. . .

...
0 0 · · · In

−


−Ak−1 −Ak−2 · · · −A0

In 0 · · · 0
...

. . .
. . .

...
0 · · · In 0


= λC11 − C12. (3.1)

Wc deÔterh sunodeÔousa morf  orÐsame ton poluwnumikì pÐnaka thc morf c:

C2(λ) = λ


Ak 0 · · · 0
0 In · · · 0
...

...
. . .

...
0 0 · · · In

+


Ak−1 −In · · · 0

Ak−2 0
. . .

...
...

...
. . . −In

A0 0 · · · 0



= λ


Ak 0 · · · 0
0 In · · · 0
...

...
. . .

...
0 0 · · · In

−


−Ak−1 In · · · 0

−Ak−2 0
. . .

...
...

...
. . . In

−A0 0 · · · 0


= λC21 − C22 (3.2)

EÐnai gnwstì ìti h pr¸th kai deÔterh sunodeÔousa morf  eÐnai grammikopoi -
seic tou poluwnumikoÔ pÐnaka P (λ),dhlad  up�rqoun antistrèyimoi poluwnu-
mikoÐ pÐnakec E(λ), F (λ) kai U(λ), V (λ) tètoioi ¸ste

E(λ)C1(λ)F (λ) =

[
P (λ) 0
0 I(k−1)n

]
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kai

U(λ)C2(λ)V (λ) =

[
P (λ) 0
0 I(k−1)n

]
ParathroÔme, loipìn, ìti h pr¸th kai deÔterh sunodeÔousa morf  èqei tic
Ðdiec peperasmènec idiotimèc, ìpwc kai peperasmèna mhdenik� kai peperasmè-
nouc stoiqei¸deic diairètec me ton poluwnumikì pÐnaka P (λ).
'Opwc anafèrame kai sthn arq , ja exet�soume tic peript¸seic kanonik¸n
poluwnumik¸n pin�kwn P (λ). UpenjumÐzoume ìti wc kanonikì poluwnumikì
pÐnaka orÐsame na einai o poluwnumikìc pÐnakac P (λ) tou opoÐou h orÐzousa
det(P (λ)) den eÐnai ek tautìthtoc mhdèn gia ìla ta λ ∈ C.
'Etsi, parathroÔme ìti det(P (λ)) = det(C1(λ)) = det(C2(λ)). Autì shmaÐnei
ìti an o P (λ) eÐnai kanonikìc tìte kai oi pr¸th kai deÔterh sunodeÔousa mor-
f  C1(λ) kai C2(λ) antÐstoiqa, ja eÐnai kanonikoÐ poluwnumikoÐ pÐnakec kai
antÐstrofa.
Sth sunèqeia orÐzoume touc ex c pÐnakec:

T0 = diag{Ak, In(k−1)} =


Ak 0 · · · 0
0 In · · · 0
... · · ·

. . .
...

0 · · · · · · In

 (3.3)

Tp =


In(p−1) 0 · · · 0

0 Cp · · · 0
...

...
. . .

...
0 · · · · · · In(k−p−1)

 , p = 1, 2, . . . , k − 1 (3.4)

kai

Tk = diag{In(k−1),−A0} =


In · · · 0 0
...

. . .
...

...

0 · · · In
...

0 · · · · · · −A0

 (3.5)

ìpou

Cp =

[
−Ak−p In
In 0

]
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SÔmfwna me touc prohgoÔmenouc orismoÔc, ja deÐxoume sto epìmeno l mma
ìti h pr¸th kai deÔterh sunodeÔousa morf  mporeÐ na ekfrasteÐ me th bo jei�
touc.

L mma 4. H pr¸th kai deÔterh sunodeÔousa morf  tou poluwnumikoÔ pÐnaka
P (λ) dÐnontai antÐstoiqa apì tic sqèseic:

a) C1(λ) = λT0 − T1T2 . . . Tk.

b) C2(λ) = λT0 − TkTk−1 . . . T1.

Apìdeixh.
Gia thn pr¸th sunodeÔousa morf  èqoume:
Apì th sqèsh (3.1) prokÔptei �mesa ìti T0 = C11.
ArkeÐ na deÐxoume ìti

T1T2 . . . Tk = C12 =


−Ak−1 −Ak−2 · · · A0

In 0 · · · 0
...

. . .
. . .

...
0 · · · In 0

 .

ParathroÔme ìti isqÔei

T1 · T2 =

−Ak−1 In 0
In 0 0
0 0 In(k−2)

 ·


In 0 0 0
0 −Ak−2 In 0
0 In 0 0
0 0 0 In(k−3)



=


−Ak−1 −Ak−2 In 0
In 0 0 0
0 In 0 0
0 0 0 In(k−3)
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T1 · T2 · T3 =


−Ak−1 −Ak−2 In 0
In 0 0 0
0 In 0 0
0 0 0 In(k−3)

 ·


In 0 0 0 0
0 In 0 0 0
0 0 −Ak−3 In 0
0 0 In 0 0
0 0 0 0 In(k−4)



=


−Ak−1 −Ak−2 −Ak−3 In 0
In 0 0 0 0
0 In 0 0 0
0 0 In 0 0
0 0 0 0 In(k−4)


suneqÐzontac ètsi katal goume

T1T2T3 . . . Tk−1 =



−Ak−1 −Ak−2 −Ak−3 · · · −Ak−1 In
In 0 0 · · · 0 0
0 In 0 · · · 0 0
0 0 In · · · 0 0
...

...
...

. . . 0 0
0 0 0 · · · In 0
0 0 0 · · · 0 0


Epomènwc,

T1T2T3 . . . Tk−1Tk =



−Ak−1 −Ak−2 −Ak−3 · · · −Ak−1 In
In 0 0 · · · 0 0
0 In 0 · · · 0 0
0 0 In · · · 0 0
...

...
...

. . . 0 0
0 0 0 · · · In 0
0 0 0 · · · 0 0


·


In 0 · · · 0 0
0 In · · · 0 0
...

...
. . .

...
...

0 0 · · · In 0
0 0 · · · 0 −A0



=


−Ak−1 −Ak−2 −Ak−3 · · · −Ak−1 −A0

In 0 0 · · · 0 0

0
. . . 0 · · · 0 0

...
. . .

...
. . . 0 0

0 0 0 · · · In 0

 = C12.

Epomènwc apodeÐxame autì pou jèlame.
Gia th deÔterh sunodeÔousa morf  douleÔoume omoÐwc.
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T¸ra ja d¸soume akìma èna l mma to opoÐo ja mac eÐnai qr simo gia ta epì-
mena.

L mma 5. 'Estw E,F,G mia tri�da tetragwnik¸n pin�kwn, me F antistrè-
yimo kai GE = EG. Tìte:

a) IsqÔei h akìloujh isìthta

(λE−GF )F−1(sE−FG) = (sE−GF )F−1(λE−FG) gia k�je (s, λ) ∈ C2.

(3.6)

b) An kerET ∩ kerGT = {0} kai λE − FG eÐnai antistrèyimoc gia k�poia
λ ∈ C tìte o λE −GF eÐnai epÐshc antistrèyimoc.

Apìdeixh.

a)

(λE −GF )F−1(sE − FG) = (λEF−1 −GFF−1)(sE − FG)

= λEF−1sE − λEF−1FG−GFF−1sE +GFF−1FG

= λEF−1sE − λEG−GsE +GFG

= λsEF−1E − λEG− sGE +GFG (1)

(sE −GF )F−1(λE − FG) = (sEF−1 −GFF−1)(λE − FG)

= sEF−1λE − sEF−1FG−GFF−1λE +GFF−1FG

= sEF−1λE − sEG−GλE +GFG
GE=EG

= λsEF−1E − λEG− sGE +GFG (2)

Apì tic sqèseic (1) kai (2) prokÔptei to zhtoÔmeno dhlad 
(λE −GF )F−1(sE − FG) = (sE −GF )F−1(λE − FG).
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b) Upojètoume ìti o λE − GF eÐnai mh antistrèyimoc. Tìte up�rqei èna
di�nusma gramm  xT ̸= 0 tètoio ¸ste xT (λE −GF ) = 0. Pollaplasi�-
zontac apì arister� th sqèsh (3.6) me to xT kai qrhsimopoi¸ntac thn
antistreyimìthta tou F−1(λE−FG) paÐrnoume ìti h xT (sE−GF ) = 0
isqÔei gia k�je s ∈ C,   isodÔnama xTE = 0 kai xTGF = 0. Lamb�-
nontac upìyin thn antistreyimìthta tou F , h xTGF = 0 an�getai sthn
xTG = 0. 'Ara x ∈ kerET ∩ kerGT = {0} to opoÐo eÐnai antÐjeto me
thn upìjesh ìti xT ̸= 0. 'Ara o λE −GF eÐnai antistrèyimoc.

Me th bo jeia twn duo prohgoÔmenwn lhmm�twn ja d¸soume èna polÔ shman-
tikì je¸rhma gia th dhmiourgÐa thc nèac oikogèneiac sunodeuous¸n morf¸n.

Je¸rhma 9. 'Estw C1(λ) h pr¸th sunodeÔousa morf  enìc kanonikoÔ po-
luwnumikoÔ pÐnaka P (λ). Tìte gia k�je dunat  met�jesh (i1, i2, . . . , ik) thc
k-�dac (1, 2, . . . , k) o prwtob�jmioc poluwnumikìc pÐnakac Q(λ) = λT0 −
Ti1Ti2 . . . Tik eÐnai austhr� isodÔnamoc me ton C1(λ), dhlad  up�rqoun anti-
strèyimoi stajeroÐ pÐnakec M , N tètoioi ¸ste na isqÔei

C1(λ) = MQ(λ)N (3.7)

ìpou Ti , i = 0, 1, 2, . . . , k orÐsthkan stic sqèseic (3.3),(3.4) kai (3.5).

Apìdeixh.
An (i1, i2, . . . , ik) = (1, 2, . . . , k) tìte h sqèsh (3.7) profan¸c isqÔei lìgw tou
L mmatoc 4. 'Etsi upojètoume ìti (i1, i2, . . . , ik) ̸= (1, 2, . . . , k). ParathroÔme
ìti exaitÐac thc eidik c dom c twn Ti isqÔei h sqèsh TiTj = TjTi ìtan |i− j| >
1, gegonìc to opoÐo mac parèqei th dunatìthta na all�xoume jèseic twn Ti

ètsi ¸ste

Ti1Ti2 . . . Tin = (Tjv+1Tjv+2 . . . Tk) . . . (Tj1+1Tj1+2 . . . Tj2)(T1T2 . . . Tj1)

ìpou 0 < j1 < j2 < . . . < jv < k.
Gia aplopoÐhsh twn parast�sewn eis�goume to sumbolismì Tm,l = TmTm+1 . . . Tl

me m ≤ l.
'Etsi o pÐnakac Q(λ) ja gr�fetai

Q(λ) = λT0 − Tjv+1,k . . . Tj1+1,j2T1,j1
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ParathroÔme ìti ta Ti eÐnai antistrèyima gia i = 1, 2, 3, . . . , k−1 kai epomènwc
ta ginìmena Tm,l eÐnai epÐshc antistrèyima gia 0 < m ≤ l < k. 'Ara o T1,j1 eÐnai
antistrèyimoc. Sth sunèqeia, to ginìmeno (Tjv+1,k . . . Tj1+1,j2) den perièqei ton
pÐnaka T1 kai �ra antimetatÐjetai me to T0. 'Etsi oi T0, T1,j1 , (Tjv+1,k . . . Tj1+1,j2)
ikanopoioÔn tic sunj kec tou L mmatoc 5 a) b�sh tou opoÐou katal goume
sthn ex c sqèsh

Q0(s)T
−1
1,j1

Q1(λ) = Q0(λ)T
−1
1,j1

Q1(s) , ∀(s, λ) ∈ C2

me

Q0(λ) = Q(λ)

kai

Q1(λ) = λT0−T1,j1(Tjv+1,k . . . Tj2+1,j3)Tj1+1,j2 = λT0−(Tjv+1,k . . . Tj2+1,j3)T1,j2 .

'Epeita qrhsimopoioÔme gia deÔterh for� to L mma 5 a) stouc pÐnakec t¸ra
T0, T1,j2 , (Tjv+1,k . . . Tj2+1,j3) apì to opoÐo ja katal xoume sth sqèsh

Q1(s)T
−1
1,j2

Q2(λ) = Q1(λ)T
−1
1,j2

Q2(s) , ∀(s, λ) ∈ C2

ìpou

Q2(λ) = λT0−T1,j2(Tjv+1,k . . . Tj3+1,j4)Tj2+1,j3 = λT0−(Tjv+1,k . . . Tj3+1,j4)T1,j3 .

SuneqÐzontac omoÐwc, met� apì v kuklikèc metajèseic katal goume sth sqèsh

Qv−1(s)T
−1
1,jv

Qv(λ) = Qv−1(λ)T
−1
1,jv

Qv(s) ∀(s, λ) ∈ C2.

ìpou

Qv−1(λ) = λT0 − Tjv+1,kT1,jv

kai

Qv(λ) = λT0 − T1,jvTjv+1,k = λT0 − T1,k = C1(λ).

Gia na epalhjeÔsoume th sqèsh (3.7) mènei na deÐxoume ìti up�rqei s ∈ C
tètoio ¸ste o Qi(s) , i = 0, 1, . . . , v na eÐnai antistrèyimoc. 'Etsi, efìson
Qv(λ) = C1(λ) eÐnai kanonikìc prwtob�jmioc poluwnumikìc pÐnakac (diìti o
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poluwnumikìc pÐnakac P (λ) eÐnai kanonikìc), up�rqei s ∈ C tètoio ¸ste o
Qv(s) na eÐnai antistrèyimoc. Lìgw thc idiaÐterhc dom c twn pin�kwn Ti, è-
qoume ìti kerT T

0 ∩ kerT T
jv+1,k = 0 kai epomènwc isqÔoun oi upojèseic tou

L mmatoc 5 b) gia touc pÐnakec T0, T1,jv , Tjv+1,k. Autì shmaÐnei ìti o Qv−1(s)
eÐnai antistrèyimoc. Gia thn olokl rwsh thc apìdeixhc suneqÐzoume epagwgi-
k� me antÐstoiqo trìpo kai deÐqnoume ìti o Qi(s) eÐnai antistrèyimoc gia k�je
i = v − 2, v − 3, . . . , 0.

SÔmfwna me to prohgoÔmeno je¸rhma gia k�je dunat  met�jesh i1, i2, . . . , ik
thc k-�dac (1, 2, . . . , k) o prwtob�jmioc poluwnumikìc pÐnakac Q(λ) èqei tic
Ðdiec idiotimèc me thn pr¸th sunodeÔousa morf  kai kat' epèktash me ton arqi-
kì poluwnumikì pÐnaka P (λ). Shmei¸noume epÐshc ìti ta mèlh thc oikogèneiac
aut c den mporoÔn genik� na paraqjoÔn apì aplèc metajèseic gramm¸n   sth-
l¸n apì thn pr¸th   deÔterh sunodeÔousa morf . EÐnai eÔkolo na doÔme ìti
me th qr sh twn metajèsewn mporoÔn na paraqjoÔn k�poiec epiplèon suno-
deÔousec morfèc. 'Etsi sto epìmeno pìrisma ja d¸soume th morf  twn nèwn
sunodeuous¸n morf¸n, k�ti to opoÐo apoteleÐ genÐkeush tou prohgoÔmenou
jewr matoc.

Pìrisma 5. 'Estw C1(λ) h pr¸th sunodeÔousa morf  enìc kanonikoÔ po-
luwnumikoÔ pÐnaka P (λ). Gia kajèna apì ta tèssera diatetagmèna sÔnola
deikt¸n Im = (im,1, im,2, . . . , im,km) , m = 1, 2, 3, 4 tètoia ¸ste Ii ∩ Ij = ∅ gia
i ̸= j kai

∪4
m=1 Im = {1, 2, 3, . . . , k−1} o prwtob�jmioc poluwnumikìc pÐnakac

R(λ) = λT−1
I1

T0T
−1
I2

− TI3TkTI4

eÐnai austhr� isodÔnamoc me th pr¸th sunodeÔousa morf  C1(λ), ìpou TIm =
Tim,1Tim,2 . . . Tim,km

ìtan Im ̸= ∅ kai TIm = Ikn ìtan Im = ∅.

Apìdeixh.
Xekin¸ntac blèpoume ìti oi pÐnakec TIm eÐnai antistrèyimoi wc ginìmeno anti-
strèyimwn pin�kwn Ti me 0 < i < k.
'Etsi o pÐnakac R(λ) ja eÐnai

R(λ) = T−1
I1

(λT0 − TI1TI3TkTI4TI2)T
−1
I2

.

ParathroÔme ìmwc ìti o prwtob�jmioc pÐnakac λT0 − TI1TI3TkTI4TI2 an kei
sthn oikogèneia sunodeuous¸n morf¸n Q(λ) tou Jewr matoc 9, thc opoÐac
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oi pÐnakec eÐnai austhr� isodÔnamoi me to C1(λ).
Epomènwc,

R(λ) = T−1
I1

Q(λ)T−1
I2

to opoÐo oloklhr¸nei thn apìdeixh tou jewr matoc.

Sto prohgoÔmeno je¸rhma kai pìrisma qrhsimopoi same touc antistrìfouc
twn pin�kwn Tp , p = 1, . . . , k − 1. 'Etsi sto shmeÐo autì ja d¸soume th
morf  twn antistrìfwn twn pin�kwn Tp , p = 1, . . . , k − 1.
'Eqoume, loipìn,

T−1
p =


In(p−1) 0 · · · 0

0 C−1
p · · · 0

...
...

. . .
...

0 0 · · · In(k−p−1)

 p = 1, . . . , k − 1

ìpou

C−1
p =

[
0 In
In Ak−p

]
.

3.2 Parathr seic

Sthn prohgoÔmenh par�grafo melet same mia nèa mèjodo grammikopoÐhshc,
th mèjodo twn metajèsewn.
Arqik� upojèsame ìti o poluwnumikìc pÐnakac P (λ) eÐnai kanonikìc. OrÐsa-
me touc pÐnakec Ti, i = 1, . . . , k kai me th bo jei� touc orÐsame touc prw-
tob�jmiouc pÐnakec Q(λ) oi opoÐoi deÐxame ìti eÐnai austhr� isodÔnamoi me
thn pr¸th sunodeÔousa morf  C1(λ). 'Eqoume deÐxei, sto kef�laio 1, ìti
h pr¸th sunodeÔousa morf  apoteleÐ grammikopoÐhsh tou poluwnumikoÔ pÐ-
naka P (λ). 'Etsi, efìson o prwtob�jmioc poluwnumikìc pÐnakac Q(λ) eÐnai
austhr� isodÔnamoc me thn pr¸th sunodeÔousa morf , ja apoteleÐ kai autìc
grammikopoÐhsh tou poluwnumikoÔ pÐnaka P (λ). Autì shmaÐnei ìti o prwto-
b�jmioc poluwnumikìc pÐnakac Q(λ) kai o poluwnumikìc pÐnakac P (λ) èqoun
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tic Ðdiec peperasmènec idiotimèc, ta Ðdia peperasmèna mhdenik� kai touc Ðdiouc
peperasmènouc stoiqei¸deic diairètec (sÔmfwna me to L mma 1 tou KefalaÐou
1). DhmiourgoÔntai, loipìn, duo erwt mata. Pr¸ton, an o prwtob�jmioc po-
luwnumikìc pÐnakac Q(λ) apoteleÐ isqur  grammikopoÐhsh tou poluwnumikoÔ
pÐnaka P (λ) kai deÔteron, tÐ sumbaÐnei ìtan o poluwnumikìc pÐnakac P (λ) eÐ-
nai idi�zwn (det(P (λ)) ≡ 0). Ap�nthsh sta duo aut� erwt mata mporoÔme na
broÔme sto [28]. EkeÐ perigr�fetai analutik� ìti o prwtob�jmioc poluwnumi-
kìc pÐnakac Q(λ) apoteleÐ isqur  grammikopoÐhsh tou poluwnumikoÔ pÐnaka
P (λ). 'Etsi, sÔmfwna me to L mma 1 tou KefalaÐou 1, o prwtob�jmioc poluw-
numikìc pÐnakac kai o poluwnumikìc pÐnakac P (λ) èqoun tic Ðdiec peperasmènec
kai �peirec idiotimèc, ta Ðdia peperasmèna mhdenik� kai touc Ðdiouc peprasmè-
nouc kai �peirouc stoiqei¸deic diairètec. Akìmh sto [28] anafèretai kai h
perÐptwsh pou o poluwnumikìc pÐnakac P (λ) eÐnai idi�zwn. ApodeiknÔetai ìti
kai ìtan o poluwnumikìc pÐnakac P (λ) eÐnai idi�zwn isqÔoun an�loga sum-
per�smata, dhlad  ìti o prwtob�jmioc poluwnumikìc pÐnakac Q(λ) apoteleÐ
isqur  grammikopoÐhsh tou poluwnumikoÔ pÐnaka P (λ).
T¸ra ja k�noume mia polÔ qr simh parat rhsh. To Pìrisma 5 mac dÐnei th
dunatìthta na broÔme kai k�poiec akìmh grammikopoi seic tou poluwnumikoÔ
pÐnaka P (λ). H nèa aut  morf  grammikopoÐhshc mac dÐnei thn euqèria na <<me-
takin soume>> pÐnakec Ai apì to stajerì ìro tou prwtob�jmiou poluwnumikoÔ
pÐnaka ston prwtob�jmio ìro tou. Autì mac dÐnei th dunatìthta h nèa aut 
grammikopoÐhsh na èqei Ðswc kalÔterh efarmog  se dosmèno prìblhma.
Tèloc, axÐzei na shmei¸soume ìti an�loga sumper�smata isqÔoun kai sthn
perÐptwsh pou o poluwnumikìc pÐnakac P (λ) eÐnai mh - tetr�gwnoc, dhlad 
P (λ) ∈ R[λ]m×n. Perissìtera gia aut  thn perÐptwsh mporoÔme na doÔme sto
[29]. EkeÐ orÐzontai oi mh - tetr�gwnoi poluwnumikoÐ pÐnakec P (λ) ∈ R[λ]m×n

kai oi prwtob�jmioi mh - tetr�gwnoi poluwnumikoÐ pÐnakec Q(λ). Sth sunè-
qeia, apodeiknÔei ìti kai sthn perÐptwsh tou mh - tetr�gwnou polwnumikoÔ
pÐnaka P (λ) ∈ R[λ]m×n, o prwtob�jmioc mh - tetr�gwnoc poluwnumikìc pÐna-
kac Q(λ) apoteleÐ isqur  grammikopoÐhsh tou mh - tetr�gwnou poluwnumikoÔ
pÐnaka P (λ) ∈ R[λ]m×n. Shmei¸noume akìmh ìti sto [29] anafèrontai kai duo
algìrijmoi kataskeu c tou prwtob�jmiou poluwnumikoÔ pÐnaka Q(λ) gia tic
duo peript¸seic, ìtan o poluwnumikìc pÐnakac P (λ) eÐnai tetr�gwnoc kai ìtan
o poluwnumikìc pÐnakac P (λ) eÐnai mh - tetr�gwnoc.

T¸ra, ja d¸soume merik� paradeÐgmata gia na doÔme thn efarmog  thc me-
jìdou twn metajèsewn.
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3.3 ParadeÐgmata

Sthn par�grafo aut  ja d¸soume merik� paradeÐgmata gia kalÔterh katanìh-
sh thc mejìdou.

• Par�deigma 1

JewroÔme ton poluwnumikì pÐnaka

P (λ) =

[
λ2 λ+ 1
1 λ2 + λ

]
=

[
1 0
0 1

]
λ2 +

[
0 1
0 1

]
λ+

[
0 1
1 0

]
= A2λ

2 + A1λ+ A0.

ParathroÔme akìmh ìti o megistob�jmioc pÐnakac suntelast c A2 eÐnai
kanonikìc dhlad  det(A2) = 1 ̸= 0. Epomènwc o poluwnumikìc pÐnakac
P (λ) èqei mìno peperasmèna mhdenik� kai peperasmènouc stoiqei¸deic
diairètec. Efìson deÐxame ìti o prwtob�jmioc poluwnumikìc pÐnakac
Q(λ) eÐnai grammikopoÐhsh tou poluwnumikoÔ pÐnaka P (λ) sÔmfwna me
to L mma 1 tou KefalaÐou 1, ja èqei ta Ðdia mhdenik� kai stoiqei¸deic
diairètec me ton poluwnumikì pÐnaka P (λ).
Pr�gmati, h Smith morf  tou poluwnumikoÔ pÐnaka P (λ) eÐnai

SC
P (λ)(λ) =

[
1 0
0 λ4 + λ3 − λ− 1

]

Epomènwc ta peperasmèna mhdenik� tou poluwnumikoÔ pÐnaka P (λ) eÐnai

±1 kai −(−1)
1
3 , (−1)

2
3 . 'Etsi, oi peperasmènoi diairètec ja eÐnai (λ+1),

(λ− 1) , (λ− (−1)
1
3 ) kai (λ+ (−1)

2
3 ).

Ja broÔme t¸ra ton pÐnaka Q(λ) o opoÐoc apoteleÐ grammikopoÐhsh tou
poluwnumikoÔ pÐnaka P (λ), qrhsimopoi¸ntac th mèjodo twn metajèse-
wn.
SÔmfwna me to Je¸rhma 9 o pÐnakac Q(λ) = λT0−T1T2 apoteleÐ gram-
mikopoÐhsh tou poluwnumikoÔ pÐnaka P (λ).
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Epomènwc èqoume

Q(λ) = λT0 − T1T2

= λ

[
A2 0
0 I2

]
−
[
−A1 I2
I2 0

] [
I2 0
0 −A0

]

= λ


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

−


0 −1 1 0
0 −1 0 1
1 0 0 0
0 1 0 0



1 0 0 0
0 1 0 0
0 0 0 −1
0 0 −1 0



=


λ 0 0 0
0 λ 0 0
0 0 λ 0
0 0 0 λ

−


0 −1 0 −1
0 −1 −1 0
1 0 0 0
0 1 0 0



=


λ 1 0 1
0 λ+ 1 1 0
−1 0 λ 0
0 −1 0 λ



'Etsi o poluwnumikìc pÐnakac

Q(λ) =


λ 1 0 1
0 λ+ 1 1 0
−1 0 λ 0
0 −1 0 λ



eÐnai grammikopoÐhsh tou poluwnumikoÔ pÐnaka P (λ).

Shmei¸noume akìmh ìti sÔmfwna me to Je¸rhma 9 kai o prwtob�jmioc
polwunumikìc pÐnakac Q′(λ) = λT0−T2T1 apoteleÐ grammikopoÐhsh tou
poluwnumikoÔ pÐnaka P (λ).
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'Etsi èqoume

Q(λ) = λT0 − T2T1

= λ

[
A2 0
0 I2

]
−

[
I2 0
0 −A0

] [
−A1 I2
I2 0

]

= λ


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

−


1 0 0 0
0 1 0 0
0 0 0 −1
0 0 −1 0



0 −1 1 0
0 −1 0 1
1 0 0 0
0 1 0 0



=


λ 0 0 0
0 λ 0 0
0 0 λ 0
0 0 0 λ

−


0 −1 1 0
0 −1 0 1
0 −1 0 0
−1 0 0 0



=


λ 1 −1 0
0 λ+ 1 0 −1
0 1 λ 0
1 0 0 λ



H Smith morf  tou prwtob�jmiou poluwnumikoÔ pÐnaka Q(λ) kai Q′(λ)

SC
Q(λ)(λ) =


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 λ4 + λ3 − λ− 1

 = SC
Q′(λ)(λ)

ìpou eÐnai fanerì ìti èqoun ta Ðdia peperasmèna mhdenik� kai touc Ðdiouc
peperasmènouc stoiqei¸deic diairètec me ton poluwnumikì pÐnaka P (λ).

Sth sunèqeia qrhsimopoi¸ntac to Pìrisma 5 mporoÔme na broÔme ènan
akìmh prwtob�jmio poluwnumikì pÐnaka R(λ), o opoÐoc apoteleÐ kai au-
tìc grammikopoÐhsh tou poluwnumikoÔ pÐnaka P (λ). Autì mac dÐnei th
dunatìthta h nèa morf  grammikopoÐhshc na èqei Ðswc kalÔterh efarmo-
g  se dosmèno prìblhma, efìson èqoume thn euqèria na <<metakin soume>>
ton pÐnaka A1 apì to stajerì ìro ston prwtob�jmio ìro.
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'Eqoume, loipìn,

R(λ) = λT0T
−1
1 − T2

= λ

[
A2 0
0 I2

] [
0 I2
I2 A1

]
−

[
I2 0
0 −A0

]

= λ


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1



0 0 1 0
0 0 0 1
1 0 0 1
0 1 0 1

−


1 0 0 0
0 1 0 0
0 0 0 −1
0 0 −1 0



= λ


0 0 1 0
0 0 0 1
1 0 0 1
0 1 0 1

−


1 0 0 0
0 1 0 0
0 0 0 −1
0 0 −1 0



=


−1 0 λ 0
0 −1 0 λ
λ 0 0 λ+ 1
0 λ 1 λ


o opoÐoc sÔmfwna me to Pìrisma 5 eÐnai grammikopoÐhsh tou poluwnu-
mikoÔ pÐnaka P (λ).

H Smith morf  tou prwtob�jmiou poluwnumikoÔ pÐnaka R(λ) eÐnai

SC
R(λ)(λ) =


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 λ4 + λ3 − λ− 1


ìpou eÐnai fanerì ìti èqei ta Ðdia peperasmèna mhdenik� kai touc Ðdiouc
peperasmènouc stoiqei¸deic diairètec me ton poluwnumikì pÐnaka P (λ).
Shmei¸noume tèloc, ìti sÔmfwna me to Pìrisma 5 ta Ðdia ja isqÔoun kai
gia ton pÐnaka R′(λ) = λT−1

1 T0 − T2 .
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• Par�deigma 2

JewroÔme ton poluwnumikì pÐnaka

P (λ) =

[
2λ2 + λ+ 1 4λ2 + 2

λ2 + 1 2λ2 + λ

]
=

[
2 4
1 2

]
λ2 +

[
1 0
0 1

]
λ+

[
1 2
1 0

]
= A2λ

2 + A1λ+ A0.

Shmei¸noume ìti o megistob�jmioc pÐnakac suntelest c A2 tou poluw-
numikoÔ pÐnaka P (λ) eÐnai idi�zwn, diìti det(A2) = 0. Autì shmaÐnei ìti o
poluwnumikìc pÐnakac P (λ) ja èqei peperasmèna kai �peira mhdenik� kai
peperasmènouc kai �peirouc stoiqei¸deic diairètec. SÔmfwna me to [28]
sto opoÐo apodeiknÔetai ìti prwtob�jmioc poluwnumikìc pÐnakac Q(λ)
eÐnai isqur  grammikopoÐhsh tou poluwnumikoÔ pÐnaka P (λ), o prwto-
b�jmioc poluwnumikìc pÐnakac Q(λ) ja èqei touc Ðdiouc peperasmènouc
kai �peirouc stoiqei¸deic diairètec (sÔmfwna me to L mma 1 tou Kefa-
laiou 1).

Pr�gmati, h Smith morf  tou poluwnumikoÔ pÐnaka P (λ) ja eÐnai

SC
P (λ)(λ) =

[
1 0
0 λ3 − 3

4
λ2 + 1

4
λ− 1

2

]
.

O duðkìc tou poluwnumikoÔ pÐnaka P (λ) eÐnai

revP (λ) =

[
1 2
1 0

]
λ2+

[
1 0
0 1

]
λ+

[
2 4
1 2

]
=

[
λ2 + λ+ 2 2λ2 + 4
λ2 + 1 λ+ 2

]
.

'Etsi, h Smith morf  tou poluwnumikoÔ pÐnaka revP (λ) sto 0 ja eÐnai

S0
revP (λ)(λ) =

[
1 0
0 λ

]
.

Ja broÔme t¸ra ton pÐnaka Q(λ) o opoÐoc apoteleÐ grammikopoÐhsh tou
poluwnumikoÔ pÐnaka P (λ), qrhsimopoi¸ntac th mèjodo twn metajèse-
wn.
SÔmfwna me to Je¸rhma 9, o pÐnakac Q(λ) = λT0−T1T2 apoteleÐ gram-
mikopoÐhsh tou poluwnumikoÔ pÐnaka P (λ).
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Epomènwc èqoume

Q(λ) = λT0 − T1T2

= λ

[
A2 0
0 I2

]
−

[
−A1 I2
I2 0

] [
I2 0
0 −A0

]

= λ


2 4 0 0
1 2 0 0
0 0 1 0
0 0 0 1

−


−1 0 1 0
0 −1 0 1
1 0 0 0
0 1 0 0



1 0 0 0
0 1 0 0
0 0 −1 −2
0 0 −1 0



=


2λ 4λ 0 0
λ 2λ 0 0
0 0 λ 0
0 0 0 λ

−


−1 0 −1 −2
0 −1 −1 0
1 0 0 0
0 1 0 0



=


2λ+ 1 4λ 1 2

λ 2λ+ 1 1 0
−1 0 λ 0
0 −1 0 λ


'Etsi o poluwnumikìc pÐnakac

Q(λ) =


2λ+ 1 4λ 1 2

λ 2λ+ 1 1 0
−1 0 λ 0
0 −1 0 λ


eÐnai grammikopoÐhsh tou poluwnumikoÔ pÐnaka P (λ).

Sth sunèqeia ja broÔme th Smith morf  tou prwtob�jmiou poluwnumi-
koÔ pÐnaka Q(λ).
H Smith morf  tou prwtob�jmiou poluwnumikoÔ pÐnaka Q(λ) ja eÐnai

SC
Q(λ)(λ) =


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 λ3 − 3

4
λ2 + 1

4
λ− 1

2

 .

O duðkìc tou poluwnumikoÔ pÐnaka Q(λ) eÐnai

revQ(λ) =


λ+ 2 4 λ 2λ
1 λ+ 2 λ 0
−λ 0 1 0
0 −λ 0 1

 .
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'Etsi, h Smith morf  tou poluwnumikoÔ pÐnaka revQ(λ) sto 0 ja eÐnai

S0
revQ(λ)(λ) =


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 λ

 .

Epomènwc eÐnai fanerì apì th morf  twn Smith morf¸n, ìti o poluw-
numikìc pÐnakac P (λ) kai o prwtob�jmioc poluwnumikìc pÐnakac Q(λ)
èqoun touc Ðdiouc peperasmènouc kai �peirouc stoiqei¸deic diairètec.
Shmei¸noume akìmh ìti an�loga sumper�smata isqÔoun kai gia ton pÐ-
naka Q′(λ) = λT0 − T2T1.

Sth sunèqeia qrhsimopoi¸ntac to Pìrisma 5, mporoÔme na broÔme è-
nan akìmh prwtob�jmio poluwnumikì pÐnaka R(λ), o opoÐoc apoteleÐ
kai autìc grammikopoÐhsh tou poluwnumikoÔ pÐnaka P (λ). Autì mac dÐ-
nei th dunatìthta h nèa morf  grammikopoÐhshc na èqei Ðswc kalÔterh
efarmog  se dosmèno prìblhma, efìson èqoume thn euqèria na <<metaki-
n soume>> ton pÐnaka A1 apì to stajerì ìro ston prwtob�jmio ìro.
'Eqoume ,loipìn,

R(λ) = λT0T
−1
1 − T2

= λ

[
A2 0
0 I2

] [
0 I2
I2 A1

]
−
[
I2 0
0 −A0

]

= λ


2 4 0 0
1 2 0 0
0 0 1 0
0 0 0 1



0 0 1 0
0 0 0 1
1 0 1 0
0 1 0 1

−


1 0 0 0
0 1 0 0
0 0 −1 −2
0 0 −1 0



=


0 0 2 4
0 0 1 2
1 0 1 0
0 1 0 1

−


1 0 0 0
0 1 0 0
0 0 −1 −2
0 0 −1 0



=


−1 0 2λ 4λ
0 −1 λ 2λ
λ 0 λ+ 1 2
0 λ 1 λ


o opoÐoc sÔmfwna me to Pìrisma 5 eÐnai grammikopoÐhsh tou poluwnu-
mikoÔ pÐnaka P (λ).

114



Mèjodoc Metajèsewn Teqnikèc GrammikopoÐhshc Poluwnumik¸n Pin�kwn

Sth sunèqeia ja broÔme th Smith morf  tou prwtob�jmiou poluwnumi-
koÔ pÐnaka R(λ).
H Smith morf  tou prwtob�jmiou poluwnumikoÔ pÐnaka R(λ) ja eÐnai

SC
R(λ)(λ) =


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 λ3 − 3

4
λ2 + 1

4
λ− 1

2

 .

O duðkìc tou poluwnumikoÔ pÐnaka R(λ) eÐnai

revR(λ) =


−λ 0 2 4
0 −λ 1 2
1 0 λ+ 1 2λ
0 1 λ 1

 .

'Etsi, h Smith morf  tou poluwnumikoÔ pÐnaka revR(λ) sto 0 ja eÐnai

S0
revR(λ)(λ) =


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 λ

 .

Epomènwc eÐnai fanerì apì th morf  twn Smith morf¸n, ìti o poluw-
numikìc pÐnakac P (λ) kai o prwtob�jmioc poluwnumikìc pÐnakac R(λ)
èqoun touc Ðdiouc peperasmènouc kai �peirouc stoiqei¸deic diairètec.
Shmei¸noume, tèloc, ìti an�loga sumper�smata isqÔoun kai gia ton prw-
tob�jmio poluwnumikì pÐnaka R′(λ) = λT−1

1 T0 − T2

• Par�deigma 3

JewroÔme ton poluwnumikì pÐnaka

P (λ) =

[
1 λ2 − 1

λ− 2 λ3 − λ

]
=

[
0 0
0 1

]
λ3 +

[
0 1
0 0

]
λ2 +

[
0 0
1 −1

]
λ+

[
1 −1
−2 0

]
= λ3A3 + λ2A2 + λA1 + A0.

Shmei¸noume ìti o megistob�jmioc pÐnakac suntelest c A3 tou poluw-
numikoÔ pÐnaka P (λ) eÐnai idi�zwn, diìti det(A3) = 0. Autì shmaÐnei ìti o
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poluwnumikìc pÐnakac P (λ) ja èqei peperasmèna kai �peira mhdenik� kai
peperasmènouc kai �peirouc stoiqei¸deic diairètec. SÔmfwna me to [28]
sto opoÐo apodeiknÔetai ìti prwtob�jmioc poluwnumikìc pÐnakac Q(λ)
eÐnai isqur  grammikopoÐhsh tou poluwnumikoÔ pÐnaka P (λ), o prwto-
b�jmioc poluwnumikìc pÐnakac Q(λ) ja èqei touc Ðdiouc peperasmènouc
kai �peirouc stoiqei¸deic diairètec (sÔmfwna me to L mma 1 tou Kefa-
laiou 1).

Pr�gmati, h Smith morf  tou poluwnumikoÔ pÐnaka P (λ) ja eÐnai

SC
P (λ)(λ) =

[
1 0
0 λ2−

]
.

O duðkìc tou poluwnumikoÔ pÐnaka P (λ) eÐnai

revP (λ) =

[
1 −1
−2 0

]
λ3 +

[
0 0
1 −1

]
λ2 +

[
0 1
0 0

]
λ+

[
0 0
0 1

]
=

[
λ3 −λ3 + λ

−2λ3 + λ2 −λ2 + 1

]
.

'Etsi, h Smith morf  tou poluwnumikoÔ pÐnaka revP (λ) sto 0 ja eÐnai

S0
revP (λ)(λ) =

[
1 0
0 λ4

]
.

Ja broÔme t¸ra ton pÐnaka Q(λ) o opoÐoc apoteleÐ grammikopoÐhsh tou
poluwnumikoÔ pÐnaka P (λ), qrhsimopoi¸ntac th mèjodo twn metajèse-
wn.
SÔmfwna me to Je¸rhma 9 o pÐnakac Q(λ) = λT0 − T1T2T3 apoteleÐ
grammikopoÐhsh tou poluwnumikoÔ pÐnaka P (λ).
Epomènwc èqoume

Q(λ) = λT0 − T1T2T3

= λ

A3 0 0
0 I2 0
0 0 I2

−

−A2 I2 0
I2 0 0
0 0 I2

I2 0 0
0 −A1 I2
0 I2 0

I2 0 0
0 I2 0
0 0 −A0



= λ


0 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

−

0 −1 1 0 0 0
0 0 0 1 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 0 0 1 0
0 0 0 0 0 1




1 0 0 0 0 0
0 1 0 0 0 0
0 0 0 0 1 0
0 0 −1 1 0 1
0 0 1 0 0 0
0 0 0 1 0 0




1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 −1 1
0 0 0 0 2 0
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= λ


0 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

−


0 −1 0 0 1 0
0 0 −1 1 0 1
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0




1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 −1 1
0 0 0 0 2 0



= λ


0 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

−


0 −1 0 0 −1 1
0 0 −1 1 2 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0



=


0 1 0 0 1 −1
0 λ 1 −1 −2 0
−1 0 λ 0 0 0
0 −1 0 λ 0 0
0 0 −1 0 λ 0
0 0 0 −1 0 λ


'Etsi o poluwnumikìc pÐnakac

Q(λ) =


0 1 0 0 1 −1
0 λ 1 −1 −2 0
−1 0 λ 0 0 0
0 −1 0 λ 0 0
0 0 −1 0 λ 0
0 0 0 −1 0 λ


eÐnai grammikopoÐhsh tou poluwnumikoÔ pÐnaka P (λ).

Sth sunèqeia ja broÔme th Smith morf  tou prwtob�jmiou poluwnumi-
koÔ pÐnaka Q(λ).
H Smith morf  tou prwtob�jmiou poluwnumikoÔ pÐnaka Q(λ) ja eÐnai

SC
Q(λ)(λ) =


1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 λ2 − 1

 .
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O duðkìc tou poluwnumikoÔ pÐnaka Q(λ) eÐnai

revQ(λ) =


0 λ 0 0 λ −λ
0 1 λ −λ −2λ 0
−λ 0 1 0 0 0
0 −λ 0 1 0 0
0 0 −λ 0 1 0
0 0 0 −λ 0 1

 .

'Etsi, h Smith morf  tou poluwnumikoÔ pÐnaka revQ(λ) sto 0 ja eÐnai

S0
revQ(λ)(λ) =


1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 λ4

 .

Epomènwc eÐnai fanerì apì th morf  twn Smith morf¸n, ìti o poluw-
numikìc pÐnakac P (λ) kai o prwtob�jmioc poluwnumikìc pÐnakac Q(λ)
èqoun ta Ðdia peperasmèna mhdenik� kai touc peperasmènouc kai �peirouc
stoiqei¸deic diairètec.
Shmei¸noume ìti Ðdia sumper�smata prokÔptoun kai gia touc pÐnakec
Q1(λ) = λT0 − T1T3T2 , Q2(λ) = λT0 − T2T1T3 , Q3(λ) = λT0 − T3T1T2

, Q4(λ) = λT0 − T2T3T1 ,Q5(λ) = λT0 − T3T2T1 .

'Opwc kai prohgoumènwc ja qrhsimopoi soume to Pìrisma 5 kai ja
broÔme dÔo akìma grammikopoi seic stic opoÐec oi pÐnakec A2 kai A3

ja <<metaferjoÔn>> apì to stajerì ìro pou brÐskontai t¸ra ston prw-
tob�jmio ìro.
'Eqoume loipìn,

R1(λ) = λT0T
−1
1 − T2T3

= λ

A3 0 0
0 I2 0
0 0 I2

 0 I2 0
I2 A2 0
0 0 I2

−

I2 0 0
0 −A1 I2
0 I2 0

I2 0 0
0 I2 0
0 0 −A0



= λ


0 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1




0 0 1 0 0 0
0 0 0 1 0 0
1 0 0 1 0 0
0 1 0 0 0 0
0 0 0 0 1 0
0 0 0 0 0 1

−

1 0 0 0 0 0
0 1 0 0 0 0
0 0 0 0 1 0
0 0 −1 1 0 1
0 0 1 0 0 0
0 0 0 1 0 0




1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 −1 1
0 0 0 0 2 0
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= λ


0 0 0 0 0 0
0 0 0 1 0 0
1 0 0 1 0 0
0 1 0 0 0 0
0 0 0 0 1 0
0 0 0 0 0 1

−


1 0 0 0 0 0
0 1 0 0 0 0
0 0 0 0 −1 1
0 0 −1 1 2 0
0 0 1 0 0 0
0 0 0 1 0 0



=


−1 0 0 0 0 0
0 −1 0 λ 0 0
λ 0 0 λ 1 −1
0 λ 1 −1 −2 0
0 0 −1 0 λ 0
0 0 0 −1 0 λ


Sth sunèqeia ja broÔme th Smith morf  tou prwtob�jmiou poluwnumi-
koÔ pÐnaka R1(λ).
H Smith morf  tou prwtob�jmiou poluwnumikoÔ pÐnaka R1(λ) ja eÐnai

SC
R1(λ)

(λ) =


1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 λ2 − 1

 .

O duðkìc tou poluwnumikoÔ pÐnaka R1(λ) eÐnai

revR1(λ) =


−λ 0 0 0 0 0
0 −λ 0 1 0 0
1 0 0 1 λ −λ
0 1 λ −λ −2λ 0
0 0 −λ 0 1 0
0 0 0 −λ 0 1

 .

'Etsi, h Smith morf  tou poluwnumikoÔ pÐnaka revR1(λ) sto 0 ja eÐnai

S0
revR1(λ)

(λ) =


1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 λ4

 .
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Epomènwc eÐnai fanerì apì th morf  twn Smith morf¸n, ìti o poluw-
numikìc pÐnakac P (λ) kai o prwtob�jmioc poluwnumikìc pÐnakac R1(λ)
èqoun ta Ðdia peperasmèna mhdenik� kai touc peperasmènouc kai �peirouc
stoiqei¸deic diairètec.

T¸ra ja boÔme kai th deÔterh morf  grammikopoÐhshc R2(λ).

R2(λ) = λT−1
2 T0T

−1
1 − T3

= λ

I2 0 0
0 0 I2
0 I2 A1

A3 0 0
0 I2 0
0 0 I2

 0 I2 0
I2 A2 0
0 0 I2

−

I2 0 0
0 I2 0
0 0 −A0



= λ


1 0 0 0 0 0
0 1 0 0 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 1 0 0 0
0 0 0 1 1 −1




0 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1




0 0 1 0 0 0
0 0 0 1 0 0
1 0 0 1 0 0
0 1 0 0 0 0
0 0 0 0 1 0
0 0 0 0 0 1

−

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 −1 1
0 0 0 0 2 0



= λ


0 0 0 0 0 0
0 1 0 0 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 1 0 0 0
0 0 0 1 1 −1




0 0 1 0 0 0
0 0 0 1 0 0
1 0 0 1 0 0
0 1 0 0 0 0
0 0 0 0 1 0
0 0 0 0 0 1

−

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 −1 1
0 0 0 0 2 0



= λ


0 0 0 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
1 0 0 1 0 0
0 1 0 0 1 −1

−


1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 −1 1
0 0 0 0 2 0



=


−1 0 0 0 0 0
0 −1 0 λ 0 0
0 0 −1 0 λ 0
0 0 0 −1 0 λ
λ 0 0 λ 1 −1
0 λ 0 0 λ− 2 −λ


'Etsi o prwtob�jmioc poluwnumikìc pÐnakac R2(λ) eÐnai grammikopoi sh
tou poluwnumikoÔ pÐnaka P (λ).
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Sth sunèqeia ja broÔme th Smith morf  tou prwtob�jmiou poluwnumi-
koÔ pÐnaka R2(λ).
H Smith morf  tou prwtob�jmiou poluwnumikoÔ pÐnaka R2(λ) ja eÐnai

SC
R2(λ)

(λ) =


1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 λ2 − 1

 .

O duðkìc tou poluwnumikoÔ pÐnaka R2(λ) eÐnai

revR2(λ) =


−λ 0 0 0 0 0
0 −λ 0 1 0 0
0 0 −λ 0 1 0
0 0 0 −λ 0 1
1 0 0 1 λ −λ
0 1 0 0 1− 2λ −1

 .

'Etsi, h Smith morf  tou poluwnumikoÔ pÐnaka revR2(λ) sto 0 ja eÐnai

S0
revR2(λ)

(λ) =


1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 λ4

 .

Epomènwc eÐnai fanerì apì th morf  twn Smith morf¸n, ìti o poluw-
numikìc pÐnakac P (λ) kai o prwtob�jmioc poluwnumikìc pÐnakac R2(λ)
èqoun ta Ðdia peperasmèna mhdenik� kai touc peperasmènouc kai �peirouc
stoiqei¸deic diairètec.
EÐnai fanerì ìti Ðdia sumper�smata isqÔoun kai gia touc pÐnakec R′

1(λ) =
λT0T

−1
1 − T3T2, R′′

1(λ) = λT−1
1 T0 − T2T3, R′′′

1 (λ) = λT−1
1 T0 − T3T2,

R2,1(λ) = λT−1
1 T0T

−1
2 − T3, R2,2(λ) = λT−1

1 T−1
2 T0 − T3, R2,3(λ) =

λT−1
2 T−1

1 T0 − T3, R2,4(λ) = λT0T
−1
2 T−1

1 − T3, R2,5(λ) = λT0T
−1
1 T−1

2 −
T3.
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• Par�deigma 4

JewroÔme ton poluwnumikì pÐnaka

P (λ) =

[
λ3 + λ2 + 1 λ

0 λ3 + 1

]
=

[
1 0
0 1

]
λ3 +

[
1 0
0 0

]
λ2 +

[
0 1
0 0

]
λ+

[
1 0
0 1

]
= λ3A3 + λ2A2 + λA1 + A0.

Ja broÔme t¸ra ton pÐnaka Q(λ) o opoÐoc apoteleÐ grammikopoÐhsh tou
poluwnumikoÔ pÐnaka P (λ), qrhsimopoi¸ntac th mèjodo twn metajèse-
wn.
SÔmfwna me to Je¸rhma 9 o pÐnakac Q(λ) = λT0 − T1T2T3 apoteleÐ
grammikopoÐhsh tou poluwnumikoÔ pÐnaka P (λ).
Epomènwc èqoume

Q(λ) = λT0 − T1T2T3

= λ

A3 0 0
0 I2 0
0 0 I2

−

−A2 I2 0
I2 0 0
0 0 I2

I2 0 0
0 −A1 I2
0 I2 0

I2 0 0
0 I2 0
0 0 −A0



= λ


1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

−

−1 0 1 0 0 0
0 0 0 1 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 0 0 1 0
0 0 0 0 0 1




1 0 0 0 0 0
0 1 0 0 0 0
0 0 0 −1 1 0
0 0 0 0 0 1
0 0 1 0 0 0
0 0 0 1 0 0

 ·

·


1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 −1 0
0 0 0 0 0 −1

 =

= λ


1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

−

−1 0 0 −1 1 0
0 0 0 0 0 1
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0




1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 −1 0
0 0 0 0 0 −1
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= λ


1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

−


−1 0 0 −1 −1 0
0 0 0 0 0 −1
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0



=


λ+ 1 0 0 1 1 0
0 λ 0 0 0 1
−1 0 λ 0 0 0
0 −1 0 λ 0 0
0 0 −1 0 λ 0
0 0 0 −1 0 λ


'Etsi o poluwnumikìc pÐnakac

Q(λ) =


λ+ 1 0 0 1 1 0
0 λ 0 0 0 1
−1 0 λ 0 0 0
0 −1 0 λ 0 0
0 0 −1 0 λ 0
0 0 0 −1 0 λ



eÐnai grammikopoÐhsh tou poluwnumikoÔ pÐnaka P (λ).

ParathroÔme akìmh ìti o megistob�jmioc pÐnakac suntelast c A3 eÐnai
kanonikìc dhlad  det(A3) = 1 ̸= 0. Epomènwc o poluwnumikìc pÐnakac
P (λ) èqei mìno peperasmèna mhdenik� kai peperasmènouc stoiqei¸deic
diairètec. Efìson deÐxame ìti o prwtob�jmioc poluwnumikìc pÐnakac
Q(λ) eÐnai grammikopoÐhsh tou poluwnumikoÔ pÐnaka P (λ) sÔmfwna me
to L mma 1 tou KefalaÐou 1, ja èqei ta Ðdia mhdenik� kai stoiqei¸deic
diairètec me ton poluwnumikì pÐnaka P (λ).
Pr�gmati, h Smith morf  tou poluwnumikoÔ pÐnaka P (λ) eÐnai

SC
P (λ)(λ) =

[
1 0
0 λ6 + λ5 + 2λ3 + λ2 + 1

]
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H Smith morf  tou prwtob�jmiou poluwnumikoÔ pÐnaka Q(λ) eÐnai

SC
Q(λ)(λ) =


1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 λ6 + λ5 + 2λ3 + λ2 + 1

 .

Apì th morf  twn Smith morf¸n twn poluwnumik¸n pin�kwn P (λ) kai
Q(λ) eÐnai fanerì ìti o prwtob�jmioc poluwnumikìc pÐnakac Q(λ) èqei
ta Ðdia peperasmèna mhdenik� kai touc Ðdiouc peperasmènouc stoiqei¸deic
diairètec me ton poluwnumikì pÐnaka P (λ).
Ta Ðdia sumper�smata prokÔptoun kai gia touc pÐnakec Q1(λ) = λT0 −
T1T3T2 , Q2(λ) = λT0 − T2T1T3 , Q3(λ) = λT0 − T3T1T2 , Q4(λ) =
λT0 − T2T3T1 ,Q5(λ) = λT0 − T3T2T1 .
'Opwc kai prohgoumènwc ja qrhsimopoi soume to Pìrisma 5 kai ja broÔ-
me dÔo akìma grammikopoi seic stic opoÐec oi pÐnakec A2 kai A3 ja <<me-
taferjoÔn>> apì to stajerì ìro pou brÐskontai t¸ra ston prwtob�jmio
ìro.
'Eqoume loipìn,

R1(λ) = λT0T
−1
1 − T2T3

= λ

A3 0 0
0 I2 0
0 0 I2

 0 I2 0
I2 A2 0
0 0 I2

−

I2 0 0
0 −A1 I2
0 I2 0

I2 0 0
0 I2 0
0 0 −A0



= λ


1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1




0 0 1 0 0 0
0 0 0 1 0 0
1 0 1 0 0 0
0 1 0 0 0 0
0 0 0 0 1 0
0 0 0 0 0 1



−


1 0 0 0 0 0
0 1 0 0 0 0
0 0 0 −1 1 0
0 0 0 0 0 1
0 0 1 0 0 0
0 0 0 1 0 0




1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 −1 0
0 0 0 0 0 −1
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= λ


0 0 1 0 0 0
0 0 0 1 0 0
1 0 1 0 0 0
0 1 0 0 0 0
0 0 0 0 1 0
0 0 0 0 0 1

−


1 0 0 0 0 0
0 1 0 0 0 0
0 0 0 −1 −1 0
0 0 0 0 0 −1
0 0 1 0 0 0
0 0 0 1 0 0



=


−1 0 λ 0 0 0
0 −1 0 λ 0 0
λ 0 λ 1 1 0
0 λ 0 0 0 1
0 0 −1 0 λ 0
0 0 0 −1 0 λ


kai

R2(λ) = λT−1
2 T0T

−1
1 − T3

= λ

I2 0 0
0 0 I2
0 I2 A1

A3 0 0
0 I2 0
0 0 I2

 0 I2 0
I2 A2 0
0 0 I2

−

I2 0 0
0 I2 0
0 0 −A0



= λ


1 0 0 0 0 0
0 1 0 0 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 1 0 0 1
0 0 0 1 0 0




1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1




0 0 1 0 0 0
0 0 0 1 0 0
1 0 1 0 0 0
0 1 0 0 0 0
0 0 0 0 1 0
0 0 0 0 0 1

−

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 −1 0
0 0 0 0 0 −1



= λ


1 0 0 0 0 0
0 1 0 0 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 1 0 0 1
0 0 0 1 0 0




0 0 1 0 0 0
0 0 0 1 0 0
1 0 1 0 0 0
0 1 0 0 0 0
0 0 0 0 1 0
0 0 0 0 0 1

−

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 −1 0
0 0 0 0 0 −1



= λ


0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
1 0 1 0 0 1
0 1 0 0 0 0

−


1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 −1 0
0 0 0 0 0 −1
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=


−1 0 λ 0 0 0
0 −1 0 λ 0 0
0 0 −1 0 λ 0
0 0 0 −1 0 λ
λ 0 λ 0 1 λ
0 λ 0 0 0 1


'Etsi oi prwtob�jmioi poluwnumikoÐ pÐnakec R1(λ) kai R2(λ) eÐnai gram-
mikopoi seic tou poluwnumikoÔ pÐnaka P (λ).

H Smith morf  twn prwtob�jmiwn poluwnumik¸n pin�kwn R1(λ) kai
R2(λ) eÐnai

SC
R1(λ)

(λ) =


1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 λ6 + λ5 + 2λ3 + λ2 + 1

 = SC
R2(λ)

(λ).

Apì th morf  twn Smith morf¸n twn poluwnumik¸n pin�kwn P (λ),
Q(λ), R1(λ) kai R2(λ) eÐnai fanerì ìti oi prwtob�jmioi poluwnumikoÐ
pÐnakec Q(λ), R1(λ) kai R2(λ) èqoun ta Ðdia peperasmèna mhdenik� kai
touc Ðdiouc peperasmènouc stoiqei¸deic diairètec me ton poluwnumikì pÐ-
naka P (λ).
EÐnai fanerì ìti Ðdia sumper�smata isqÔoun kai gia touc pÐnakec R′

1(λ) =
λT0T

−1
1 − T3T2, R′′

1(λ) = λT−1
1 T0 − T2T3, R′′′

1 (λ) = λT−1
1 T0 − T3T2,

R2,1(λ) = λT−1
1 T0T

−1
2 − T3, R2,2(λ) = λT−1

1 T−1
2 T0 − T3, R2,3(λ) =

λT−1
2 T−1

1 T0−T3, R2,4(λ) = λT0T
−1
2 T−1

1 −T3, R2,5(λ) = λT0T
−1
1 T−1

2 −T3.

• Par�deigma 5

JewroÔme ton poluwnumikì pÐnaka

P (λ) =

[
2λ3 + λ2 + 1 4λ3 + λ

λ3 2λ3 + 1

]
=

[
2 4
1 2

]
λ3 +

[
1 0
0 0

]
λ2 +

[
0 1
0 0

]
λ+

[
1 0
0 1

]
= λ3A3 + λ2A2 + λA1 + A0.
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Shmei¸noume ìti o megistob�jmioc pÐnakac suntelest c A3 tou poluw-
numikoÔ pÐnaka P (λ) eÐnai idi�zwn, diìti det(A3) = 0. Autì shmaÐnei ìti o
poluwnumikìc pÐnakac P (λ) ja èqei peperasmèna kai �peira mhdenik� kai
peperasmènouc kai �peirouc stoiqei¸deic diairètec. SÔmfwna me to [28]
sto opoÐo apodeiknÔetai ìti prwtob�jmioc poluwnumikìc pÐnakac Q(λ)
eÐnai isqur  grammikopoÐhsh tou poluwnumikoÔ pÐnaka P (λ), o prwto-
b�jmioc poluwnumikìc pÐnakac Q(λ) ja èqei touc Ðdiouc peperasmènouc
kai �peirouc stoiqei¸deic diairètec (sÔmfwna me to L mma 1 tou Kefa-
laiou 1).

Pr�gmati, h Smith morf  tou poluwnumikoÔ pÐnaka P (λ) ja eÐnai

SC
P (λ)(λ) =

[
1 0
0 λ5 − 1

2
λ4 + 2λ3 + 1

2
λ2 + 1

2

]
.

O duðkìc tou poluwnumikoÔ pÐnaka P (λ) eÐnai

revP (λ) =

[
1 0
0 1

]
λ3 +

[
0 1
0 0

]
λ2 +

[
1 0
0 0

]
λ+

[
2 4
1 2

]
=

[
λ3 + λ+ 2 λ2 + 4

1 λ3 + 2

]
.

'Etsi, h Smith morf  tou poluwnumikoÔ pÐnaka revP (λ) sto 0 ja eÐnai

S0
revP (λ)(λ) =

[
1 0
0 λ

]
.

Ja broÔme t¸ra ton pÐnaka Q(λ) o opoÐoc apoteleÐ grammikopoÐhsh tou
poluwnumikoÔ pÐnaka P (λ), qrhsimopoi¸ntac th mèjodo twn metajèse-
wn.
SÔmfwna me to Je¸rhma 9 o pÐnakac Q(λ) = λT0 − T1T2T3 apoteleÐ
grammikopoÐhsh tou poluwnumikoÔ pÐnaka P (λ).
Epomènwc èqoume

Q(λ) = λT0 − T1T2T3

= λ

A3 0 0
0 I2 0
0 0 I2

−

−A2 I2 0
I2 0 0
0 0 I2

I2 0 0
0 −A1 I2
0 I2 0

I2 0 0
0 I2 0
0 0 −A0
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= λ


2 4 0 0 0 0
1 2 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

−


−1 0 −1 0 0 0
0 0 0 1 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 0 0 1 0
0 0 0 0 0 1

 ·

·


1 0 0 0 0 0
0 1 0 0 0 0
0 0 0 −1 1 0
0 0 0 0 0 1
0 0 1 0 0 0
0 0 0 1 0 0




1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 −1 0
0 0 0 0 0 −1



= λ


2 4 0 0 0 0
1 2 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

−

−1 0 0 −1 1 0
0 0 0 0 0 1
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0




1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 −1 0
0 0 0 0 0 −1



= λ


2 4 0 0 0 0
1 2 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

−


−1 0 0 −1 −1 0
0 0 0 0 0 −1
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0



=


2λ+ 1 4λ 0 1 1 0

λ 2λ 0 0 0 1
−1 0 λ 0 0 0
0 −1 0 λ 0 0
0 0 −1 0 λ 0
0 0 0 −1 0 λ


'Etsi o poluwnumikìc pÐnakac

Q(λ) =


2λ+ 1 4λ 0 1 1 0

λ 2λ 0 0 0 1
−1 0 λ 0 0 0
0 −1 0 λ 0 0
0 0 −1 0 λ 0
0 0 0 −1 0 λ
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eÐnai grammikopoÐhsh tou poluwnumikoÔ pÐnaka P (λ).

Sth sunèqeia ja broÔme th Smith morf  tou prwtob�jmiou poluwnumi-
koÔ pÐnaka Q(λ).
H Smith morf  tou prwtob�jmiou poluwnumikoÔ pÐnaka Q(λ) ja eÐnai

SC
Q(λ)(λ) =


1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 λ5 − 1

2
λ4 + 2λ3 + 1

2
λ2 + 1

2

 .

O duðkìc tou poluwnumikoÔ pÐnaka Q(λ) eÐnai

revQ(λ) =


λ+ 2 4 0 λ λ 0
1 2 0 0 0 λ
−λ 0 1 0 0 0
0 −λ 0 1 0 0
0 0 −λ 0 1 0
0 0 0 −λ 0 1

 .

'Etsi, h Smith morf  tou poluwnumikoÔ pÐnaka revQ(λ) sto 0 ja eÐnai

S0
revQ(λ)(λ) =


1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 λ

 .

Epomènwc eÐnai fanerì apì th morf  twn Smith morf¸n, ìti o poluw-
numikìc pÐnakac P (λ) kai o prwtob�jmioc poluwnumikìc pÐnakac Q(λ)
èqoun ta Ðdia peperasmèna mhdenik� kai touc Ðdiouc peperasmènouc kai
�peirouc stoiqei¸deic diairètec.
Shmei¸noume ìti Ðdia sumper�smata prokÔptoun kai gia touc pÐnakec
Q1(λ) = λT0 − T1T3T2 , Q2(λ) = λT0 − T2T1T3 , Q3(λ) = λT0 − T3T1T2

, Q4(λ) = λT0 − T2T3T1 ,Q5(λ) = λT0 − T3T2T1 .

'Opwc kai prohgoumènwc ja qrhsimopoi soume to Pìrisma 5 kai ja
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broÔme dÔo akìma grammikopoi seic stic opoÐec oi pÐnakec A2 kai A3

ja <<metaferjoÔn>> apì to stajerì ìro pou brÐskontai t¸ra ston prw-
tob�jmio ìro.
'Eqoume loipìn,

R1(λ) = λT0T
−1
1 − T2T3

= λ

A3 0 0
0 I2 0
0 0 I2

 0 I2 0
I2 A2 0
0 0 I2

−

I2 0 0
0 −A1 I2
0 I2 0

I2 0 0
0 I2 0
0 0 −A0



= λ


2 4 0 0 0 0
1 2 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1




0 0 1 0 0 0
0 0 0 1 0 0
1 0 1 0 0 0
0 1 0 0 0 0
0 0 0 0 1 0
0 0 0 0 0 1

−

−


1 0 0 0 0 0
0 1 0 0 0 0
0 0 0 −1 1 0
0 0 0 0 0 1
0 0 1 0 0 0
0 0 0 1 0 0




1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 −1 0
0 0 0 0 0 −1



= λ


0 0 2 4 0 0
0 0 1 2 0 0
1 0 1 0 0 0
0 1 0 0 0 0
0 0 0 0 1 0
0 0 0 0 0 1

−


1 0 0 0 0 0
0 1 0 0 0 0
0 0 0 −1 −1 0
0 0 0 0 0 −1
0 0 1 0 0 0
0 0 0 1 0 0



=


−1 0 2λ 4λ 0 0
0 −1 λ 2λ 0 0
λ 0 λ 1 1 0
0 λ 0 0 0 1
0 0 −1 0 λ 0
0 0 0 −1 0 λ


'Etsi o prwtob�jmioc poluwnumikìc pÐnakac R1(λ) eÐnai grammikopoi sh
tou poluwnumikoÔ pÐnaka P (λ).
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Sth sunèqeia ja broÔme th Smith morf  tou prwtob�jmiou poluwnumi-
koÔ pÐnaka R1(λ).
H Smith morf  tou prwtob�jmiou poluwnumikoÔ pÐnaka R1(λ) ja eÐnai

SC
R1(λ)

(λ) =


1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 λ5 − 1

2
λ4 + 2λ3 + 1

2
λ2 + 1

2

 .

O duðkìc tou poluwnumikoÔ pÐnaka R1(λ) eÐnai

revR1(λ) =


−λ 0 2 4 0 0
0 −λ 1 2 0 0
1 0 1 λ λ 0
0 1 0 0 0 λ
0 0 −λ 0 1 0
0 0 0 −λ 0 1

 .

'Etsi, h Smith morf  tou poluwnumikoÔ pÐnaka revR1(λ) sto 0 ja eÐnai

S0
revR1(λ)

(λ) =


1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 λ

 .

Epomènwc eÐnai fanerì apì th morf  twn Smith morf¸n, ìti o poluw-
numikìc pÐnakac P (λ) kai o prwtob�jmioc poluwnumikìc pÐnakac R1(λ)
èqoun ta Ðdia peperasmèna mhdenik� kai touc Ðdiouc peperasmènouc kai
�peirouc stoiqei¸deic diairètec.

Tèloc, ja broÔme kai th deÔterh morf  grammikopoÐhshc.

R2(λ) = λT−1
2 T0T

−1
1 − T3

= λ

I2 0 0
0 0 I2
0 I2 A1

A3 0 0
0 I2 0
0 0 I2

 0 I2 0
I2 A2 0
0 0 I2

−

I2 0 0
0 I2 0
0 0 −A0
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= λ


1 0 0 0 0 0
0 1 0 0 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 1 0 0 1
0 0 0 1 0 0




2 4 0 0 0 0
1 2 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1




0 0 1 0 0 0
0 0 0 1 0 0
1 0 1 0 0 0
0 1 0 0 0 0
0 0 0 0 1 0
0 0 0 0 0 1

−

−


1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 −1 0
0 0 0 0 0 −1

 =

= λ


2 4 0 0 0 0
1 2 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 0 1
0 0 0 0 0 0




0 0 1 0 0 0
0 0 0 1 0 0
1 0 1 0 0 0
0 1 0 0 0 0
0 0 0 0 1 0
0 0 0 0 0 1

−

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 −1 0
0 0 0 0 0 −1



= λ


0 0 2 4 0 0
0 0 1 2 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 1
0 1 0 0 0 0

−


1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 −1 0
0 0 0 0 0 −1



=


−1 0 2λ 4λ 0 0
0 −1 λ 2λ 0 0
0 0 −1 0 λ 0
0 0 0 −1 0 λ
λ 0 λ 0 1 λ
0 λ 0 0 0 1


'Etsi o prwtob�jmioc poluwnumikìc pÐnakac R2(λ) eÐnai grammikopoi sh
tou poluwnumikoÔ pÐnaka P (λ).

Sth sunèqeia ja broÔme th Smith morf  tou prwtob�jmiou poluwnumi-
koÔ pÐnaka R2(λ).
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H Smith morf  tou prwtob�jmiou poluwnumikoÔ pÐnaka R2(λ) ja eÐnai

SC
R2(λ)

(λ) =


1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 λ5 − 1

2
λ4 + 2λ3 + 1

2
λ2 + 1

2

 .

O duðkìc tou poluwnumikoÔ pÐnaka R2(λ) eÐnai

revR2(λ) =


−λ 0 2 4 0 0
0 −λ 1 2 0 0
0 0 −λ 0 1 0
0 0 0 −λ 0 1
1 0 1 0 λ 1
0 1 0 0 0 λ

 .

'Etsi, h Smith morf  tou poluwnumikoÔ pÐnaka revR2(λ) sto 0 ja eÐnai

S0
revR2(λ)

(λ) =


1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 λ

 .

Epomènwc eÐnai fanerì apì th morf  twn Smith morf¸n, ìti o poluw-
numikìc pÐnakac P (λ) kai o prwtob�jmioc poluwnumikìc pÐnakac R2(λ)
èqoun ta Ðdia peperasmèna mhdenik� kai touc Ðdiouc peperasmènouc kai
�peirouc stoiqei¸deic diairètec.
EÐnai fanerì ìti Ðdia sumper�smata isqÔoun kai gia touc pÐnakec R′

1(λ) =
λT0T

−1
1 − T3T2, R′′

1(λ) = λT−1
1 T0 − T2T3, R′′′

1 (λ) = λT−1
1 T0 − T3T2,

R2,1(λ) = λT−1
1 T0T

−1
2 − T3, R2,2(λ) = λT−1

1 T−1
2 T0 − T3, R2,3(λ) =

λT−1
2 T−1

1 T0−T3, R2,4(λ) = λT0T
−1
2 T−1

1 −T3, R2,5(λ) = λT0T
−1
1 T−1

2 −T3.
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• Par�deigma 6

JewroÔme ton poluwnumikì pÐnaka

P (λ) = λ4A+ λ3B + λ2C + λD + E

= λ4A4 + λ3A3 + λ2A2 + λA1 + A0,

o opoÐoc upojètoume ìti eÐnai kanonikìc. Ja broÔme t¸ra ton pÐnaka
Q(λ) o opoÐoc apoteleÐ grammikopoÐhsh tou poluwnumikoÔ pÐnaka P (λ),
qrhsimopoi¸ntac th mèjodo twn metajèsewn.
SÔmfwna me to Je¸rhma 9 o pÐnakac Q(λ) = λT0 − T1T2T3T4 apoteleÐ
grammikopoÐhsh tou poluwnumikoÔ pÐnaka P (λ).
Epomènwc èqoume

Q(λ) = λT0 − T1T2T3T4

= λ


A4 0 0 0
0 I 0 0
0 0 I 0
0 0 0 I

−


−A3 I 0 0
I 0 0 0
0 0 I 0
0 0 0 I



I 0 0 0
0 −A2 I 0
0 I 0 0
0 0 0 I

 ·

·


I 0 0 0
0 I 0 0
0 0 −A1 I
0 0 I 0



I 0 0 0
0 I 0 0
0 0 I 0
0 0 0 −A0

 =

= λ


A 0 0 0
0 I 0 0
0 0 I 0
0 0 0 I

−

−B I 0 0
I 0 0 0
0 0 I 0
0 0 0 I



I 0 0 0
0 −C I 0
0 I 0 0
0 0 0 I



I 0 0 0
0 I 0 0
0 0 −D I
0 0 I 0



I 0 0 0
0 I 0 0
0 0 I 0
0 0 0 −E



= λ


A 0 0 0
0 I 0 0
0 0 I 0
0 0 0 I

−


−B −C I 0
I 0 0 0
0 I 0 0
0 0 0 I



I 0 0 0
0 I 0 0
0 0 −D −E
0 0 I 0
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= λ


A 0 0 0
0 I 0 0
0 0 I 0
0 0 0 I

−


−B −C −D −E
I 0 0 0
0 I 0 0
0 0 I 0



'Etsi o poluwnumikìc pÐnakac Q(λ) eÐnai grammikopoÐhsh tou poluw-
numikoÔ pÐnaka P (λ).

Sth sunèqeia ja qrhsimopoi soume kai p�li to Pìrisma 5 kai ja broÔme
treÐc akìma grammikopoi seic stic opoÐec oi pÐnakec B, C kai D ja <<
metaferjoÔn >> kai p�li apì to stajerì ìro ston prwtob�jmio ìro.
'Eqoume loipìn,

R1(λ) = λT0T
−1
1 − T2T3T4

= λ


A4 0 0 0
0 I 0 0
0 0 I 0
0 0 0 I



0 I 0 0
I A3 0 0
0 0 I 0
0 0 0 I

−

I 0 0 0
0 −A2 I 0
0 I 0 0
0 0 0 I



I 0 0 0
0 I 0 0
0 0 −A1 I
0 0 I 0



I 0 0 0
0 I 0 0
0 0 I 0
0 0 0 −A0



= λ


A 0 0 0
0 I 0 0
0 0 I 0
0 0 0 I



0 I 0 0
I B 0 0
0 0 I 0
0 0 0 I

−

I 0 0 0
0 −C I 0
0 I 0 0
0 0 0 I



I 0 0 0
0 I 0 0
0 0 −D I
0 0 I 0



I 0 0 0
0 I 0 0
0 0 I 0
0 0 0 −E



= λ


A 0 0 0
I B 0 0
0 0 I 0
0 0 0 I

−


I 0 0 0
0 −C −D I
0 I 0 0
0 0 I 0



I 0 0 0
0 I 0 0
0 0 I 0
0 0 0 −E
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= λ


A 0 0 0
I B 0 0
0 0 I 0
0 0 0 I

−


I 0 0 0
0 −C −D −E
0 I 0 0
0 0 I 0



epÐshc,

R2(λ) = λT−1
2 T0T

−1
1 − T3T4

= λ


I 0 0 0
0 0 I 0
0 I A2 0
0 0 0 I



A4 0 0 0
0 I 0 0
0 0 I 0
0 0 0 I



0 I 0 0
I A3 0 0
0 0 I 0
0 0 0 I

−

−


I 0 0 0
0 I 0 0
0 0 −A1 I
0 0 I 0



I 0 0 0
0 I 0 0
0 0 I 0
0 0 0 −A0

 =

= λ


I 0 0 0
0 0 I 0
0 I C 0
0 0 0 I



A 0 0 0
0 I 0 0
0 0 I 0
0 0 0 I



0 I 0 0
I B 0 0
0 0 I 0
0 0 0 I

−

I 0 0 0
0 I 0 0
0 0 −D I
0 0 I 0



I 0 0 0
0 I 0 0
0 0 I 0
0 0 0 −E



= λ


A 0 0 0
0 0 I 0
0 I C 0
0 0 0 I



0 I 0 0
I B 0 0
0 0 I 0
0 0 0 I

−


I 0 0 0
0 I 0 0
0 0 −D −E
0 0 I 0



= λ


0 A 0 0
0 0 I 0
0 B C 0
0 0 0 I

−


I 0 0 0
0 I 0 0
0 0 −D −E
0 0 I 0
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kai

R3(λ) = λT−1
2 T0T

−1
1 T−1

3 − T4

= λ


I 0 0 0
0 0 I 0
0 I A2 0
0 0 0 I



A4 0 0 0
0 I 0 0
0 0 I 0
0 0 0 I



0 I 0 0
I A3 0 0
0 0 I 0
0 0 0 I

 ·

·


I 0 0 0
0 I 0 0
0 0 0 I
0 0 I A1

−


I 0 0 0
0 I 0 0
0 0 I 0
0 0 0 −A0

 =

= λ


I 0 0 0
0 0 I 0
0 I C 0
0 0 0 I



A 0 0 0
0 I 0 0
0 0 I 0
0 0 0 I



0 I 0 0
I B 0 0
0 0 I 0
0 0 0 I



I 0 0 0
0 I 0 0
0 0 0 I
0 0 I D

−

I 0 0 0
0 I 0 0
0 0 I 0
0 0 0 −E



= λ


0 A 0 0
0 0 I 0
I B C 0
0 0 0 I



I 0 0 0
0 I 0 0
0 0 0 I
0 0 I D

−


I 0 0 0
0 I 0 0
0 0 I 0
0 0 0 −E



= λ


0 A 0 0
0 0 0 I
I B 0 C
0 0 I D

−


I 0 0 0
0 I 0 0
0 0 I 0
0 0 0 −E


'Etsi oi prwtob�jmioi poluwnumikoÐ pÐnakec R1(λ), R2(λ) kai R3(λ) eÐnai
grammikopoi seic tou kanonikoÔ poluwnumikoÔ pÐnaka P (λ).
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3.4 PerÐlhyh

Sto kef�laio autì asqolhj kame me mia akìmh mèjodo grammikopoÐhshc, th
mèjodo twn metajèsewn.
Arqik�, upenjum same ton orismì thc pr¸thc kai deÔterhc sunodeÔousac mor-
f c. 'Epeita orÐsame touc pÐnakec Ti, i = 1, . . . , k me th bo jeia twn opoÐwn
orÐsame ton prwtob�jmio poluwnumikì pÐnaka Q(λ), eidik  perÐptwsh tou o-
poÐou apoteloÔn h pr¸th kai deÔterh sunodeÔousa morf .
Sth sunèqeia apodeÐxame ìti o prwtob�jmioc poluwnumikìc pÐnakac Q(λ) kai
h pr¸th sunodeÔousa morf  eÐnai austhr� isodÔnamoi pÐnakec kai epeid  deÐ-
xame ìti (Je¸rhma 1 tou KefalaÐou 1) h pr¸th sunodeÔousa morf  apoteleÐ
grammikopoÐhsh tou poluwnumikoÔ pÐnaka P (λ), o prwtob�jmioc poluwnumi-
kìc pÐnakac Q(λ) ja apoteleÐ grammikopoÐhsh tou poluwnumikoÔ pÐnaka P (λ).
Stic Parathr seic autoÔ tou kefalaÐou anafèrame ìti o prwtob�jmioc po-
luwnumikìc pÐnakac Q(λ) apoteleÐ isqur  grammikopoÐhsh tou poluwnumikoÔ
pÐnaka P (λ) kai epomènwc oi poluwnumikoÐ pÐnakec Q(λ) kai P (λ) ja èqoun
touc Ðdiouc peprasmènouc kai �peirouc stoiqei¸deic diairètec.
Tèloc, anafèrame kai orismèna paradeÐgmata gia kalÔterh katanìhsh thc me-
jìdou.
KrÐname qr simo na qrhsimopoi soume ta Ðdia paradeÐgmata kai stic treic me-
jìdouc gia na mporoÔme na sugkrÐnoume ta apotelèsmat� mac.

Sth sunèqeia ja asqolhjoÔme me th teleutaÐa mèjodo pou ja mac apasqol sei
se aut  thn ergasÐa, thn pollaplasiastik  mèjodo grammikopoÐhshc.
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H Pollaplasiatik  Mèjodoc

Sto kef�laio autì, to opoÐo eÐnai kai to teleutaÐo thc melèthc mac, ja parou-
si�soume thn pollaplasiastik  mèjodo grammikopoÐshc. H pollaplasiastik 
mèjodoc eÐnai kai aut  mia mèjodoc grammikopoÐhshc enìc poluwnumikoÔ pÐna-
ka, h opoÐa basizetai ston diadoqikì pollaplasiasmì pin�kwn, apì ìpou p re
kai to ìnom� thc h mèjodoc.
Arqik� ja d¸soume ton orismì duo pin�kwn A kai C, touc opoÐouc ja qrh-
simopoi soume kat� thn an�ptuxh thc mejìdou. O pollaplasiasmìc aut¸n
twn dÔo pin�kwn, dhmiourgeÐ mia akoloujÐa pin�kwn (Si = ACi)ki=0 thn opoÐa
qrhsimopoioÔme gia na dhmiourg soume mia oikogèneia pin�kwn. H oikogèneia
aut , ja deÐxoume ìti apoteleÐ grammikopoÐhsh tou poluwnumikoÔ pÐnaka P (λ).
Shmei¸noume ìti kai se autì to kef�laio ja upojèsoume ìti o poluwnumikìc
pÐnakac P (λ) =

∑k
i=0Aiλ

i eÐnai kanonikìc pÐnakac (det(P (λ)) ̸= 0). Akìmh,
ja k�noume epiplèon thn upìjesh ìti o megistob�jmioc pÐnakac suntelest c
Ak tou poluwnumikoÔ pÐnaka P (λ) eÐnai epÐshc kanonikìc, dhlad  det(Ak) ̸= 0.
H upìjesh det(Ak) ̸= 0 apoteleÐ, bèbaia, ènan periorismì ton opoÐo ìmwc me
qr sh kat�llhlou metasqhmatismoÔ mporoÔme na parak�myoume. Stic Para-
thr seic thc paragr�fou 4.1, autoÔ tou kefalaÐou, k�noume anafor� kai se
aut  thn perÐptwsh.
Sth sunèqeia, ja d¸soume mia parallag  thc pollaplasiastik c mejìdou
sthn opoÐa den ja k�noume thn upìjesh det(Ak) ̸= 0. Gi aut  thn parallag 
ja apodeÐxoume ìti oi prwtob�jmioi poluwnumikoÐ pÐnakec pou prokÔptoun apo-
teloÔn grammikopoÐhsh kai m�lista isqur  grammikopoÐhsh tou poluwnumikoÔ
pÐnaka P (λ). 'Etsi, oi prwtob�jmioi poluwnumikoÐ pÐnakec pou ja prokÔyoun
ja èqoun touc Ðdiouc peperasmènouc kai �peirouc stoiqei¸deic diairètec. E-
piplèon ja broÔme tic sunj kec pou prèpei na isqÔoun ¸ste o prwtob�jmioc
poluwnumikìc pÐnakac Lc(λ) na diathreÐ th summetrÐa tou poluwnumikoÔ pÐna-
ka P (λ).

139



Teqnikèc GrammikopoÐhshc Poluwnumik¸n Pin�kwn KEFALAIO 4

Ja oloklhr¸soume th melèth thc pollaplasiastik c mejìdou anafèrontac
merik� paradeÐgmata gia kalÔterh katanìhsh thc mejìdou.

Arqik� ja orÐsoume k�poiouc pÐnakec touc opoÐouc ja qrhsimopoi soume
sth sunèqeia.
OrÐzoume

A :=


A1 A2 · · · Ak

A2 A3 · · · 0
...

... . .
. ...

Ak 0 · · · 0

 , B :=


−A0 0 0 · · · 0
0 A2 A3 · · · Ak

0 A3 A4 · · · 0
...

...
... . .

. ...
0 Ak 0 · · · 0


ìpou A1, . . . , Ak eÐnai oi pÐnakec suntelestèc tou poluwnumikoÔ pÐnaka P (λ) =∑k

i=0Aiλ
i.

JewroÔme ìti det(Ak) ̸= 0. 'Etsi orÐzoume kai ton pÐnaka

C :=


0 In 0 · · · 0 0
0 0 In · · · 0 0
...

...
... . .

. ...
...

0 0 0 · · · 0 In
−A−1

k A0 −A−1
k A1 −A−1

k A2 · · · −A−1
k Ak−2 −A−1

k Ak−1

 .

Sth sunèqeia ja deixoume ìti o pÐnakac λIn − C eÐnai grammikopoÐhsh tou
poluwnumikoÔ pÐnaka P (λ) .

Je¸rhma 10. O pÐnakac λIn − C eÐnai grammikopoÐhsh tou poluwnumikoÔ

pÐnaka P (λ) =
∑k

i=0Aiλ
i, ìpou Ak ̸= 0 kai det(Ak) ̸= 0.

Apìdeixh.
SÔmfwna me ton orismì thc grammikopoÐhshc pou d¸same sth Eisagwg , sto
Kef�laio 1, gia na eÐnai o pÐnakac λIn−C grammikopoÐhsh tou poluwnumikoÔ
pÐnaka P (λ) ja prèpei na up�rqoun monometrikoÐ pÐnakec E(λ) kai F (λ) tètoioi
¸ste

E(λ) · (λIn − C) · F (λ) =

[
P (λ) 0
0 I(k−1)n

]
.
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JewroÔme touc kn× kn pÐnakec

E(λ) =


λk−1Ak + · · ·+ λA2 + A1 λk−2Ak + · · ·+ λA3 + A2 · · · λAk + Ak−1 Ak

−In 0 · · · 0 0
0 −In · · · 0 0
...

...
. . .

...
...

0 0 · · · −In 0


kai

F (λ) =


In 0 · · · 0 0

−λIn In · · · 0 0
...

...
. . .

...
...

0 0 · · · In 0
0 0 · · · −λIn In

 .

'Eqoume ìti detE(λ) = ±det(Ak) ̸= 0 (apì upìjesh), kai detF (λ) = 1.
Epomènwc, oi pÐnakec E(λ) kai F (λ) eÐnai monometrikoÐ.
Akìmh, èqoume ìti

E(λ)(λIn − C) =

=


λk−1Ak + · · ·+ λA2 + A1 λk−2Ak + · · ·+ λA3 + A2 · · · λAk + Ak−1 Ak

−In 0 · · · 0 0
0 −In · · · 0 0
...

...
. . .

...
...

0 0 · · · −In 0

 ·

·


λIn −In 0 · · · 0 0
0 λIn −In · · · 0 0
...

...
...

. . .
...

...
0 0 0 · · · λIn −In

A−1
k A0 A−1

k A1 A−1
k A2 · · · A−1

k Ak−2 λIn + A−1
k Ak−1



=


P (λ) 0 · · · 0 0
−λIn In · · · 0 0
...

...
. . .

...
...

0 0 · · · In 0
0 0 · · · −λIn In

 (4.1)
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kai

[
P (λ) 0
0 I(k−1)n

]
· F (λ) =

[
λkAk + · · ·+ A0 0

0 I(k−1)n

]


In 0 · · · 0 0
−λIn In · · · 0 0
...

...
. . .

...
...

0 0 · · · In 0
0 0 · · · −λIn In



=


P (λ) 0 · · · 0 0
−λIn In · · · 0 0
...

...
. . .

...
...

0 0 · · · In 0
0 0 · · · −λIn In

 (4.2)

Apì tic sqèseic (4.1) kai (4.2) èqoume

E(λ)(λIn − C) =

[
P (λ) 0
0 I(k−1)n

]
· F (λ)

Epeid  det(F (λ)) = 1 kai F (λ) ∈ R[λ]kn×kn pÐnakac, eÐnai antistrèyimoc,
dhlad  up�rqei o F−1(λ).

'Etsi

E(λ)(λIn − C)F−1(λ) =

[
P (λ) 0
0 I(k−1)n

]

ìpou E(λ) kai F−1(λ) monometrikoÐ pÐnakec.
'Ara o prwtob�jmioc poluwnumikìc pÐnakac (λIn − C) eÐnai grammikopoÐhsh
tou poluwnumikoÔ pÐnaka P (λ).

Sth sunèqeia, ja parousi�soume thn pollaplasiastik  mèjodo me thn opoÐa
ja broÔme thn oikogèneia twn prwtob�jmiwn poluwnumik¸n pin�kwn, oi opoÐoi
eÐnai grammikopoi seic tou poluwnumikoÔ pÐnaka P (λ).
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4.1 H Pollaplasiastik  mèjodoc

JewroÔme ton poluwnumikì pÐnaka P (λ) =
∑k

i=0 Aiλ
i, ìpou Ak ̸= 0 kai

det(Ak) ̸= 0.
JewroÔme, akìmh, touc pÐnakec Si = A · Ci , ìpou

A =


A1 A2 · · · Ak

A2 A3 · · · 0
...

... . .
. ...

Ak 0 · · · 0


kai

C =


0 In 0 · · · 0 0
0 0 In · · · 0 0
...

...
... . .

. ...
...

0 0 0 · · · 0 In
−A−1

k A0 −A−1
k A1 −A−1

k A2 · · · −A−1
k Ak−2 −A−1

k Ak−1



oi opoÐoi orÐzontai gia ìlouc touc akeraÐouc i gia touc opoÐouc o pÐnakac Ci

eÐnai kal� orismènoc.

Pio analutik�, h morf  twn pin�kwn Si = A · Ci eÐnai h ex c:

• Gia i = 0,

S0 = A · C0 = A =


A1 A2 · · · Ak

A2 A3 · · · 0
...

... . .
. ...

Ak 0 · · · 0
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• Gia i = 1,

S1 = A · C1

=


A1 A2 · · · Ak

A2 A3 · · · 0
...

... . .
. ...

Ak 0 · · · 0




0 In · · · 0 0
0 0 · · · 0 0
...

... . .
. ...

...
0 0 · · · 0 In

−A−1
k A0 −A−1

k A1 · · · −A−1
k Ak−2 −A−1

k Ak−1



=


−A0 0 · · · 0
0 A2 · · · Ak

...
... . .

. ...
0 Ak · · · 0


= B

• Gia i = 2, . . . , k − 2

Si :=



0 · · · −A0 0 · · · 0
... . .

. ...
... . .

. ...
−A0 · · · −Ai−1 0 · · · 0
0 · · · 0 Ai+1 · · · Ak

... . .
. ...

... . .
. ...

0 · · · 0 Ak · · · 0



• Gia i = k − 1

Sk−1 =


0 · · · −A0 0
... . .

. ...
...

−A0 · · · −Ak−2 0
0 · · · 0 Ak
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• Gia i = k

Sk = ACk = Sk−1C

=


0 · · · −A0 0
... . .

. ...
...

−A0 · · · −Ak−2 0
0 · · · 0 Ak




0 In · · · 0
0 0 · · · 0
...

... . .
. ...

0 0 · · · In
−A−1

k A0 −A−1
k A1 · · · −A−1

k Ak−1



=

 0 · · · 0 0
...

...
...

...
−A0 · · · −Ak−2 −Ak−1



ParathroÔme ìti gia ìla ta Si , i = 0, 1, . . . , k o pÐnakac Si den exart�tai
apì ton pÐnaka Ai. Akìmh, lìgo thc morf c twn Si parathroÔme ìti ìla ta
Si eÐnai kanonik� an kai mìnon an oi pÐnakec Ak kai A0 eÐnai kanonikoÐ. Diìti,
ìloi oi pÐnakec Si èqoun se k�je gramm  touc   ton pÐnaka A0   ton pÐnaka Ak.
Akìmh, ìtan oi pÐnakec Ak kai A0 eÐnai kanonikoÐ tìte kai o pÐnakac C eÐnai
kanonikìc, diìti h orÐzous� tou ja eÐnai det(C) = (−1)kn−1In · det(−A−1

k A0)
h opoÐa den eÐnai ek tautìthtoc mhdèn, lìgw tou ìti oi pÐnakec Ak kai A0 eÐnai
kanonikoÐ.
Gia tuqaÐo deÐkth m, 0 ≤ m ≤ k èqoume ìti

λSm−1 − Sm

Sm−1=ACm−1

Sm=ACm

= λACm−1 − ACm

= ACm−1(λIn − C)
Sm−1=ACm−1

= Sm−1(λIn − C)

'Otan oi pÐnakec A0 kai Ak eÐnai kanonikoÐ tìte kai o pÐnakac Sk−1 ja eÐnai
kanonikìc. Epeid  o pÐnakac Sk−1 eÐnai pÐnakac anex�rthtoc tou λ kai kanoni-
kìc, dhlad  ìqi ek tautìthtoc mhdèn, ja eÐnai monometrikìc pÐnakac.
'Etsi,

λSm−1 − Sm = Sm−1(λIn − C) ⇒ (λIn − C) = S−1
m−1(λSm−1 − Sm).

Akìmh, èqoume dei ìti o pÐnakac λIn − C eÐnai grammikopoÐhsh tou poluwnu-
mikoÔ pÐnaka P (λ). Dhlad , up�rqoun monometrikoÐ pÐnakec E(λ) kai F (λ)
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tètoioi ¸ste[
P (λ) 0
0 I(k−1)n

]
= E(λ)(λIn − C)F (λ)

= E(λ)[S−1
m−1(λSm−1 − Sm)]F (λ)

= E(λ)S−1
m−1(λSm−1 − Sm)F (λ)

ìpou oi pÐnakec E(λ)S−1
m−1 kai F (λ) eÐnai monometrikoÐ. Epomènwc kai o pÐna-

kac λSm−1 − Sm eÐnai grammikopoÐhsh tou poluwnumikoÔ pÐnaka P (λ).
DeÐxame, loipìn, ìti o prwtob�jmioc poluwnumikìc pÐnakac λSm−1 − Sm eÐnai
grammikopoÐhsh tou poluwnumikoÔ pÐnaka P (λ) ìtan oi pÐnakec suntelestècA0

kai Ak eÐnai kanonikoÐ. Sth sunèqeia ja afairèsoume thn upìjesh ìti o pÐna-
kac suntelest c A0 eÐnai kanonikìc kai ja broÔme th morf  tou prwtob�jmiou
poluwnumikoÔ pÐnaka o opoÐoc ja apoteleÐ grammikopoÐhsh tou poluwnumikoÔ
pÐnaka P (λ).
JewroÔme ton dianusmatikì q¸ro ìlwn twn kn× kn prwtob�jmiwn poluwnu-
mik¸n pin�kwn thc morf c λM −N kai ton onom�zoume V .

L mma 6. An Ak ̸= 0 tìte oi prwtob�jmioi poluwnumikoÐ pÐnakec Lj(λ) :=
λSj−1 − Sj , j = 1, 2, . . . , k dhmiourgoÔn ènan k - di�stato upoq¸ro V0 tou
dianusmatikoÔ q¸rou V .

Apìdeixh.
An Ak ̸= 0 tìte ìla ta Si ̸= 0 , ∀i = 0, 1, . . . , k − 1 diìti ìla ta Si ∀i =
0, 1, . . . , k − 1 perièqoun ton pÐnaka Ak ̸= 0. Opìte kai oi pÐnakec Li(λ) ̸=
0, ∀i = 1, . . . , k, diìti gia i = 0, 1, . . . , k − 1 ta Si ̸= 0 kai akìmh ki an
eÐqame Sk = 0 tìte Lk(λ) = λSk−1 − Sk = λSk−1 ̸= 0. 'Etsi o grammikìc
sundiasmìc

∑k
i=0 ciLi(λ) eÐnai o mhdenikìc pÐnakac an kai mìnon an ci = 0. 'Ara

oi pÐnakec L1(λ), . . . , Lk(λ) eÐnai k se pl joc grammik� anex�rthtoi pÐnakec.
'Etsi apoteloÔn b�sh kai dhmiourgoÔn ènan k - di�stato dianusmatikì q¸ro
V0, upoq¸ro tou tou dianusmatikoÔ q¸rou V .

Shmei¸noume ìti o dianusmatikìc q¸roc V0 eÐnai o dianusmatikìc q¸roc L1,
ton opoÐo eÐqame anafèrei sto kef�laio 2, sthn prosjetik  mèjodo. [22]

'Epeita jèloume na deÐxoume ìti ta stoiqeÐa tou dianusmatikoÔ q¸rou V0 eÐnai
grammikopoi seic tou poluwnumikoÔ pÐnaka P (λ). Gi ' autì dÐnoume to epìmeno
je¸rhma.
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Je¸rhma 11. Upojètoume ìti detAk ̸= 0. Tìte o prwtob�jmioc poluwnu-

mikìc pÐnakac Lc(λ) =
∑k

i=1 cjLj(λ) ∈ V0 eÐnai grammikopoÐhsh tou poluw-

numikoÔ pÐnaka P (λ) an kai mìnon an to polu¸numo pc(λ) =
∑k

i=1 ciλ
i−1 eÐnai

mh - mhdenikì gia ìlec tic idiotimèc tou poluwnumikoÔ pÐnaka P (λ).

Apìdeixh.

Efìson isqÔei Si = ACi èqoume

Lc(λ) =
k∑

i=1

ci(λSi−1 − Si)

=
k∑

i=1

ci(λAC
i−1 − ACi)

=
k∑

i=1

ciAC
i−1(λIn − C)

= A(λIn − C)
k∑

i=1

ciC
i−1.

Epeid  det(Ak) ̸= 0 kai lìgw thc morf c tou A =


A1 A2 · · · Ak

A2 A3 · · · 0
...

... . .
. ...

Ak 0 · · · 0

 , o

pÐnakac A ja eÐnai kanonikìc.
ParathroÔme ìti o pÐnakac A eÐnai anex�rthtoc tou λ kai kanonikìc epomènwc
ja eÐnai monometrikìc.
Akìmh, eÐdame ìti o pÐnakac λIn − C eÐnai grammikopoÐhsh tou poluwnumikoÔ
pÐnaka P (λ). Dhlad , up�rqoun monometrikoÐ pÐnakec E(λ) kai F (λ) tètoioi
¸ste [

P (λ) 0
0 I(k−1)n

]
= E(λ)(λIn − C)F (λ).

An upojèsoume ìti o pÐnakac
∑k

i=1 ciC
i−1 eÐnai kanonikìc (kai epeid  eÐnai kai

anex�rthtoc tou λ, monometrikìc) ja èqoume ìti

Lc(λ) = A(λIn−C)
k∑

i=1

ciC
i−1 ⇒ (λIn−C) = A−1Lc(λ)

( k∑
i=1

ciC
i−1

)−1

.
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Opìte isqÔei[
P (λ) 0
0 I(k−1)n

]
= E(λ)(λIn − C)F (λ)

= E(λ)A−1Lc(λ)

( k∑
i=1

ciC
i−1

)−1

F (λ)

ìpou E(λ)A−1 kai

(∑k
i=1 ciC

i−1

)−1

F (λ) eÐnai monometrikoÐ pÐnakec. 'Ara o

pÐnakac Lc(λ) eÐnai grammikopoÐhsh tou poluwnumikoÔ pÐnaka P (λ).
Epomènwc, o prwtob�jmioc poluwnumikìc pÐnakac Lc(λ) eÐnai grammikopoÐhsh
tou poluwnumikoÔ pÐnaka P (λ) an kai mìnon an o pÐnakac

∑k
i=1 ciC

i−1 eÐnai
kanonikìc.
T¸ra, oi idiotimèc tou pÐnaka C eÐnai oi idiotimèc tou poluwnumikoÔ pÐnaka
P (λ), diìti o pÐnakac λIn − C eÐnai grammikopoÐsh tou poluwnumikoÔ pÐ-
naka P (λ) kai epomènwc èqei tic Ðdiec idiotimèc. 'Estw ìti oi idiotimèc eÐ-
nai λ1, . . . , λkn. 'Etsi oi idiotimèc tou pÐnaka pc(C) ja eÐnai pc(λj) , j =
1, 2, . . . , kn. 'Ara h det(pc(C)) eÐnai ousiastik� to ginìmeno twn idiotim¸n kai
epeid  o pÐnakac pc(C) jewr same ìti eÐnai kanonikìc, èqoume ìti pc(λj) ̸=
0 , ∀ j = 1, 2, . . . , kn. Dhlad , pc(λ) =

∑k
i=1 ciλ

i−1 ̸= 0 gia ìlec tic idiotimèc
tou poluwnumikoÔ pÐnaka P (λ).

'Epeita ja d¸soume kai èna pìrisma.

Pìrisma 6. An det(Ak) ̸= 0 tìte:

(a) Gia ton L1(λ) = λA−B isqÔei pc(λ) ≡ 1.

(b) O prwtob�jmioc poluwnumikìc pÐnakac Li(λ) me i ≥ 2 eÐnai grammiko-
poÐhsh tou poluwnumikoÔ pÐnaka P (λ) an kai mìnon an det(A0) ̸= 0.

(g) An a den eÐnai idiotim  tou poluwnumikoÔ pÐnaka P (λ) tìte

λ(S1 − aS0)− (S2 − aS1)

eÐnai grammikopoÐhsh tou poluwnumikoÔ pÐnaka P (λ).
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Apìdeixh.

(a) Pr�gmati, sÔmfwna me to prohgoÔmeno je¸rhma, gia

pc(λ) ≡ 1 ⇒
k∑

i=1

ciλ
i−1 ≡ 1

ja prèpei i = 1 kai c1 = 1.
'Omwc tìte

Lc(λ) =
k∑

i=1

ciLi(λ)
i=1
c1=1
= L1(λ) = λS0 − S1

S0=A

S1=B
= λA−B

(b) Gia tuqaÐo deÐkth m ≥ 2 èqoume

Lc(λ) = Lm =
k∑

i=1

ciLi(λ) ⇒
c1 = . . . = cm−1 = cm+1 = . . . = ck = 0

cm = 1

Tìte apì to Je¸rhma 11 èqoume ìti to Lc(λ) = Lm eÐnai grammikopoÐhsh
tou poluwnumikoÔ pÐnaka P (λ) an kai mìnon an to polu¸numo pc(λ) =∑k

i=1 ciλ
i−1 me c1 = . . . = cm−1 = cm+1 = . . . = ck = 0 , cm = 1,

dhlad  to pc(λ) = λm eÐnai mh - mhdenikì gia ìlec tic idiotimèc tou poluw-
numikoÔ pÐnaka P (λ). Autì shmaÐnei ìti h tim  λ = 0 den prèpei na eÐnai
idiotim  tou poluwnumikoÔ pÐnaka P (λ), dhlad  prèpei det(P (0)) ̸= 0 ⇒
det(A0) ̸= 0.

(g) Efarmìzoume to Je¸rhma 11 gia to polu¸numo p(c) = λ− a.
Dhlad  i = 1, 2 kai c1 = −a , c2 = 1.
'Etsi,

Lc(λ) = c1L1(λ) + c2L2(λ)

= −a(λS0 − S1) + 1(λS1 − S0)

= −aλS0 + aS1 + λS1 − S2

= λ(S1 − aS0)− (S2 − aS1)

to opoÐo lìgw tou Jewr matoc 11 eÐnai grammikopoÐhsh tou poluwnumi-
koÔ pÐnaka P (λ).
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4.2 Parathr seic

SunoyÐzontac ìla ta prohgoÔmena, sthn prohgoÔmenh par�grafo parousi�-
same thn pollaplasiastik  mèjodo grammikopoÐhshc, h opoÐa basÐsthke sth
dhmiourgÐa miac akoloujÐac pin�kwn (Si)

k
i=1 oi opoÐoi proèkuyan me suneqeÐc

pollaplasiasmoÔc enìc pÐnaka C, (Si = ACi). Me th bo jeia aut c thc
akoloujÐac pin�kwn, dhmiourg same prwtob�jmiouc poluwnumikoÔc pÐnakec
Li(λ) = λSi−1 − Si, oi opoÐoi deÐxame ìti eÐnai grammik� anex�rthtoi pÐna-
kec kai dhmiourgoÔn èna dianusmatikì q¸ro V0, upoq¸ro tou dianusmatikoÔ
q¸rou V, ìlwn twn kn× kn prwtob�jmiwn poluwnumik¸n pin�kwn.
Sth sunèqeia, sÔmfwna me to Je¸rhma 11 , deÐxame ìti o prwtob�jmioc po-
luwnumikìc pÐnakac Lc(λ) =

∑k
i=1 ciLi(λ) eÐnai grammikopoÐhsh tou poluwnu-

mikoÔ pÐnaka P (λ) an kai mìnon an to polu¸numo pc(λ) =
∑k

i=1 ciλ
i−1 eÐnai mh

- mhdenikì gia ìlec tic idiotimèc tou poluwnumikoÔ pÐnaka P (λ). Efìson deÐxa-
me ìti o prwtob�jmioc poluwnumikìc pÐnakac Lc(λ) eÐnai grammikopoÐhsh tou
poluwnumikoÔ pÐnaka P (λ), sÔmfwma me to L mma 1 tou KefalaÐou 1, o po-
luwnumikìc pÐnakac P (λ) kai o prwtob�jmioc poluwnumikìc pÐnakac Lc(λ) ja
èqoun ta Ðdia peperasmèna mhdenik� kai touc Ðdiouc peperasmènouc stoiqei¸-
deic diairètec. Akìmh, axÐzei na shmei¸soume ìti efìson k�name thn upìjesh
ìti o megistob�jmioc pÐnakac suntelest c Ak tou poluwnumikoÔ pÐnaka P (λ)
eÐnai kanonikìc, dhlad  det(Ak) ̸= 0, shmei¸noume ìti o poluwnumikìc pÐna-
kac P (λ) den ja èqei mhdenik� sto �peiro, oÔte kai stoiqei¸deic diairètec sto
�peiro. O periorismìc autìc eÐnai polÔ shmantikìc kai mac apokleÐei pollèc
endiafèrousec peript¸seic stic opoÐec o megistob�jmioc pÐnakac suntelest c
tou poluwnumikoÔ pÐnaka eÐnai idi�zwn. Gia na xeper�soume autìn ton perio-
rismì (det(Ak) ̸= 0) mporoÔme na qrhsimopoi soume èna metasqhmatismì, h
qr sh tou opoÐou ja mac epitrèyei sth sunèqeia na afairèsoume thn upìjesh
ìti o megistob�jmioc pÐnakac suntelest c jèloume na eÐnai kanonikìc.
Gia tic an�gkec, loipìn, thc apìdeixhc tou jewr matoc k�name thn upìje-
sh det(Ak) ̸= 0. 'Epeita me thn Ðdia upìjesh, apodeÐxame kai èna pìrisma.
Gia thn (g) perÐptwsh tou PorÐsmatoc 6 , an gia to a gnwrÐzame gia poi�
det(P (a)) ̸= 0, tìte ja mporoÔsame na afairèsoume thn upìjesh det(Ak) ̸= 0
k�nontac thn ex c parametropoÐhsh: µ = (λ− a)−1.
Gia par�deigma, ìtan k = 2 tìte jewroÔme ton poluwnumikì pÐnaka

P (λ) = A2λ
2 + A1λ+ A0

ìpwc epÐshc kai ìti o pÐnakac A2 eÐnai mh - kanonikìc.
Tìte efarmìzontac to metasqhmatismì

µ = (λ− a)−1 ⇒ λ =
1 + µa

µ
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ja èqoume:

µ2P (µ) = A2(1 + µa)2 + A1µ(1 + µa) + A0µ
2

= A2(1 + 2µa+ µ2a2) + A1µ+ A1µ
2a+ A0µ

2

= (A2a
2 + A1a+ A0)µ

2 + (2aA2 + A1)µ+ A2

o opoÐoc èqei plèon gia megistob�jmio pÐnaka suntelest  kanonikì pÐnaka.

Ja d¸soume, t¸ra, èna par�deigma sto opoÐo o megistob�jmioc pÐnakac sunte-
lest c ja eÐnai mh - kanonikìc pÐnakac kai ja broÔme ton prwtob�jmio pÐnaka
o opoÐoc eÐnai grammikopoÐhs  tou k�nontac qr sh tou prohgoÔmenou meta-
sqhmatismoÔ.

Par�deigma

JewroÔme ton deuterob�jmio poluwnumikì pÐnaka

P (λ) =

[
2λ2 + λ+ 1 4λ2 + 1

λ2 2λ2 + λ+ 1

]
=

[
2 4
1 2

]
λ2 +

[
1 0
0 1

]
λ+

[
1 1
0 1

]
= A2λ

2 + A1λ+ A0

ParathroÔme ìti o pÐnakac A2 eÐnai mh - kanonikìc.
'Etsi, ja efarmìsoume to metasqhmatismì µ = (λ− a)−1.
Ja qrhsimopoi soume wc a = 0, diìti h tim  0 den eÐnai idiotim  tou poluwnu-
mikoÔ pÐnaka P (λ), det(P (0)) = 1.
Epomènwc, o metasqhmatismìc mac ja gÐnei µ = 1

λ
⇒ λ = 1

µ
.

Ja èqoume tìte

µ2P (µ) = A0µ
2 + A1µ+ A2

=

[
1 1
0 1

]
µ2 +

[
1 0
0 1

]
µ+

[
2 4
1 2

]
=

[
µ2 + µ+ 2 µ2 + 4

1 µ2 + µ+ 2

]
= B2µ

2 +B1µ+B0

Sth sunèqeia, ja broÔme ton prwtob�jmio poluwnumikì pÐnaka Lc(µ) o opoÐoc
apoteleÐ grammikopoÐhsh tou poluwnumikoÔ pÐnaka P (µ), qrhsimopoi¸ntac th
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pollaplasiastik  mèjodo. SÔmfwna me to Je¸rhma 11, o pÐnakac Lc(µ) ja
eÐnai thc morf c Lc(µ) =

∑k
j=1 cjLj.

Arqik� ja upologÐsoume touc pÐnakec A,C, S0, S1, S2.
'Eqoume, loipìn,

A =

[
B1 B2

B2 0

]
=


1 0 1 1
0 1 0 1
1 1 0 0
0 1 0 0

 ,

C =

[
0 In

−B−1
2 B0 −B−1

2 B1

]
=


0 0 1 0
0 0 0 1
−1 −2 −1 1
−1 −2 0 −1

 ,

kai

S0 = A =


1 0 1 1
0 1 0 1
1 1 0 0
0 1 0 0

 , S1 = A · C =


−2 −4 0 0
−1 −2 0 0
0 0 1 1
0 0 0 1



S2 = A · C2 =


0 0 −2 −4
0 0 −1 −2
−2 −4 −1 0
−1 −2 0 −1

 .

'Estw ìti c1 = 1 = c2.
O prwtob�jmioc poluwnumikìc pÐnakac Lc(µ) =

∑k
j=1 cjLj(µ) ja eÐnai:

Lc(µ) =
2∑

j=1

cjLj(µ) = c1L1(µ) + c2L2(µ)
c1=1=c2= µS0 − S1 + µS1 + S2

= µ


1 0 1 1
0 1 0 1
1 1 0 0
0 1 0 0

−

−2 −4 0 0
−1 −2 0 0
0 0 1 1
0 0 0 1

+µ


−2 −4 0 0
−1 −2 0 0
0 0 1 1
0 0 0 1

−


0 0 −2 −4
0 0 −1 −2
−2 −4 −1 0
−1 −2 0 −1



=


µ+ 2 4 µ 0
1 µ+ 2 0 µ
µ 1 −1 −1
0 µ 0 −1

+


−2µ −4µ 2 4
−µ −2µ 1 2
2 4 µ+ 1 µ
1 2 0 µ+ 1
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Lc(µ) =


2− µ 4− 4µ µ+ 2 µ+ 4
1− µ 2− µ 1 µ+ 2
µ+ 2 µ+ 4 µ µ− 1
1 µ+ 2 0 µ


to opoÐo eÐnai grammikopoÐhsh tou poluwnumikoÔ pÐnaka P (µ) diìti pc(µ) =
c1+µc2 = 1+µ to opoÐo mhdenÐzetai gia µ = −1. H tim  µ = −1 den eÐnai idio-
tim  tou poluwnumikoÔ pÐnaka P (µ) diìti det(P (µ)) = −1 ̸= 0 kai epomènwc
to poluwnÔmo pc(µ) den mhdenÐzetai gia ìlec tic idiotimèc tou poluwnumikoÔ
pÐnaka P (µ).
'Etsi, lìgw tou Jewr matoc 11, o prwtob�jmioc poluwnumikìc pÐnakac Lc(µ)
apoteleÐ grammikopoÐhsh tou poluwnumikoÔ pÐnaka P (µ).
Qrhsimopoi¸ntac xan� to metasqhmatismì µ = (λ + a)−1 gia a = 0, dhlad 
µ = 1

λ
ja èqoume

Lc(µ) = Lc(
1

λ
) =


2λ−1
λ

4λ−4
λ

2λ+1
λ

4λ+1
λ

λ−1
λ

2λ−1
λ

1 2λ+1
λ

2λ+1
λ

4λ+1
λ

1
λ

1−λ
λ

1 2λ+1
λ

0 1
λ


dhlad ,

Lc(λ) = λLc(
1

λ
) =


2λ− 1 4λ− 4 2λ+ 1 4λ+ 1
λ− 1 2λ− 1 λ 2λ+ 1
2λ+ 1 4λ+ 1 1 1− λ

λ 2λ+ 1 0 1


'Etsi, o prwtob�jmioc poluwnumikìc pÐnakac Lc(λ) eÐnai grammikopoÐhsh tou
poluwnumikoÔ pÐnaka P (λ).

Sto shmeÐo autì ja d¸soume endeiktik� merik� paradeÐgmata thc pollapla-
siastik c mejìdou thn opoÐa perigr�yame prohgoumènwc kai ja suneqÐsoume
th melèth mac me mia parallag  thc mejìdou.
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4.3 ParadeÐgmata

Sthn par�grafo aut  ja d¸soume merik� paradeÐgmata gia kalÔterh katanìh-
sh thc mejìdou.

• Par�deigma 1

JewroÔme ton poluwnumikì pÐnaka

P (λ) =

[
λ2 λ+ 1
1 λ2 + λ

]
=

[
1 0
0 1

]
λ2+

[
0 1
0 1

]
λ+

[
0 1
1 0

]
= A2λ

2+A1λ+A0.

Ja broÔme t¸ra ton pÐnaka Lc(λ) o opoÐoc apoteleÐ grammikopoÐhsh
tou poluwnumikoÔ pÐnaka P (λ), qrhsimopoi¸ntac thn pollaplasiatik 
mèjodo. SÔmfwna me to Je¸rhma 11 o pÐnakac Lc(λ) ja eÐnai thc morf c
Lc(λ) =

∑k
j=1 cjLj(λ).

Arqik�, ja upologÐsoume touc pÐnakec A,C, S0, S1, S2.
'Eqoume, loipìn,

A =

[
A1 A2

A2 0

]
=


0 1 1 0
0 1 0 1
1 0 0 0
0 1 0 0



C =

[
0 In

−A−1
2 A0 −A−1

2 A1

]
=


0 0 1 0
0 0 0 1
0 −1 0 −1
−1 0 0 −1


kai

S0 = A =


0 1 1 0
0 1 0 1
1 0 0 0
0 1 0 0

 , S1 = A · C =


0 −1 0 0
−1 0 0 0
0 0 1 0
0 0 0 1

 ,

S2 = A · C2 =


0 0 0 −1
0 0 −1 0
0 −1 0 −1
−1 0 0 −1
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'Estw ìti c1 = 1 , c2 = 2.
'Etsi o prwtob�jmioc poluwnumikìc pÐnakac Lc(λ) =

∑k
j=1 cjLj(λ) ja

eÐnai:

Lc(λ) =
2∑

j=1

cjLj(λ)

= c1L1(λ) + c2L2(λ)
c1=1

c2=2
= (λS0 − S1) + 2(λS1 − S2)

= λ


0 1 1 0
0 1 0 1
1 0 0 0
0 1 0 0

−


0 −1 0 0
−1 0 0 0
0 0 1 0
0 0 0 1

+

+2λ


0 −1 0 0
−1 0 0 0
0 0 1 0
0 0 0 1

− 2


0 0 0 −1
0 0 −1 0
0 −1 0 −1
−1 0 0 −1



=


0 λ+ 1 λ 0
1 λ 0 λ
λ 0 −1 0
0 λ 0 −1

+


0 −2λ 0 2

−2λ 0 2 0
0 2 2λ 2
2 0 0 2λ+ 2



=


0 1− λ λ 2

1− 2λ λ 2 λ
λ 2 2λ− 1 2
2 λ 0 2λ+ 1


to opoÐo eÐnai grammikopoÐhsh tou poluwnumikoÔ pÐnaka P (λ), diìti
pc(λ) = c1 + λc2 = 1 + 2λ to opoÐo mhdenÐzetai gia λ = −1

2
. H

tim  λ = −1
2
den eÐnai idiotim  tou poluwnumikoÔ pÐnaka P (λ) diìti

detP (−1
2
) ̸= 0 kai epomènwc to polu¸numo pc(λ) den mhdenÐzetai gia

ìlec tic idiotimèc tou poluwnumikoÔ pÐnaka P (λ). 'Etsi, lìgw tou Je-
wr matoc 11 o prwtob�jmioc poluwnumikìc pÐnakac Lc(λ) pou upologÐ-
same prohgoumènwc apoteleÐ grammikopoÐhsh tou poluwnumikoÔ pÐnaka
P (λ).

ParathroÔme akìmh ìti o megistob�jmioc pÐnakac suntelast c A2 eÐnai
kanonikìc dhlad  det(A2) = 1 ̸= 0. Epomènwc o poluwnumikìc pÐnakac
P (λ) èqei mìno peperasmèna mhdenik� kai peperasmènouc stoiqei¸deic
diairètec. Efìson deÐxame ìti o prwtob�jmioc poluwnumikìc pÐnakac
Lc(λ) eÐnai grammikopoÐhsh tou poluwnumikoÔ pÐnaka P (λ) sÔmfwna me
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to L mma 1 tou KefalaÐou 1, ja èqei ta Ðdia mhdenik� kai stoiqei¸deic
diairètec me ton poluwnumikì pÐnaka P (λ).
Pr�gmati, h Smith morf  tou poluwnumikoÔ pÐnaka P (λ) eÐnai

SC
P (λ)(λ) =

[
1 0
0 λ4 + λ3 − λ− 1

]

Epomènwc ta peperasmèna mhdenik� tou poluwnumikoÔ pÐnaka P (λ) eÐnai

±1 kai −(−1)
1
3 , (−1)

2
3 . 'Etsi, oi peperasmènoi diairètec ja eÐnai (λ+1),

(λ− 1) , (λ− (−1)
1
3 ) kai (λ+ (−1)

2
3 ).

Tèloc, h Smith morf  tou prwtob�jmiou poluwnumikoÔ pÐnaka Lc(λ)
eÐnai

SC
L(λ)(λ) =


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 λ4 − 1

9
λ3 + 1

9
λ+ 1

9
)


ìpou eÐnai fanerì ìti èqei ta Ðdia peperasmèna mhdenik� kai touc Ðdiouc
peperasmènouc stoiqei¸deic diairètec me ton poluwnumikì pÐnaka P (λ).

• Par�deigma 2

JewroÔme ton poluwnumikì pÐnaka

P (λ) =

[
λ3 + λ2 + 1 λ

0 λ3 + λ

]
=

[
1 0
0 1

]
λ3 +

[
1 0
0 0

]
λ2 +

[
0 1
0 0

]
λ+

[
1 0
0 1

]
= A3λ

3 + A2λ
2 + A1λ+ A0.

Ja broÔme t¸ra ton pÐnaka Lc(λ) o opoÐoc apoteleÐ grammikopoÐhsh
tou poluwnumikoÔ pÐnaka P (λ), qrhsimopoi¸ntac thn pollaplasiatik 
mèjodo. SÔmfwna me to Je¸rhma 11 o pÐnakac Lc(λ) ja eÐnai thc morf c
Lc(λ) =

∑k
j=1 cjLj(λ).

Arqik�, ja upologÐsoume touc pÐnakec A,C, S0, S1, S2, S3.
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'Eqoume, loipìn,

A =

A1 A2 A3

A2 A3 0
A3 0 0

 =


0 1 1 0 1 0
0 0 0 0 0 1
1 0 1 0 0 0
0 0 0 1 0 0
1 0 0 0 0 0
0 1 0 0 0 0



C =

 0 In 0
0 0 In

−A−1
3 A0 −A−1

3 A1 −A3A2

 =


0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
−1 0 0 −1 −1 0
0 −1 0 0 0 0


kai

S0 = A =


0 1 1 0 1 0
0 0 0 0 0 1
1 0 1 0 0 0
0 0 0 1 0 0
1 0 0 0 0 0
0 1 0 0 0 0

 , S1 = A ·C =


−1 0 0 0 0 0
0 −1 0 0 0 0
0 0 1 0 1 0
0 0 0 0 0 1
0 0 1 0 0 0
0 0 0 1 0 0

 ,

S2 = A·C2 =


0 0 −1 0 0 0
0 0 0 −1 0 0
−1 0 0 −1 0 0
0 −1 0 0 0 0
0 0 0 0 1 0
0 0 0 0 0 1

 , S3 = A·C3 =


0 0 0 0 −1 0
0 0 0 0 0 −1
0 0 −1 0 0 −1
0 0 0 −1 0 0
−1 0 0 −1 −1 0
0 −1 0 0 0 0


'Estw ìti c1 = c2 = c3 = 1.
'Etsi o prwtob�jmioc poluwnumikìc pÐnakac Lc(λ) =

∑k
j=1 cjLj(λ) ja

eÐnai:

Lc(λ) =
3∑

j=1

cjLj(λ)

= c1L1(λ) + c2L2(λ) + c3L3(λ)
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c1=c2=c3=1
= (λS0 − S1) + (λS1 − S2) + (λS2 − S3)

= λ


0 1 1 0 1 0
0 0 0 0 0 1
1 0 1 0 0 0
0 0 0 1 0 0
1 0 0 0 0 0
0 1 0 0 0 0

−


−1 0 0 0 0 0
0 −1 0 0 0 0
0 0 1 0 1 0
0 0 0 0 0 1
0 0 1 0 0 0
0 0 0 1 0 0

+

+λ


−1 0 0 0 0 0
0 −1 0 0 0 0
0 0 1 0 1 0
0 0 0 0 0 1
0 0 1 0 0 0
0 0 0 1 0 0

−


0 0 −1 0 0 0
0 0 0 −1 0 0
−1 0 0 −1 0 0
0 −1 0 0 0 0
0 0 0 0 1 0
0 0 0 0 0 1

+

+λ


0 0 −1 0 0 0
0 0 0 −1 0 0
−1 0 0 −1 0 0
0 −1 0 0 0 0
0 0 0 0 1 0
0 0 0 0 0 1

−


0 0 0 0 −1 0
0 0 0 0 0 −1
0 0 −1 0 0 −1
0 0 0 −1 0 0
−1 0 0 −1 −1 0
0 −1 0 0 0 0



=


1 λ λ 0 λ 0
0 1 0 0 0 λ
λ 0 λ− 1 0 −1 0
0 0 0 λ 0 −1
λ 0 −1 0 0 0
0 λ 0 −1 0 0

+


−λ 0 1 0 0 0
0 −λ 0 1 0 0
1 0 λ 1 λ 0
0 1 0 0 0 λ
0 0 λ 0 −1 0
0 0 0 λ 0 −1

+

+


0 0 −λ 0 1 0
0 0 0 −λ 0 1
−λ 0 1 −λ 0 1
0 −λ 0 1 0 0
1 0 0 1 λ+ 1 0
0 1 0 0 0 λ
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=


1− λ λ 1 0 λ+ 1 0
0 1− λ 0 1− λ 0 λ+ 1
1 0 2λ 1− λ λ− 1 1
0 1− λ 0 λ+ 1 0 λ− 1

λ+ 1 0 λ− 1 1 λ 0
0 λ+ 1 0 λ− 1 0 λ− 1


o opoÐoc eÐnai grammikopoÐhsh tou poluwnumikoÔ pÐnaka P (λ), diìti
pc(λ) = c1 + λc2 + λ2c3 = λ2 + λ + 1, gia c1 = c2 = c3 = 1, to o-
poÐo mhdenÐzetai gia λ1 = −1+3i

2
kai λ2 = −1−3i

2
. H timèc λ1 = −1+3i

2

kai λ2 = −1−3i
2

den eÐnai idiotimèc tou poluwnumikoÔ pÐnaka P (λ) diì-

ti detP (−1+3i
2

) = (−6i+30)(−6i+28)
8

̸= 0, detP (−1−3i
2

) = (6i+30)(6i+28)
8

̸= 0
kai epomènwc to polu¸numo pc(λ) den mhdenÐzetai gia ìlec tic idiotimèc
tou poluwnumikoÔ pÐnaka P (λ). 'Etsi, lìgw tou Jewr matoc 11 o prw-
tob�jmioc poluwnumikìc pÐnakac Lc(λ) pou upologÐsame prohgoumènwc
apoteleÐ grammikopoÐhsh tou poluwnumikoÔ pÐnaka P (λ).

ParathroÔme akìmh ìti o megistob�jmioc pÐnakac suntelast c A2 eÐnai
kanonikìc dhlad  det(A2) = 1 ̸= 0. Epomènwc o poluwnumikìc pÐnakac
P (λ) èqei mìno peperasmèna mhdenik� kai peperasmènouc stoiqei¸deic
diairètec. Efìson deÐxame ìti o prwtob�jmioc poluwnumikìc pÐnakac
Lc(λ) eÐnai grammikopoÐhsh tou poluwnumikoÔ pÐnaka P (λ) sÔmfwna me
to L mma 1 tou KefalaÐou 1, ja èqei ta Ðdia mhdenik� kai stoiqei¸deic
diairètec me ton poluwnumikì pÐnaka P (λ).
Pr�gmati, h Smith morf  tou poluwnumikoÔ pÐnaka P (λ) eÐnai

SC
P (λ)(λ) =

[
1 0
0 λ6 + λ5 + 2λ3 + λ2 + 1

]
Tèloc, h Smith morf  tou prwtob�jmiou poluwnumikoÔ pÐnaka Lc(λ)
eÐnai

SC
L(λ)(λ) =


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 λ6 + 1

12
λ5 + 1

6
λ3 + 1

12
λ2 + 1

12


ìpou eÐnai fanerì ìti èqei ta Ðdia peperasmèna mhdenik� kai touc Ðdiouc
peperasmènouc stoiqei¸deic diairètec me ton poluwnumikì pÐnaka P (λ).
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• Par�deigma 3

JewroÔme ton poluwnumikì pÐnaka

P (λ) = A3λ
3 + A2λ

2 + A1λ+ A0.

gia ton opoÐo upojètoume ìti det(A3) ̸= 0.

Ja broÔme t¸ra ton pÐnaka Lc(λ) o opoÐoc apoteleÐ grammikopoÐhsh
tou poluwnumikoÔ pÐnaka P (λ), qrhsimopoi¸ntac thn pollaplasiatik 
mèjodo. SÔmfwna me to Je¸rhma 11 o pÐnakac Lc(λ) ja eÐnai thc morf c
Lc(λ) =

∑k
j=1 cjLj(λ).

Arqik�, ja upologÐsoume touc pÐnakec A,C, S0, S1, S2, S3.
'Eqoume, loipìn,

A =

A1 A2 A3

A2 A3 0
A3 0 0



C =

 0 In 0
0 0 In

−A−1
3 A0 −A−1

3 A1 −A−1
3 A2


kai

S0 = A =

A1 A2 A3

A2 A3 0
A3 0 0

 , S1 = A · C =

−A0 0 0
0 A2 A3

0 A3 0

 ,

S2 = A·C2 =

 0 −A0 0
−A0 −A1 0
0 0 A3

 , S3 = A·C3 =

 0 0 −A0

0 −A0 −A1

−A0 −A1 −A2


'Estw ìti c1 = a , c2 = b , c3 = c.
'Etsi o prwtob�jmioc poluwnumikìc pÐnakac Lc(λ) =

∑k
j=1 cjLj(λ) ja

eÐnai:

Lc(λ) =
3∑

j=1

cjLj(λ)

= c1L1(λ) + c2L2(λ) + c3L3(λ)

c1=a,c2=b,c3=c
= a(λS0 − S1) + b(λS1 − S2) + c(λS2 − S3)
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= aλ

A1 A2 A3

A2 A3 0
A3 0 0

− a

−A0 0 0
0 A2 A3

0 A3 0

+ bλ

−A0 0 0
0 A2 A3

0 A3 0



−b

 0 −A0 0
−A0 −A1 0
0 0 A3

+cλ

 0 −A0 0
−A0 −A1 0
0 0 A3

−c

 0 0 −A0

0 −A0 −A1

−A0 −A1 −A2


=

aλA1 + aA0 aλA2 aλA3

aλA2 aλA3 − aA2 −aA3

aλA3 −aA3 0

+

−bλA0 bA0 0
−bA0 bλA2 + bA1 bλA3

0 bλA3 −bA3



+

 0 −cλA0 cA0

−cλA0 cA0 cA1

cA0 cA1 cλA3 + A2c


=

aλA1 + aA0 − bλA0 aλA2 + bA0 − cλA0 aλA3 + cA0

aλA2 − bA0 − cλA0 aλA3 − aA2 + bλA2 + bA1 + cA0 −aA3 + bλA3 − cA1

aλA3 + cA0 −aA3 + bλA3 + cA1 −bA3 + cλA3 + A2c


o opoÐoc ja apoteleÐ grammikopoÐhsh tou poluwnumikoÔ pÐnaka P (λ)
sthn perÐptwsh pou èqei mìn pragmatikèc rizec jèloume oi timèc λ1,2 =
−b±

√
b2−4ac
2a

me b2 ≥ 4ac na mhn eÐnai idiotimèc tou poluwnumikoÔ pÐnaka
P (λ). Diìti pc(λ) = c1+λc2+λ2c3 = a+ bλ+ cλ2 to opoÐo mhdenÐzetai

gia λ1,2 =
−b±

√
b2−4ac
2a

me b2 ≥ 4ac kai sÔmfwna me to Je¸rhma 11 gia na
eÐnai o prwtob�jmioc poluwnumikìc pÐnakac Lc(λ) grammikopoÐhsh tou
poluwnumikoÔ pÐnaka P (λ) ja prèpei to polu¸numo pc(λ) na mh mhdenÐ-
zetai gia ìlec tic idiotimèc tou poluwnumikoÔ pÐnaka P (λ).

Ja suneqÐsoume, loipìn, th melèth mac me thn parousÐash miac parallag c
pou proteÐnoume gia thn pollaplasiastik  mèjodo grammikopoÐhshc (thn opoÐ-
a melet same prohgoumènwc) sthn opoÐa t¸ra den ja k�noume thn upìjesh
det(Ak) ̸= 0, all� mìno thn upìjesh det(A0) ̸= 0. 'Etsi, ed¸ efìson den è-
qoume ton periorismì det(Ak) ̸= 0, mporoÔme na èqoume idiotimèc, mhdenik� kai
stoiqei¸deic diairètec sto �peiro. Epomènwc, ja mac apasqol sei epiplèon
to er¸thma an o prwtob�jmioc poluwnumikìc pÐnakac pou ja broÔme apote-
leÐ isqur  grammikopoÐhsh tou poluwnumikoÔ pÐnaka P (λ) ¸ste na èqoume
diat rhsh peperasmènwn idiotim¸n, mhdenik¸n kai peprasmènwn kai �peirwn
stoiqeiwd¸n diairet¸n.
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4.4 Parallag  pollaplasiastik c mejì-
dou

4.4.1 Parallag  thc pollaplasiastik c mejìdou

JewroÔme ton poluwnumikì pÐnaka P (λ) =
∑k

i=0Aiλ
i .

UpenjumÐzoume ìti h pr¸th sunodeÔousa morf 

C1(λ) = λ

[
Ak 0
0 I(k−1)n

]
+


Ak−1 Ak−2 · · · A1 A0

−In 0 · · · 0 0
...

...
. . .

...
...

0 0 · · · −In 0


= λX + Y,

me

X =

[
Ak 0
0 I(k−1)n

]
kai

Y =


Ak−1 Ak−2 · · · A1 A0

−In 0 · · · 0 0
...

...
. . .

...
...

0 0 · · · −In 0

 ,

thn opoÐa melet same analutik� sto Kef�laio 1, eÐdame ìti apoteleÐ gram-
mikopoÐhsh tou poluwnumikoÔ pÐnaka P (λ). Kai sthn parallag  aut  thc
pollaplasiastik c mejìdou pou proteÐnoume, h pr¸th sunodeÔousa morf  ja
apotelèsei, ìpwc kai stic prohgoÔmenec duo mejìdouc (prosjetik  kai mèjodo
twn metajèsewn), basikì ergaleÐo gia thn eÔresh tou prwtob�jmiou poluwnu-
mikoÔ pÐnaka o opoÐoc apoteleÐ grammikopoÐhsh tou poluwnumikoÔ pÐnaka P (λ).

Sth sunèqeia, jewroÔme touc pÐnakec Si = A · C i ìpou

A =


In Ak−1 · · · A2 A1

0 In · · · A3 A2

...
...

. . .
...

...
0 0 · · · In Ak−1

0 0 · · · 0 In
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kai

C =


−Ak−1 −Ak−2 · · · −A1 −A0

In 0 · · · 0 0
...

...
. . .

...
...

0 0 · · · In 0


oi opoÐoi orÐzontai gia ìlouc touc akeraÐouc i, gia touc opoÐouc o pÐnakac Ci

eÐnai kal� orismènoc. Shmei¸noume ìti isqÔei Y = −C.
Pio analutik�, h morf  twn pin�kwn Si = A · Ci eÐnai h ex c:

• Gia i = 0,

S0 = A · C0 = A =


In Ak−1 · · · A2 A1

0 In · · · A3 A2

...
...

. . .
...

...
0 0 · · · In Ak−1

0 0 · · · 0 In

 .

• Gia i = 1,

S1 = A · C1 =


In Ak−1 · · · A2 A1

0 In · · · A3 A2

...
...

. . .
...

...
0 0 · · · In Ak−1

0 0 · · · 0 In

 ·


−Ak−1 · · · −A1 −A0

In · · · 0 0
...

. . .
...

...
0 · · · In 0



=


0 0 · · · 0 −A0

In Ak−1 · · · A2 0
...

...
. . .

...
...

0 0 · · · In 0

 .

• Gia i = 2, . . . , k − 2,

Si :=



0 · · · 0 −A0 · · · 0
...

. . .
...

...
. . .

...
0 · · · 0 −Ai−1 · · · −A0

In · · · Ai+1 0 · · · 0
...

. . .
...

...
. . .

...
0 · · · In 0 · · · 0


163



Teqnikèc GrammikopoÐhshc Poluwnumik¸n Pin�kwn KEFALAIO 4

• Gia i = k − 1,

Sk−1 =


0 −A0 · · · 0
...

...
. . .

...
0 −Ak−2 · · · −A0

In 0 · · · 0



• Gia i = k,

Sk =


−A0 0 · · · 0
−A1 −A0 · · · 0
...

...
. . .

...
−Ak−1 −Ak−2 · · · −A0


ParathroÔme ìti gia ìla ta Si, i = 0, 1, . . . , k o pÐnakac Si den exart�tai apì
ton pÐnaka Ai.

Gia ìla ta i = 0, . . . , k isqÔei

λSi−1X − Si

Si−1=ACi−1

Si=ACi

= λACi−1X − ACi

= ACi−1(λX − C)
Y=−C
= ACi−1(λX + Y )

Si−1=ACi−1

= Si−1(λX + Y )

Lìgw thc morf c tou

Si−1 =



0 · · · 0 −A0 · · · 0
...

. . .
...

...
. . .

...
0 · · · 0 −Ai−2 · · · −A0

In · · · Ai 0 · · · 0
...

. . .
...

...
. . .

...
0 · · · In 0 · · · 0


, ìtan o pÐnakac A0 eÐnai kanonikìc tìte eÐnai kai o pÐnakac Si−1.
Akìmh, lìgw tou ìti o pÐnakac Si−1 eÐnai kai anex�rthtoc tou λ ja eÐnai mo-
nometrikìc pÐnakac.
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'Etsi,

λSi−1X − Si = Si−1(λX + Y ) ⇒
λX + Y = S−1

i−1(λSi−1X − Si)

EpÐshc, èqoume dei ìti o prwtob�jmioc poluwnumikìc pÐnakac λX+Y = C1(λ)
eÐnai h pr¸th sunodeÔousa morf  tou poluwnumikoÔ pÐnaka P (λ). Akìmh, è-
qoume apodeÐxei, (Je¸rhma 1 tou KefalaÐou 1), ìti h pr¸th sunodeÔousa
morf  apoteleÐ grammikopoÐhsh tou poluwnumikoÔ pÐnaka P (λ). Autì shmaÐ-
nei ìti up�rqoun monometrikoÐ pÐnakec E(λ) kai F (λ) tètoioi ¸ste

[
P (λ) 0
0 I(k−1)n

]
= E(λ)(λX + Y )F (λ)

= E(λ)S−1
i−1(λSi−1X − Si)F (λ)

ìpou oi pÐnakec E(λ)S−1
i−1 kai F (λ) eÐnai monometrikoÐ.

Epomènwc kai o prwtob�jmioc poluwnumikìc pÐnakac λSi−1X − Si apoteleÐ
grammikopoÐhsh tou poluwnumikoÔ pÐnaka P (λ).

DeÐxame, loipìn, ìti o prwtob�jmioc poluwnumikìc pÐnakac λSm−1 − Sm eÐnai
grammikopoÐhsh tou poluwnumikoÔ pÐnaka P (λ) ìtan oi pÐnakec suntelestècA0

kai Ak eÐnai kanonikoÐ. Sth sunèqeia ja afairèsoume thn upìjesh ìti o pÐna-
kac suntelest c A0 eÐnai kanonikìc kai ja broÔme th morf  tou prwtob�jmiou
poluwnumikoÔ pÐnaka o opoÐoc ja apoteleÐ grammikopoÐhsh tou poluwnumikoÔ
pÐnaka P (λ).

JewroÔme ton dianusmatikì q¸ro ìlwn twn kn× kn prwtob�jmiwn poluwnu-
mik¸n pin�kwn thc morf c λM −N kai ton onom�zoume V .

L mma 7. Oi prwtob�jmioi poluwnumikoÐ pÐnakec Lj(λ) = λSj−1X − Sj,
j = 1, 2, . . . , k dhmiourgoÔn ènan k- di�stato upoq¸ro V0 tou dianusmatikoÔ
q¸rou V .

Apìdeixh.
'Ola ta Si ̸= 0, ∀ i = 0, 1, . . . , k − 1 diìti ìla ta Si, ∀ i = 0, 1, . . . , k − 1

perièqoun ton monadiaÐo pÐnaka In. EpÐshc, o pÐnakac X =

[
Ak 0
0 I(k−1)n

]
eÐnai

165



Teqnikèc GrammikopoÐhshc Poluwnumik¸n Pin�kwn KEFALAIO 4

di�foroc tou mhdenìc (X ̸= 0), diìti perièqei ton monadiaÐo pÐnaka.
Opìte kai oi pÐnakec Li(λ) ̸= 0, ∀ i = 0, 1, . . . , k − 1.
Gia i = k èqoume ìti o Lk(λ) = λSk−1X − Sk ̸= 0, diìti X ̸= 0 kai Sk−1 ̸= 0.
'Ara o grammikìc sunduasmìc

∑k
i=0 ciLi(λ) eÐnai o mhdenikìc pÐnakac an kai

mìnon an ci = 0.
'Ara oi pÐnakec L1(λ), . . . , Lk(λ) eÐnai k se pl joc grammik� anex�rthtoi pÐna-
kec. 'Etsi, apoteloÔn b�sh tou kai dhmiourgoÔn ènan k- di�stato dianusmatikì
q¸ro V0, upoq¸ro tou dianusmatikoÔ q¸rou V .

T¸ra, jèloume na deÐxoume ìti ta stoiqeÐa tou dianusmatikoÔ q¸rou V0

eÐnai grammikopoÐhseic tou poluwnumikoÔ pÐnaka P (λ).

Gi' autì dÐnoume to epìmeno je¸rhma.

Je¸rhma 12. O prwtob�jmioc poluwnumikìc pÐnakac Lc(λ) =
∑k

i=1 ciLi(λ) ∈
V0 eÐnai grammikopoÐhsh tou poluwnumikoÔ pÐnaka P (λ) an kai mìnon an o pÐ-

nakac
∑k

i=1 ciC
i−1 eÐnai kanonikìc.

Apìdeixh.
Efìson isqÔei Si = ACi èqoume

Lc(λ) =
k∑

i=1

ci(λSi−1X − Si)

=
k∑

i=1

ci(λAC
i−1X − ACi)

=
k∑

i=1

ciAC
i−1(λX − C)

=
k∑

i=1

ciSi−1(λX − C)

=

( k∑
i=1

ciSi−1

)
(λX − C).
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'Eqoume dei ìti o pÐnakac λX − C = λX + Y = C1(λ) eÐnai h pr¸th suno-
deÔousa morf  tou poluwnumikoÔ pÐnaka P (λ) kai eÐnai grammikopoÐhs  tou.
Dhlad  up�rqoun monometrikoÐ pÐnakec E(λ) kai F (λ) tètoioi ¸ste

[
P (λ) 0
0 I(k−1)n

]
= E(λ)(λX + Y )F (λ).

An upojèsoume ìti o pÐnakac
∑k

i=1 ciSi−1 eÐnai kanonikìc (kai epeid  eÐnai kai
anex�rthtoc tou λ monometrikìc) ja èqoume ìti

Lc(λ) =

( k∑
i=1

ciSi−1

)
(λX − C)

=

( k∑
i=1

ciSi−1

)
(λX + Y ) ⇒

λX + Y =

( k∑
i=1

ciSi−1

)−1

Lc(λ).

Opìte isqÔei

[
P (λ) 0
0 I(k−1)n

]
= E(λ)(λX + Y )F (λ)

= E(λ)

( k∑
i=1

ciSi−1

)−1

Lc(λ)F (λ)

ìpou E(λ)

(∑k
i=1 ciSi−1

)−1

kai F (λ) eÐnai monometrikoÐ pÐnakec.

'Ara, o prwtob�jmioc poluwnumikìc pÐnakac Lc(λ) apoteleÐ grammikopoÐhsh
tou poluwnumikoÔ pÐnaka P (λ) an kai mìnon an o pÐnakac

∑k
i=1 ciSi−1 eÐnai

kanonikìc.
'Eqoume, akìmh, ìti

∑k
i=1 ciSi−1 =

∑k
i=1 ciAC

i−1 = A
∑k

i=1 ciC
i−1 o opoÐoc

jèloume na eÐnai kanonikìc kai epeid  o pÐnakac A eÐnai kanonikìc (det(A) =
±1) jèloume o pÐnakac

∑k
i=1 ciC

i−1 na eÐnai kanonikìc.
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Sto prohgoÔmeno je¸rhma apodeÐxame ìti o prwtob�jmioc poluwnumikìc pÐ-
nakac Lc(λ) apoteleÐ grammikopoÐhsh tou poluwnumikoÔ pÐnaka P (λ), upo thn
proôpìjesh ìti o pÐnakac

∑k
i=1 ciC

i−1 eÐnai kanonikìc.
Epomènwc, sÔmfwna me to L mma 1 pou anafèrame sthn Eisagwg , o prwto-
b�jmioc poluwnumikìc pÐnakac Lc(λ) kai o poluwnumikìc pÐnakac P (λ) èqoun
tic Ðdiec peperasmènec idiotimèc, ta Ðdia mhdenik� kai touc Ðdiouc peperasmènouc
stoiqei¸deic diairètec.

Genn�tai, loipìn, to er¸thma an o prwtob�jmioc poluwnumikìc pÐnakac Lc(λ)
kai o poluwnumikìc pÐnakac P (λ) èqoun touc Ðdiouc stoiqei¸deic diairètec sto
�peiro. Gia na to exet�soume autì sÔmfwna p�li me to L mma 1 pou ana-
fèrame sthn Eisagwg , arkeÐ na deÐxoume ìti o prwtob�jmioc poluwnumikìc
pÐnakac Lc(λ) apoteleÐ isqur  grammikopoÐhsh tou poluwnumikoÔ pÐnaka P (λ).
Pr�gmati autì sumbaÐnei, dhlad  o prwtob�jmioc poluwnumikìc pÐnakac Lc(λ)
apoteleÐ isqur  grammikopoÐhsh tou poluwnumikoÔ pÐnaka P (λ), sÔmfwna me
to epìmeno je¸rhma.

Je¸rhma 13. O prwtob�jmioc poluwnumikìc pÐnakac Lc(λ) =
∑k

i=1 ciLi(λ) ∈
V0 eÐnai isqur  grammikopoÐhsh tou poluwnumikoÔ pÐnaka P (λ) an kai mìnon

an o pÐnakac
∑k

i=1 ciC
i−1 eÐnai kanonikìc.

Apìdeixh.

Gia na deÐxoume ìti o prwtob�jmioc poluwnumikìc pÐnakac Lc(λ) eÐnai isqur 
grammikopoÐhsh tou poluwnumikoÔ pÐnaka P (λ), arkeÐ na deÐxoume ìti o prwto-
b�jmioc poluwnumikìc pÐnakac Lc(λ) =

∑k
i=1 ci(λSi−1X − Si) eÐnai grammiko-

poÐhsh tou poluwnumikoÔ pÐnaka P (λ) kai o prwtob�jmioc poluwnumikìc pÐna-
kac revLc(λ) =

∑k
i=1 ci(Si−1X−λSi) eÐnai grammikopoÐhsh tou poluwnumikoÔ

pÐnaka revP (λ). To pr¸to komm�ti thc apìdeixhc, dhlad  ìti o prwtob�jmioc
poluwnumikìc pÐnakac Lc(λ) =

∑k
i=1 ci(λSi−1X − Si) eÐnai grammikopoÐhsh

tou poluwnumikoÔ pÐnaka P (λ) prokÔptei �mesa apì to prohgoÔmeno je¸-
rhma. ArkeÐ, loipìn, na deÐxoume ìti o prwtob�jmioc poluwnumikìc pÐnakac
revLc(λ) =

∑k
i=1 ci(Si−1X − λSi) eÐnai grammikopoÐhsh tou poluwnumikoÔ pÐ-

naka revP (λ).
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Efìson isqÔei Si = ACi èqoume

revLc(λ) =
k∑

i=1

ci(Si−1X − λSi)

=
k∑

i=1

ci(AC
i−1X − λACi)

=
k∑

i=1

ciAC
i−1(X − λC)

=
k∑

i=1

ciSi−1(X − λC)

=

( k∑
i=1

ciSi−1

)
(X − λC).

'Eqoume dei ìti o pÐnakac λX − C = λX + Y = C1(λ).
'Etsi, X − λC = rev(λX − C) = rev(λX + Y ) = revC1(λ). 'Eqoume dei,
akìmh, ìti h pr¸th sunodeÔousa morf  tou poluwnumikoÔ pÐnaka P (λ) eÐnai
isqur  grammikopoÐhs  tou. Dhlad  up�rqoun monometrikoÐ pÐnakec M(λ) kai
N(λ) tètoioi ¸ste[

revP (λ) 0
0 I(k−1)n

]
= M(λ)revC1(λ)N(λ)

= M(λ)(X + λY )N(λ).

An upojèsoume ìti o pÐnakac
∑k

i=1 ciSi−1 eÐnai kanonikìc (kai epeid  eÐnai kai
anex�rthtoc tou λ monometrikìc) ja èqoume ìti

revLc(λ) =

( k∑
i=1

ciSi−1

)
(X − λC)

=

( k∑
i=1

ciSi−1

)
(X + λY ) ⇒

X + λY =

( k∑
i=1

ciSi−1

)−1

revLc(λ).

169



Teqnikèc GrammikopoÐhshc Poluwnumik¸n Pin�kwn KEFALAIO 4

Opìte isqÔei

[
revP (λ) 0

0 I(k−1)n

]
= M(λ)(X + λY )N(λ)

= M(λ)

( k∑
i=1

ciSi−1

)−1

revLc(λ)N(λ)

ìpou M(λ)

(∑k
i=1 ciSi−1

)−1

kai N(λ) eÐnai monometrikoÐ pÐnakec.

'Ara, o prwtob�jmioc poluwnumikìc pÐnakac revLc(λ) apoteleÐ grammikopoÐh-
sh tou poluwnumikoÔ pÐnaka revP (λ) an kai mìnon an o pÐnakac

∑k
i=1 ciSi−1 eÐ-

nai kanonikìc. 'Eqoume, akìmh, ìti
∑k

i=1 ciSi−1 =
∑k

i=1 ciAC
i−1 = A

∑k
i=1 ciC

i−1

o opoÐoc jèloume na eÐnai kanonikìc kai epeid  o pÐnakac A eÐnai kanonikìc
(det(A) = ±1) jèloume o pÐnakac

∑k
i=1 ciC

i−1 na eÐnai kanonikìc.
'Ara o prwtob�jmioc poluwnumikìc pÐnakac Lc(λ) apoteleÐ isqur  grammiko-
poÐhsh tou poluwnumikoÔ pÐnaka P (λ).

SÔmfwna me to prohgoÔmeno je¸rhma, o prwtob�jmioc poluwnumikìc pÐnakac
Lc(λ) =

∑k
i=1 ciLi(λ) ∈ V0 eÐnai isqur  grammikopoÐhsh tou poluwnumikoÔ

pÐnaka P (λ). Qrhsimopoi¸ntac to L mma 1 thc Eisagwg c, prokÔptei �mesa
ìti o prwtob�jmioc poluwnumikìc pÐnakac Lc(λ) kai o poluwnumikìc pÐnakac
P (λ) èqoun tic Ðdiec peperasmènec idiotimèc, ta Ðdia peperasmèna mhdenik� kai
touc Ðdiouc peperasmènouc kai �peirouc stoiqei¸deic diairètec.

SuneqÐzontac th melèth mac p�nw sthn parallag  pou proteÐnoume gia thn
pollaplasiastik  mèjodo grammikopoÐhshc, ja d¸soume merik� paradeÐgmata
gia na doÔme kai thn efarmog  thc.
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4.4.2 ParadeÐgmata

• Par�deigma 1

JewroÔme ton poluwnumikì pÐnaka

P (λ) =

[
λ2 λ+ 1
1 λ2 + λ

]
=

[
1 0
0 1

]
λ2+

[
0 1
0 1

]
λ+

[
0 1
1 0

]
= A2λ

2+A1λ+A0.

Ja broÔme t¸ra ton pÐnaka Lc(λ) o opoÐoc apoteleÐ grammikopoÐhsh tou
poluwnumikoÔ pÐnaka P (λ), qrhsimopoi¸ntac thn parallag  thc polla-
plasiatik c mejìdou. SÔmfwna me to Je¸rhma 12 o pÐnakac Lc(λ) ja
eÐnai thc morf c Lc(λ) =

∑2
i=1 ciLi(λ).

Arqik�, ja upologÐsoume touc pÐnakec A,C, S0, S1, S2, X.
'Eqoume, loipìn,

A =

[
I2 A1

0 I2

]
=


1 0 0 1
0 1 0 1
0 0 1 0
0 0 0 1



C =

[
−A1 −A0

I2 0

]
=


0 −1 0 −1
0 −1 −1 0
1 0 0 0
0 1 0 0


kai

S0 = A =


1 0 0 1
0 1 0 1
0 0 1 0
0 0 0 1

 , S1 = A · C =


0 0 0 −1
0 0 −1 0
1 0 0 0
0 1 0 0

 ,

S2 = A·C2 =


0 −1 0 0
−1 0 0 0
0 −1 0 −1
0 −1 −1 0

 , X = diag{A2, I2} =


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
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'Estw ìti c1 = 1 , c2 = 2.
'Etsi o prwtob�jmioc poluwnumikìc pÐnakac Lc(λ) =

∑k
i=1 ciLi(λ) ja

eÐnai:

Lc(λ) =
2∑

i=1

ciLi(λ)

= c1L1(λ) + c2L2(λ)

c1=1

c2=2
= (λS0X − S1) + 2(λS1X − S2)

= λ


1 0 0 1
0 1 0 1
0 0 1 0
0 0 0 1



1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

−


0 0 0 −1
0 0 −1 0
1 0 0 0
0 1 0 0

+

+2λ


0 0 0 −1
0 0 −1 0
1 0 0 0
0 1 0 0



1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

− 2


0 −1 0 0
−1 0 0 0
0 −1 0 −1
0 −1 −1 0



=


λ 0 0 λ
0 λ 0 λ
0 0 λ 0
0 0 0 λ

−

0 0 0 −1
0 0 −1 0
1 0 0 0
0 1 0 0

+


0 0 0 −2λ
0 0 −2λ 0

−2λ 0 0 0
0 −2λ 0 0

−


0 −2 0 0
−2 0 0 0
0 −2 0 −2
0 −2 −2 0



=


λ 2 0 1− λ
2 λ 1− 2λ λ

2λ− 1 2 λ 2
0 2λ+ 1 2 λ
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to opoÐo eÐnai grammikopoÐhsh tou poluwnumikoÔ pÐnaka P (λ), diìti

G =
2∑

i=1

ciC
i−1 = c1C

0 + c2C
1

= I4 + 2C

=


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

+ 2


0 −1 0 −1
0 −1 −1 0
1 0 0 0
0 1 0 0



=


1 −2 0 −2
0 −1 −2 0
2 0 1 0
0 2 0 1


me det(G) = −9 ̸= 0. Epomènwc o pÐnakac

∑2
i=1 ciC

i−1 eÐnai kanonikìc.
'Etsi, lìgw tou Jewr matoc 12 o prwtob�jmioc poluwnumikìc pÐnakac
Lc(λ) pou upologÐsame prohgoumènwc apoteleÐ grammikopoÐhsh tou po-
luwnumikoÔ pÐnaka P (λ).

ParathroÔme akìmh ìti o megistob�jmioc pÐnakac suntelast c A2 eÐnai
kanonikìc dhlad  det(A2) = 1 ̸= 0. Epomènwc o poluwnumikìc pÐnakac
P (λ) èqei mìno peperasmèna mhdenik� kai peperasmènouc stoiqei¸deic
diairètec. Efìson deÐxame ìti o prwtob�jmioc poluwnumikìc pÐnakac
Lc(λ) eÐnai grammikopoÐhsh tou poluwnumikoÔ pÐnaka P (λ) sÔmfwna me
to L mma 1 tou KefalaÐou 1, ja èqei ta Ðdia mhdenik� kai stoiqei¸deic
diairètec me ton poluwnumikì pÐnaka P (λ).
Pr�gmati, h Smith morf  tou poluwnumikoÔ pÐnaka P (λ) eÐnai

SC
P (λ)(λ) =

[
1 0
0 λ4 + λ3 − λ− 1

]

Epomènwc ta peperasmèna mhdenik� tou poluwnumikoÔ pÐnaka P (λ) eÐnai

±1 kai −(−1)
1
3 , (−1)

2
3 . 'Etsi, oi peperasmènoi diairètec ja eÐnai (λ+1),

(λ− 1) , (λ− (−1)
1
3 ) kai (λ+ (−1)

2
3 ).

Tèloc, h Smith morf  tou prwtob�jmiou poluwnumikoÔ pÐnaka Lc(λ)
eÐnai

SC
Lc(λ)(λ) =


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 λ4 − 1

9
λ3 + 1

9
λ+ 1

9
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ìpou eÐnai fanerì ìti èqei ta Ðdia peperasmèna mhdenik� kai touc Ðdiouc
peperasmènouc stoiqei¸deic diairètec me ton poluwnumikì pÐnaka P (λ).

• Par�deigma 2

JewroÔme ton poluwnumikì pÐnaka

P (λ) =

[
2λ2 + λ+ 1 4λ2 + 2

λ2 + 1 2λ2 + λ

]
=

[
2 4
1 2

]
λ2 +

[
1 1
0 0

]
λ+

[
1 2
1 0

]
= A2λ

2 + A1λ+ A0.

Ja broÔme t¸ra ton pÐnaka Lc(λ) o opoÐoc apoteleÐ grammikopoÐhsh tou
poluwnumikoÔ pÐnaka P (λ), qrhsimopoi¸ntac thn parallag  thc polla-
plasiatik c mejìdou. SÔmfwna me to Je¸rhma 12 o pÐnakac Lc(λ) ja
eÐnai thc morf c Lc(λ) =

∑2
i=1 ciLi(λ).

Arqik�, ja upologÐsoume touc pÐnakec A,C, S0, S1, S2, X.
'Eqoume, loipìn,

A =

[
I2 A1

0 I2

]
=


1 0 1 0
0 1 0 1
0 0 1 0
0 0 0 1



C =

[
−A1 −A0

I2 0

]
=


−1 0 −1 −2
0 −1 −1 0
1 0 0 0
0 1 0 0


kai

S0 = A =


1 0 1 0
0 1 0 1
0 0 1 0
0 0 0 1

 , S1 = A · C =


0 0 −1 −2
0 0 −1 0
1 0 0 0
0 1 0 0

 ,
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S2 = A·C2 =


−1 −2 0 0
−1 0 0 0
−1 0 −1 −2
0 −1 −1 0

 , X = diag{A2, I2} =


2 4 0 0
1 2 0 0
0 0 1 0
0 0 0 1


'Estw ìti c1 = 1 , c2 = 1.
'Etsi o prwtob�jmioc poluwnumikìc pÐnakac Lc(λ) =

∑2
i=1 ciLi(λ) ja

eÐnai:

Lc(λ) =
2∑

i=1

ciLi(λ)

= c1L1(λ) + c2L2(λ)

c1=1

c2=1
= λS0X − S1 + λS1X − S2

= λ


1 0 1 0
0 1 0 1
0 0 1 0
0 0 0 1



2 4 0 0
1 2 0 0
0 0 1 0
0 0 0 1

−


0 0 −1 −2
0 0 −1 0
1 0 0 0
0 1 0 0

+

+λ


0 0 −1 −2
0 0 −1 0
1 0 0 0
0 1 0 0



2 4 0 0
1 2 0 0
0 0 1 0
0 0 0 1

−


−1 −2 0 0
−1 0 0 0
−1 0 −1 −2
0 −1 −1 0



=


2λ 4λ λ 0

λ+ 1 2λ 1− λ λ
2λ 2λ λ+ 1 2
λ 2λ 1 λ

+


0 0 −λ −2λ
0 0 −λ 0
2λ 4λ 0 0
λ 2λ 0 0

+


1 2 0 0
1 0 1 0
0 0 1 2
0 0 1 0



=


2λ+ 1 4λ+ 2 1 2− 2λ
λ+ 1 2λ 1− λ λ
2λ 4λ λ+ 1 2
λ 2λ 1 λ
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to opoÐo eÐnai grammikopoÐhsh tou poluwnumikoÔ pÐnaka P (λ), diìti

G =
2∑

i=1

ciC
i−1 = c1C

0 + c2C
1

= I4 + C

=


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

+


−1 0 −1 −2
0 −1 −1 0
1 0 0 0
0 1 0 0



=


0 0 −1 −2
0 0 −1 0
1 0 1 0
0 1 0 1


me det(G) = −2 ̸= 0. Epomènwc o pÐnakac

∑2
i=1 ciC

i−1 eÐnai kanonikìc.
'Etsi, lìgw tou Jewr matoc 12 o prwtob�jmioc poluwnumikìc pÐnakac
Lc(λ) pou upologÐsame prohgoumènwc apoteleÐ grammikopoÐhsh tou po-
luwnumikoÔ pÐnaka P (λ).

Shmei¸noume ìti o megistob�jmioc pÐnakac suntelest c tou poluwnu-
mikoÔ pÐnaka P (λ) eÐnai idi�zwn, diìti det(A2) = 0. Autì shmaÐnei ìti
o poluwnumikìc pÐnakac P (λ) ja èqei peperasmèna kai �peira mhdenik�
kai peperasmènouc kai �peirouc stoiqei¸deic diairètec. SÔmfwna me to
Je¸rhma 13 thc isqur c grammikopoÐhshc, deÐxame ìti o prwtob�jmioc
poluwnumikìc pÐnakac Lc(λ) eÐnai isqur  grammikopoÐhsh tou poluwnu-
mikoÔ pÐnaka P (λ) kai epomènwc o prwtob�jmioc poluwnumikìc pÐnakac
Lc(λ) èqei touc Ðdiouc peperasmènouc kai �peirouc stoiqei¸deic diairètec.

Pr�gmati, h Smith morf  tou poluwnumikoÔ pÐnaka P (λ) ja eÐnai

SC
P (λ)(λ) =

[
1 0
0 λ3 − 3

4
λ2 + 1

4
λ− 1

2

]
.

O duðkìc tou poluwnumikoÔ pÐnaka P (λ) eÐnai

revP (λ) =

[
1 2
1 0

]
λ2+

[
1 0
0 1

]
λ+

[
2 4
1 2

]
=

[
λ2 + λ+ 2 2λ2 + 4
λ2 + 1 λ+ 2

]
.

'Etsi, h Smith morf  tou poluwnumikoÔ pÐnaka revP (λ) sto 0 ja eÐnai

S0
revP (λ)(λ) =

[
1 0
0 λ

]
.
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Sth sunèqeia ja broÔme th Smith morf  tou prwtob�jmiou poluwnumi-
koÔ pÐnaka Lc(λ).
H Smith morf  tou prwtob�jmiou poluwnumikoÔ pÐnaka Lc(λ) ja eÐnai

SC
Lc(λ)(λ) =


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 λ3 + 3

4
λ2 − 1

4
λ+ 1

2

 .

O duðkìc tou poluwnumikoÔ pÐnaka Lc(λ) eÐnai

revLc(λ) =


λ+ 2 2λ+ 4 λ 2λ− 2
λ+ 1 2 λ− 1 1
2 4 λ+ 1 2λ
1 2 λ 1

 .

'Etsi, h Smith morf  tou poluwnumikoÔ pÐnaka revLc(λ) sto 0 ja eÐnai

S0
revLc(λ)(λ) =


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 λ

 .

Epomènwc eÐnai fanerì apì th morf  twn Smith morf¸n, ìti o poluw-
numikìc pÐnakac P (λ) kai o prwtob�jmioc poluwnumikìc pÐnakac Lc(λ)
èqoun touc Ðdiouc peperasmènouc kai �peirouc stoiqei¸deic diairètec.

• Par�deigma 3

JewroÔme ton poluwnumikì pÐnaka

P (λ) = Kλ2 +Mλ+N = A2λ
2 + A1λ+ A0.

ìpou jewroÔme ìti o pÐnakac suntelest c K eÐnai kanonikìc.
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Ja broÔme t¸ra ton pÐnaka Lc(λ) o opoÐoc apoteleÐ grammikopoÐhsh tou
poluwnumikoÔ pÐnaka P (λ), qrhsimopoi¸ntac thn parallag  thc polla-
plasiatik c mejìdou. SÔmfwna me to Je¸rhma 12 o pÐnakac Lc(λ) ja
eÐnai thc morf c Lc(λ) =

∑2
i=1 ciLi(λ).

Arqik�, ja upologÐsoume touc pÐnakec A,C, S0, S1, S2, X.
'Eqoume, loipìn,

A =

[
I2 A1

0 I2

]
=

[
I2 M
0 I2

]

C =

[
−A1 −A0

I2 0

]
=

[
−M −N
I2 0

]
kai

S0 = A =

[
I2 M
0 I2

]
, S1 = A · C =

[
0 −N
I2 0

]
,

S2 = A · C2 =

[
−N 0
−M −N

]
, X = diag{A2, I2} =

[
K 0
0 I2

]
'Estw ìti c1 = a , c2 = b.
'Etsi o prwtob�jmioc poluwnumikìc pÐnakac Lc(λ) =

∑2
i=1 ciLi(λ) ja

eÐnai:

Lc(λ) =
2∑

i=1

ciLi(λ)

= c1L1(λ) + c2L2(λ)

c1=a

c2=b
= a(λS0X − S1) + b(λS1X − S2)

= aλ

[
I2 M
0 I2

] [
K 0
0 I2

]
− a

[
0 −N
I2 0

]
+

+bλ

[
0 −N
I2 0

] [
K 0
0 I2

]
− b

[
−N 0
−M −N

]
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=

[
aλK aλM
0 aλI2

]
+

[
0 aN

−aI2 0

]
+

[
0 −bλN

bλK 0

]
+

[
bN 0
bM bN

]

=

[
aλK + bN aλM + aN − bλN + bN

−aI2 + bλK + bM aλI2 + bN

]
to opoÐo eÐnai grammikopoÐhsh tou poluwnumikoÔ pÐnaka P (λ), diìti

G =
2∑

i=1

ciC
i−1 = c1C

0 + c2C
1

= aI4 + bC

= a

[
I2 0
0 I2

]
+ b

[
−M −N
−I2 −0

]
=

[
aI2 − bM −bN

bI2 aI2

]
.

Epomènwc gia na eÐnai o pÐnakac
∑2

i=1 ciC
i−1 kanonikìc ja prèpei det(G) ̸=

0.
Tìte, lìgw tou Jewr matoc 12 o prwtob�jmioc poluwnumikìc pÐnakac
Lc(λ) pou upologÐsame prohgoumènwc apoteleÐ grammikopoÐhsh tou po-
luwnumikoÔ pÐnaka P (λ).

• Par�deigma 4

JewroÔme ton poluwnumikì pÐnaka

P (λ) =

[
λ3 + λ2 + 1 λ

0 λ3 + 1

]
=

[
1 0
0 1

]
λ3 +

[
1 0
0 0

]
λ2 +

[
0 1
0 0

]
λ+

[
1 0
0 1

]
= A3λ

3 + A2λ
2 + A1λ+ A0.
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Ja broÔme t¸ra ton pÐnaka Lc(λ) o opoÐoc apoteleÐ grammikopoÐhsh tou
poluwnumikoÔ pÐnaka P (λ), qrhsimopoi¸ntac thn parallag  thc polla-
plasiatik c mejìdou. SÔmfwna me to Je¸rhma 12 o pÐnakac Lc(λ) ja
eÐnai thc morf c Lc(λ) =

∑k
i=1 ciLi(λ).

Arqik�, ja upologÐsoume touc pÐnakec A,C, S0, S1, S2, S3, X.
'Eqoume, loipìn,

A =

I2 A2 A1

0 I2 A2

0 0 I2

 =


1 0 1 0 0 1
0 1 0 0 0 0
0 0 1 0 1 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1



C =

−A2 −A1 −A0

I2 0 0
0 I2 0

 =


−1 0 0 −1 −1 0
0 0 0 0 0 −1
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0


kai

S0 = A =


1 0 1 0 0 1
0 1 0 0 0 0
0 0 1 0 1 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

 , S1 = A·C =


0 0 0 0 −1 0
0 0 0 0 0 −1
1 0 1 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0

 ,

S2 = A · C2 =


0 0 −1 0 0 0
0 0 0 −1 0 0
0 0 0 −1 −1 0
0 0 0 0 0 −1
1 0 0 0 0 0
0 1 0 0 0 0

 ,

S3 = A · C3 =


−1 0 0 0 0 0
0 −1 0 0 0 0
0 −1 −1 0 0 0
0 0 0 −1 0 0
−1 0 0 −1 −1 0
0 0 0 0 0 −1
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X = diag{A2, I2, I2} =


1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1


'Estw ìti c1 = c2 = c3 = 1.
'Etsi o prwtob�jmioc poluwnumikìc pÐnakac Lc(λ) =

∑3
i=1 ciLi(λ) ja

eÐnai:

Lc(λ) =
3∑

i=1

ciLi(λ)

= c1L1(λ) + c2L2(λ) + c3L3(λ)

c1=c2=1

c3=1
= λS0X − S1 + λS1X − S2 + λS2 − S3

= λ


1 0 1 0 0 1
0 1 0 0 0 0
0 0 1 0 1 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1




1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

−

0 0 0 0 −1 0
0 0 0 0 0 −1
1 0 1 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0

+

+λ


0 0 0 0 −1 0
0 0 0 0 0 −1
1 0 1 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0




1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

−

0 0 −1 0 0 0
0 0 0 −1 0 0
0 0 0 −1 −1 0
0 0 0 0 0 −1
1 0 0 0 0 0
0 1 0 0 0 0

+
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+λ


0 0 −1 0 0 0
0 0 0 −1 0 0
0 0 0 −1 −1 0
0 0 0 0 0 −1
1 0 0 0 0 0
0 1 0 0 0 0




1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

−

−1 0 0 0 0 0
0 −1 0 0 0 0
0 −1 −1 0 0 0
0 0 0 −1 0 0
−1 0 0 −1 −1 0
0 0 0 0 0 −1

 =

=


λ 0 λ 0 0 λ
0 λ 0 0 0 0
0 0 λ 0 λ 0
0 0 0 λ 0 0
0 0 0 0 λ 0
0 0 0 0 0 λ

−


0 0 0 0 −1 0
0 0 0 0 0 −1
1 0 1 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0

+

+


0 0 0 0 −λ 0
0 0 0 0 0 −λ
λ 0 λ 0 0 0
0 λ 0 0 0 0
0 0 λ 0 0 0
0 0 0 λ 0 0

−


0 0 −1 0 0 0
0 0 0 −1 0 0
0 0 0 −1 −1 0
0 0 0 0 0 −1
1 0 0 0 0 0
0 1 0 0 0 0

+

+


0 0 −λ 0 0 0
0 0 0 −λ 0 0
0 0 0 −λ −λ 0
0 0 0 0 0 −λ
λ 0 0 0 0 0
0 λ 0 0 0 0

−


−1 0 0 0 0 0
0 −1 0 0 0 0
0 −1 −1 0 0 0
0 0 0 −1 0 0
−1 0 0 −1 −1 0
0 0 0 0 0 −1



=


λ+ 1 0 1 0 1− λ λ
0 λ+ 1 0 1− λ 0 1− λ

λ− 1 1 2λ 1− λ 1 0
0 λ− 1 0 λ+ 1 0 1− λ
λ 0 λ− 1 1 λ+ 1 0
0 λ− 1 0 λ− 1 0 λ+ 1
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to opoÐo eÐnai grammikopoÐhsh tou poluwnumikoÔ pÐnaka P (λ), diìti

G =
3∑

i=1

ciC
i−1 = c1C

0 + c2C
1 + c3C

2

= I6 + C + C2

=


1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

+

−1 0 0 −1 −1 0
0 0 0 0 0 −1
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0

+

−2 0 −2 0 1 0
0 1 0 0 0 0
−1 0 1 0 −1 0
0 0 0 1 0 0
1 0 0 0 0 0
0 1 0 0 0 0



=


2 0 −2 −1 0 0
0 2 0 0 0 −1
0 0 2 0 −1 0
0 1 0 2 0 0
1 0 1 0 1 0
0 1 0 1 0 1


me det(G) = 40 ̸= 0. Epomènwc o pÐnakac

∑3
i=1 ciC

i−1 eÐnai kanonikìc.
'Etsi, lìgw tou Jewr matoc 12 o prwtob�jmioc poluwnumikìc pÐnakac
Lc(λ) pou upologÐsame prohgoumènwc apoteleÐ grammikopoÐhsh tou po-
luwnumikoÔ pÐnaka P (λ).

ParathroÔme akìmh ìti o megistob�jmioc pÐnakac suntelest c A3 eÐnai
kanonikìc dhlad  det(A3) = 1 ̸= 0. Epomènwc o poluwnumikìc pÐnakac
P (λ) èqei mìno peperasmèna mhdenik� kai peperasmènouc stoiqei¸deic
diairètec. Efìson deÐxame ìti o prwtob�jmioc poluwnumikìc pÐnakac
Lc(λ) eÐnai grammikopoÐhsh tou poluwnumikoÔ pÐnaka P (λ) sÔmfwna me
to L mma 1 tou KefalaÐou 1, ja èqei touc Ðdiouc stoiqei¸deic diairètec
me ton poluwnumikì pÐnaka P (λ).
Pr�gmati, h Smith morf  tou poluwnumikoÔ pÐnaka P (λ) eÐnai

SC
P (λ)(λ) =

[
1 0
0 λ6 + λ5 + 2λ3 + λ2 + 1

]
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Tèloc, h Smith morf  tou prwtob�jmiou poluwnumikoÔ pÐnaka Lc(λ)
eÐnai

SC
L(λ)(λ) =


1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 λ6 + 1

12
λ5 + 1

6
λ3 + 1

12
λ2 + 1

12
)

 .

Apì th morf  twn Smith morf¸n twn poluwnumik¸n pin�kwn P (λ) kai
Lc(λ) eÐnai fanerì ìti o prwtob�jmioc poluwnumikìc pÐnakac Lc(λ) èqei
ta Ðdia peperasmèna mhdenik� kai touc Ðdiouc peperasmènouc stoiqei¸deic
diairètec me ton poluwnumikì pÐnaka P (λ).

• Par�deigma 5

JewroÔme ton poluwnumikì pÐnaka

P (λ) =

[
2λ3 + λ2 + 1 4λ3 + λ

λ3 2λ3 + 1

]
=

[
2 4
1 2

]
λ3 +

[
1 0
0 0

]
λ2 +

[
0 1
0 0

]
λ+

[
1 0
0 1

]
= A3λ

3 + A2λ
2 + A1λ+ A0.

Ja broÔme t¸ra ton pÐnaka Lc(λ) o opoÐoc apoteleÐ grammikopoÐhsh tou
poluwnumikoÔ pÐnaka P (λ), qrhsimopoi¸ntac thn parallag  thc polla-
plasiatik c mejìdou. SÔmfwna me to Je¸rhma 12 o pÐnakac Lc(λ) ja
eÐnai thc morf c Lc(λ) =

∑k
i=1 ciLi(λ).

Arqik�, ja upologÐsoume touc pÐnakec A,C, S0, S1, S2, S3, X.
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'Eqoume, loipìn,

A =

I2 A2 A1

0 I2 A2

0 0 I2

 =


1 0 1 0 0 1
0 1 0 0 0 0
0 0 1 0 1 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1



C =

−A2 −A1 −A0

I2 0 0
0 I2 0

 =


−1 0 0 −1 −1 0
0 0 0 0 0 −1
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0


kai

S0 = A =


1 0 1 0 0 1
0 1 0 0 0 0
0 0 1 0 1 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

 , S1 = A·C =


0 0 0 0 −1 0
0 0 0 0 0 −1
1 0 1 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0

 ,

S2 = A·C2 =


0 0 −1 0 0 0
0 0 0 −1 0 0
0 0 0 −1 −1 0
0 0 0 0 0 −1
1 0 0 0 0 0
0 1 0 0 0 0

 , S3 = A·C3 =


−1 0 0 0 0 0
0 −1 0 0 0 0
0 −1 −1 0 0 0
0 0 0 −1 0 0
−1 0 0 −1 −1 0
0 0 0 0 0 −1



X = diag{A2, I2, I2} =


2 4 0 0 0 0
1 2 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1


'Estw ìti c1 = c2 = c3 = 1.
'Etsi o prwtob�jmioc poluwnumikìc pÐnakac Lc(λ) =

∑3
i=1 ciLi(λ) ja
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eÐnai:

Lc(λ) =
3∑

i=1

ciLi(λ)

= c1L1(λ) + c2L2(λ) + c3L3(λ)

c1=c2=1

c3=1
= λS0X − S1 + λS1X − S2 + λS2 − S3

= λ


1 0 1 0 0 1
0 1 0 0 0 0
0 0 1 0 1 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1




2 4 0 0 0 0
1 2 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

−

0 0 0 0 −1 0
0 0 0 0 0 −1
1 0 1 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0

+

+λ


0 0 0 0 −1 0
0 0 0 0 0 −1
1 0 1 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0




2 4 0 0 0 0
1 2 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

−

0 0 −1 0 0 0
0 0 0 −1 0 0
0 0 0 −1 −1 0
0 0 0 0 0 −1
1 0 0 0 0 0
0 1 0 0 0 0

+

+λ


0 0 −1 0 0 0
0 0 0 −1 0 0
0 0 0 −1 −1 0
0 0 0 0 0 −1
1 0 0 0 0 0
0 1 0 0 0 0




2 4 0 0 0 0
1 2 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

−

−1 0 0 0 0 0
0 −1 0 0 0 0
0 −1 −1 0 0 0
0 0 0 −1 0 0
−1 0 0 −1 −1 0
0 0 0 0 0 −1

 =
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=


2λ 4λ λ 0 0 λ
λ 2λ 0 0 0 0
0 0 λ 0 λ 0
0 0 0 λ 0 0
0 0 0 0 λ 0
0 0 0 0 0 λ

−


0 0 0 0 −1 0
0 0 0 0 0 −1
1 0 1 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0

+

+


0 0 0 0 −λ 0
0 0 0 0 0 −λ
2λ 4λ λ 0 0 0
λ 2λ 0 0 0 0
0 0 λ 0 0 0
0 0 0 λ 0 0

−


0 0 −1 0 0 0
0 0 0 −1 0 0
0 0 0 −1 −1 0
0 0 0 0 0 −1
1 0 0 0 0 0
0 1 0 0 0 0

+

+


0 0 −λ 0 0 0
0 0 0 −λ 0 0
0 0 0 −λ −λ 0
0 0 0 0 0 −λ
2λ 4λ 0 0 0 0
λ 2λ 0 0 0 0

−


−1 0 0 0 0 0
0 −1 0 0 0 0
0 −1 −1 0 0 0
0 0 0 −1 0 0
−1 0 0 −1 −1 0
0 0 0 0 0 −1



=


2λ+ 1 4λ 1 0 1− λ λ

λ 2λ+ 1 0 1− λ 0 1− λ
2λ− 1 4λ+ 1 2λ 1− λ 1 0

λ 2λ− 1 0 λ+ 1 0 1− λ
2λ 4λ λ− 1 1 λ+ 1 0
λ 2λ− 1 0 λ− 1 0 λ+ 1


to opoÐo eÐnai grammikopoÐhsh tou poluwnumikoÔ pÐnaka P (λ), diìti

G =
3∑

i=1

ciC
i−1 = c1C

0 + c2C
1 + c3C

2

= I6 + C + C2
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=


1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

+

−1 0 0 −1 −1 0
0 0 0 0 0 −1
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0

+

−2 0 −2 0 1 0
0 1 0 0 0 0
−1 0 1 0 −1 0
0 0 0 1 0 0
1 0 0 0 0 0
0 1 0 0 0 0



=


2 0 −2 −1 0 0
0 2 0 0 0 −1
0 0 2 0 −1 0
0 1 0 2 0 0
1 0 1 0 1 0
0 1 0 1 0 1


me det(G) = 40 ̸= 0. Epomènwc o pÐnakac

∑3
i=1 ciC

i−1 eÐnai kanonikìc.
'Etsi, lìgw tou Jewr matoc 12 o prwtob�jmioc poluwnumikìc pÐnakac
Lc(λ) pou upologÐsame prohgoumènwc apoteleÐ grammikopoÐhsh tou po-
luwnumikoÔ pÐnaka P (λ).

Shmei¸noume ìti o megistob�jmioc pÐnakac suntelest c A3 tou poluw-
numikoÔ pÐnaka P (λ) eÐnai idi�zwn, diìti det(A3) = 0. Autì shmaÐnei ìti
o poluwnumikìc pÐnakac P (λ) ja èqei peperasmèna kai �peira mhdenik�
kai peperasmènouc kai �peirouc stoiqei¸deic diairètec. SÔmfwna me to
Je¸rhma 13 thc isqur c grammikopoÐhshc, deÐxame ìti o prwtob�jmioc
poluwnumikìc pÐnakac Lc(λ) eÐnai isqur  grammikopoÐhsh tou poluwnu-
mikoÔ pÐnaka P (λ) kai epomènwc o prwtob�jmioc poluwnumikìc pÐnakac
Lc(λ) èqei touc Ðdiouc peperasmènouc kai �peirouc stoiqei¸deic diairètec.

Pr�gmati, h Smith morf  tou poluwnumikoÔ pÐnaka P (λ) ja eÐnai

SC
P (λ)(λ) =

[
1 0
0 λ5 − 1

2
λ4 + 2λ3 + 1

2
λ2 + 1

2

]
.

O duðkìc tou poluwnumikoÔ pÐnaka P (λ) eÐnai

revP (λ) =

[
1 0
0 1

]
λ3 +

[
0 1
0 0

]
λ2 +

[
1 0
0 0

]
λ+

[
2 4
1 2

]
=

[
λ3 + λ+ 2 λ2 + 4

1 λ3 + 2

]
.
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'Etsi, h Smith morf  tou poluwnumikoÔ pÐnaka revP (λ) sto 0 ja eÐnai

S0
revP (λ)(λ) =

[
1 0
0 λ

]
.

Sth sunèqeia ja broÔme th Smith morf  tou prwtob�jmiou poluwnumi-
koÔ pÐnaka Lc(λ).
H Smith morf  tou prwtob�jmiou poluwnumikoÔ pÐnaka Lc(λ) ja eÐnai

SC
Lc(λ)(λ) =


1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 2 0
0 0 0 0 0 λ5 − 1

2
λ4 + 2λ3 + 1

2
λ2 + 1

2

 .

O duðkìc tou poluwnumikoÔ pÐnaka Lc(λ) eÐnai

revLc(λ) =


λ+ 2 4 λ 0 λ− 1 1
1 λ+ 2 0 λ− 1 0 λ− 1

2− λ λ+ 4 2 λ− 1 λ 0
1 2− λ 0 λ+ 1 0 λ− 1
2 4 1− λ λ λ+ 1 0
1 2− λ 0 1− λ 0 λ+ 1

 .

'Etsi, h Smith morf  tou poluwnumikoÔ pÐnaka revLc(λ) sto 0 ja eÐnai

S0
revLc(λ)(λ) =


1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 λ

 .

Epomènwc eÐnai fanerì apì th morf  twn Smith morf¸n, ìti o poluw-
numikìc pÐnakac P (λ) kai o prwtob�jmioc poluwnumikìc pÐnakac Lc(λ)
èqoun touc Ðdiouc peperasmènouc kai �peirouc stoiqei¸deic diairètec.
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• Par�deigma 6

JewroÔme ton poluwnumikì pÐnaka

P (λ) = Kλ3 + Λλ2 +Mλ+N

= A3λ
3 + A2λ

2 + A1λ+ A0.

ìpou jewroÔme ìti o pÐnakac suntelest c K eÐnai kanonikìc.

Ja broÔme t¸ra ton pÐnaka Lc(λ) o opoÐoc apoteleÐ grammikopoÐhsh tou
poluwnumikoÔ pÐnaka P (λ), qrhsimopoi¸ntac thn parallag  thc polla-
plasiatik c mejìdou. SÔmfwna me to Je¸rhma 12 o pÐnakac Lc(λ) ja
eÐnai thc morf c Lc(λ) =

∑k
i=1 ciLi(λ).

Arqik�, ja upologÐsoume touc pÐnakec A,C, S0, S1, S2, X.
'Eqoume, loipìn,

A =

I2 A2 A1

0 I2 A2

0 0 I2

 =

I2 Λ M
0 I2 Λ
0 0 I2


C =

−A2 −A1 −A0

I2 0 0
0 I2 0

 =

−Λ −M −N
I2 0 0
0 I2 0


kai

S0 = A =

I2 Λ M
0 I2 Λ
0 0 I2

 , S1 = A · C =

 0 0 −N
I2 Λ 0
0 I2 0

 ,

S2 = A·C2 =

 0 −N 0
0 −M −N
I2 0 0

 , S3 = A·C3 =

−N 0 0
−M −N 0
−Λ −M −N


X = diag{A2, I2, I2} =

K 0 0
0 I2 0
0 0 I2


'Estw ìti c1 = a , c2 = b , c3 = c.
'Etsi o prwtob�jmioc poluwnumikìc pÐnakac Lc(λ) =

∑k
i=1 ciLi(λ) ja

eÐnai:

Lc(λ) =
3∑

i=1

ciLi(λ)
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= c1L1(λ) + c2L2(λ) + c3L3(λ)

c1=a

c2=b,c3=c
= a(λS0X − S1) + b(λS1X − S2) + c(λS2 − S3)

= aλ

I2 Λ M
0 I2 Λ
0 0 I2

K 0 0
0 I2 0
0 0 I2

− a

 0 0 −N
I2 Λ 0
0 I2 0

+

+bλ

 0 0 −N
I2 Λ 0
0 I2 0

K 0 0
0 I2 0
0 0 I2

− b

 0 −N 0
0 −M −N
I2 0 0

+

cλ

 0 −N 0
0 −M −N
I2 0 0

K 0 0
0 I2 0
0 0 I2

− c

−N 0 0
−M −N 0
−Λ −M −N



=

aλK aλΛ aλM + aN
−aI2 aλI2 − aΛ aλΛ
0 −aI2 aλI2

+
 0 bN −bλN
bλK bλΛ + bM bN
−bI2 bλI2 0

+
 cN −cλN 0
cM −cλM + cN −cλN
cλK cM cN



=

 aλK + cN aλΛ + bN − cλN aλM + aN − bλN
−aI2 + bλK + cM aλI2 − aΛ + bλΛ + bM − cλM + cn aλΛ + bN − cλN
−bI2 + cλK + cΛ −aI2 + bλI2 + cM aλI2 + cN



to opoÐo eÐnai grammikopoÐhsh tou poluwnumikoÔ pÐnaka P (λ), diìti
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G =
3∑

i=1

ciC
i−1 = c1C

0 + c2C
1 + c3C

2

= aI6 + bC + cC2

= a

I2 0 0
0 I2 0
0 0 I2

+ b

Λ −M −N
I2 0 0
0 I2 0

+ c

Λ2 −M ΛM −N ΛN
−Λ −M −N
I2 0 0


=

aI2 − bΛ + c(Λ2 −M) −bM + c(ΛM −N) −bN − cΛN
bI2 − cΛ aI2 − cM −cN

cI2 bI2 aI2

 .

Epomènwc gia na eÐnai o pÐnakac
∑k

i=1 ciC
i−1 kanonikìc ja prèpei det(G) ̸=

0.
Tìte, lìgw tou Jewr matoc 12 o prwtob�jmioc poluwnumikìc pÐnakac
Lc(λ) pou upologÐsame prohgoumènwc apoteleÐ grammikopoÐhsh tou po-
luwnumikoÔ pÐnaka P (λ).

4.4.3 SummetrÐa

Oloklhr¸nontac th melèth mac p�nw sthn parallag  pou parousi�same p�nw
sthn pollaplasiastik  mèjodo ja exet�soume an h parallag  aut  diathreÐ
k�poia dom  pou mporeÐ na èqei o poluwnumikìc mac pÐnakac.
Mèqri t¸ra deÐxame ìti h parallag  pou proteÐnoume eÐnai grammikopoÐhsh kai
m�lista isqur  grammikopoÐhsh tou poluwnumikoÔ pÐnaka P (λ). 'Etsi o prw-
tob�jmioc poluwnumikìc pÐnakac pou prokÔptei ja èqei ta Ðdia peperasmèna
mhdenik� kai touc Ðdiouc peperasmènouc kai �peirouc stoiqei¸deic diairètec me
ton poluwnumikì pÐnaka P (λ). 'Omwc autì to eÐqame  dh apokt sei apì tic
duo sunodeÔousec morfèc. To er¸thma loipìn pou ja mac apasqol sei eÐnai
an h parallag  pou proteÐnoume diathreÐ th dom  tou poluwnumikoÔ pÐnaka
P (λ). H pio sunhjismènh dom  pou sunant�tai eÐnai h summetrÐa.
Sthn par�grafo aut  ja d¸soume th sunj kh pou prèpei na isqÔei ¸ste o
prwtob�jmioc poluwnumikìc pÐnakac o opoÐoc apoteleÐ isqur  grammikopoÐhsh
tou poluwnumikoÔ pÐnaka P (λ) ja diathreÐ th summetrÐa.
Apì th morf  twn prwtob�jmiwn poluwnumik¸n pin�kwn Lc(λ) =

∑k
i=1 ciLi(λ) =

c1(λS0X−S1)+ c2(λS1X−S2)+ c3(λS2−S3)+ · · ·+ ck(λSk−1X−Sk) para-
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throÔme ìti an p�roume mìno ton ìro ck(λSk−1X − Sk) prokÔptoun ta ex c:

Lk(λ) = λSk−1X − Sk

= λ



0 −A0 0 · · · 0 0
0 −A1 −A0 · · · 0 0
0 −A2 −A1 · · · 0 0
...

...
...

. . .
...

...
0 −Ak−2 −Ak−3 · · · −A1 −A0

In 0 0 · · · 0 0





Ak 0 0 · · · 0 0
0 In 0 · · · 0 0
0 0 In · · · 0 0
...

...
...

. . .
...

...
0 0 0 · · · In 0
0 0 0 · · · 0 In



−



−A0 0 0 · · · 0 0
−A1 −A0 0 · · · 0 0
−A2 −A1 −A0 · · · 0 0
...

...
...

. . .
...

...
−Ak−2 −Ak−3 −Ak−4 · · · −A0 0
−Ak−1 −Ak−2 −Ak−3 · · · −A1 −A0



=



0 −λA0 0 · · · 0 0
0 −λA1 −λA0 · · · 0 0
0 −λA2 −λA1 · · · 0 0
...

...
...

. . .
...

...
0 −λAk−2 −λAk−3 · · · −λA1 −λA0

λAk 0 0 · · · 0 0


+



A0 0 0 · · · 0 0
A1 A0 0 · · · 0 0
A2 A1 A0 · · · 0 0
...

...
...

. . .
...

...
Ak−2 Ak−3 Ak−4 · · · A0 0
Ak−1 Ak−2 Ak−3 · · · A1 A0



=



A0 −λA0 0 · · · 0 0
A1 −λA1 + A0 −λA0 · · · 0 0
A2 −λA2 + A1 −λA1 + A0 · · · 0 0
...

...
...

. . .
...

...
Ak−2 −λAk−2 + Ak−3 −λAk−3 + Ak−4 · · · −λA1 + A0 −λA0

Ak−1 + λAk Ak−2 Ak−3 · · · A1 A0


.

ParathroÔme, loipìn, ìti paÐrnontac mìno ton ìro Lk(λ) = λSk−1X − Sk o
prwtob�jmioc poluwnumikìc pÐnakac pou prokÔptei block- summetrikìc. Sh-
mei¸noume ìti an p�roume kai touc upìloipouc ìrouc tou ajroÐsmatoc c1(λS0X−
S1) + c2(λS1X −S2) + c3(λS2 −S3) + · · ·+ ck(λSk−1X −Sk) o prwtob�jmioc
polwunumikìc pÐnakac pou ja prokÔyei den ja eÐnai block- summetrikìc pÐna-
kac.
Epomènwc, gia na eÐnai o prwtob�jmioc poluwnumikìc pÐnakac Lc(λ) block-
summetrikìc ja prèpei na p�roume thn ex c sunj kh

ci = 0, i = 1, 2, . . . , k − 1 και ck ̸= 0.
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'Omwc gia na eÐnai o Lc(λ) = Lk(λ) grammikopoÐhsh kai m�lista isqur  gram-
mikopoÐhsh tou poluwnumikoÔ pÐnaka P (λ) ja prèpei o pÐnakac

∑k
i=1 ciC

i−1

na eÐnai kanonikìc. Sthn perÐptwsh ìmwc pou jewr soume ci = 0, i =

1, 2, . . . , k−1 kai ck ̸= 0 ja èqoume
∑k

i=1 ciC
i−1 = ckC

k−1. Epomènwc, jèlou-
me o pÐnakac ckCk−1 na eÐnai kanonikìc. Dhlad  det(Ck−1) ̸= 0 ⇒ det(C) ̸= 0.
'Etsi, jèloume det(C) = det(A0) ̸= 0. 'Ara gia na diathreÐ o prwtob�jmioc
poluwnumikìc pÐnakac Lc(λ) th summetrÐa tou poluwnumikoÔ pÐnaka P (λ) ja
prèpei na isqÔei ci = 0, i = 1, 2, . . . , k − 1 , ck ̸= 0 kai det(A0) ̸= 0.

Ja d¸soume t¸ra èna par�deigma.
Ja doÔme to par�deigma 6 pou anafèrame sthn prohgoÔmenh par�grafo. Ana-
trèqontac ekeÐ mporoÔme na diapist¸soume ìti o prwtob�jmioc poluwnumikìc
pÐnakac Lc(λ) pou br kame den eÐnai block- summetrikìc.

Par�deigma 6

JewroÔme ton poluwnumikì pÐnaka

P (λ) = Kλ3 + Λλ2 +Mλ+N

= A3λ
3 + A2λ

2 + A1λ+ A0.

ìpou jewroÔme ìti o pÐnakac suntelest c N eÐnai kanonikìc.

Ja broÔme t¸ra ton block- summetrikì pÐnaka Lc(λ) o opoÐoc apoteleÐ gram-
mikopoÐhsh tou poluwnumikoÔ pÐnaka P (λ), qrhsimopoi¸ntac thn parallag 
thc pollaplasiatik c mejìdou. SÔmfwna me to Je¸rhma 12 o pÐnakac Lc(λ)

ja eÐnai thc morf c Lc(λ) =
∑k

i=1 ciLi(λ).
Arqik�, ja upologÐsoume touc pÐnakec A,C, S0, S1, S2, X.
'Eqoume, loipìn,

A =

I2 A2 A1

0 I2 A2

0 0 I2

 =

I2 Λ M
0 I2 Λ
0 0 I2


C =

−A2 −A1 −A0

I2 0 0
0 I2 0

 =

−Λ −M −N
I2 0 0
0 I2 0


kai

S0 = A =

I2 Λ M
0 I2 Λ
0 0 I2

 , S1 = A · C =

 0 0 −N
I2 Λ 0
0 I2 0

 ,
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S2 = A ·C2 =

 0 −N 0
0 −M −N
I2 0 0

 , S3 = A ·C3 =

−N 0 0
−M −N 0
−Λ −M −N



X = diag{A2, I2, I2} =

K 0 0
0 I2 0
0 0 I2


'Estw ìti c1 = 0 = c2 , c3 = c.
'Etsi o prwtob�jmioc poluwnumikìc pÐnakac Lc(λ) =

∑k
i=1 ciLi(λ) ja eÐnai:

Lc(λ) =
3∑

i=1

ciLi(λ)

= c1L1(λ) + c2L2(λ) + c3L3(λ)

c1=0

c2=0,c3=c
= c(λS2 − S3)

cλ

 0 −N 0
0 −M −N
I2 0 0

K 0 0
0 I2 0
0 0 I2

− c

−N 0 0
−M −N 0
−Λ −M −N



=

 cN −cλN 0
cM −cλM + cN −cλN
cλK cM cN



=

 cN −cλN 0
cM −cλM + cN −cλN

cλK + cΛ cM cN



to opoÐo eÐnai grammikopoÐhsh tou poluwnumikoÔ pÐnaka P (λ)
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G =
3∑

i=1

ciC
i−1 = c1C

0 + c2C
1 + c3C

2

= cC2 = c

Λ2 −M ΛM −N ΛN
−Λ −M −N
I2 0 0

 .

Epomènwc gia na eÐnai o pÐnakac
∑k

i=1 ciC
i−1 kanonikìc ja prèpei det(G) ̸= 0.

Pr�gmati, det(G) = det(N2) ̸= 0 ⇒ det(N) ̸= 0 to opoÐo isqÔei diìti je-
wr same ìti o pÐnakac suntelest c N eÐnai kanonikìc. Tìte, lìgw tou Je-
wr matoc 12 o prwtob�jmioc poluwnumikìc pÐnakac Lc(λ) pou upologÐsame
prohgoumènwc apoteleÐ grammikopoÐhsh tou poluwnumikoÔ pÐnaka P (λ).

Tèloc, shmei¸noume akìmh ìti o prwtob�jmioc poluwnumikìc pÐnakac Lc(λ) =
ck(λSk−1X − Sk) diathreÐ kai th summetrÐa tou poluwnumikoÔ pÐnaka P (λ).
Dhlad  ìtan o poluwnumikìc pÐnakac P (λ) eÐnai summetrikìc tìte kai o prw-
tob�jmioc poluwnumikìc pÐnakac Lc(λ) = ck(λSk−1X − Sk) eÐnai summetrikìc
kai ìqi mìno block- summetrikìc. Autì eÐnai eÔkolo na to doÔme diìti sthn
perÐptwsh pou o poluwnumikìc pÐnakac P (λ) eÐnai summetrikìc, tìte ìloi oi
pÐnakec suntelestèc A1, A2, . . . , Ak eÐnai epÐshc summetrikoÐ pÐnakec.
Ja d¸soume kai èna par�deigma gia thn perÐptwsh aut .

Par�deigma

JewroÔme ton poluwnumikì pÐnaka

P (λ) =

 λ+ 1 2 + λ2 λ3

3 λ3 + λ2 2 + λ2

λ3 + λ 3 1 + λ


=

0 0 1
0 1 0
1 0 0

λ3 +

0 1 0
0 1 1
0 0 0

λ2 +

1 0 0
0 0 0
0 0 1

λ+

1 2 0
3 0 2
0 3 1


= A3λ

3 + A2λ
2 + A1λ+ A0

Ja broÔme t¸ra to summetrikì pÐnaka Lc(λ) o opoÐoc apoteleÐ grammikopoÐhsh
tou poluwnumikoÔ pÐnaka P (λ), qrhsimopoi¸ntac thn parallag  thc polla-
plasiatik c mejìdou. SÔmfwna me to Je¸rhma 12 o pÐnakac Lc(λ) ja eÐnai
thc morf c Lc(λ) =

∑k
i=1 ciLi(λ).
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Arqik�, ja upologÐsoume touc pÐnakec A,C, S0, S1, S2, X.
'Eqoume, loipìn,

A =

I2 A2 A1

0 I2 A2

0 0 I2

 =



1 0 0 0 1 0 1 0 0
0 1 0 0 1 1 0 0 0
0 0 1 0 0 0 0 0 1
0 0 0 1 0 0 0 1 0
0 0 0 0 1 0 0 1 1
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1



C =

−A2 −A1 −A0

I2 0 0
0 I2 0

 =



0 −1 0 −1 0 0 −1 −2 0
0 −1 −1 0 0 0 −3 0 −2
0 0 0 0 0 −1 0 −3 −1
1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0


kai

S0 = A =



1 0 0 0 1 0 1 0 0
0 1 0 0 1 1 0 0 0
0 0 1 0 0 0 0 0 1
0 0 0 1 0 0 0 1 0
0 0 0 0 1 0 0 1 1
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1


, S1 = A·C =



0 0 0 0 0 0 1 2 0
0 0 0 0 0 0 3 0 2
0 0 0 0 0 0 0 3 0
1 0 0 0 1 0 0 0 0
0 1 0 0 1 1 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0


,

S2 = A · C2 =



0 0 0 −1 −2 0 0 0 0
0 0 0 −3 0 −2 0 0 0
0 0 0 0 −3 −1 0 0 0
0 0 0 −1 0 0 −1 −2 0
0 0 0 0 0 0 −3 0 −2
0 0 0 0 0 −1 0 −3 −1
1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
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,

S3 = A · C3 =



−1 −2 0 0 0 0 0 0 0
−3 0 −2 0 0 0 0 0 0
0 −3 −1 0 0 0 0 0 0
−1 0 0 −1 −2 0 0 0 0
0 0 0 −3 0 −2 0 0 0
0 0 −1 0 −3 −1 0 0 0
0 −1 0 −1 0 0 −1 −2 0
0 −1 −1 0 0 0 −3 0 −2
0 0 0 0 0 −1 0 −3 −1



X = diag{A2, I2, I2} =



0 0 1 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1


'Estw ìti c1 = 0 = c2 , c3 = c.
'Etsi o prwtob�jmioc poluwnumikìc pÐnakac Lc(λ) =

∑k
i=1 ciLi(λ) ja eÐnai:

Lc(λ) =
3∑

i=1

ciLi(λ)

= c1L1(λ) + c2L2(λ) + c3L3(λ)

c1=0

c2=0,c3=c
= c(λS2 − S3) =
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= cλ



0 0 0 −1 −2 0 0 0 0
0 0 0 −3 0 −2 0 0 0
0 0 0 0 −3 −1 0 0 0
0 0 0 −1 0 0 −1 −2 0
0 0 0 0 0 0 −3 0 −2
0 0 0 0 0 −1 0 −3 −1
1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0





0 0 1 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1


−

−c



−1 −2 0 0 0 0 0 0 0
−3 0 −2 0 0 0 0 0 0
0 −3 −1 0 0 0 0 0 0
−1 0 0 −1 −2 0 0 0 0
0 0 0 −3 0 −2 0 0 0
0 0 −1 0 −3 −1 0 0 0
0 −1 0 −1 0 0 −1 −2 0
0 −1 −1 0 0 0 −3 0 −2
0 0 0 0 0 −1 0 −3 −1


=

=



1 2 0 −λ −2λ 0 0 0 0
3 0 2 −3λ 0 −2λ 0 0 0
0 3 1 0 −3λ −λ 0 0 0
1 0 0 −λ+ 1 2 0 −λ −2λ 0
0 0 0 3 0 2 −3λ 0 −2λ
0 0 1 0 3 −λ+ 1 0 −3λ −λ
0 1 λ 1 0 0 1 2 0
0 λ+ 1 1 0 0 0 3 0 2
λ 0 0 0 0 1 0 3 1



to opoÐo eÐnai grammikopoÐhsh tou poluwnumikoÔ pÐnaka P (λ)
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G =
3∑

i=1

ciC
i−1 = c1C

0 + c2C
1 + c3C

2

= cC2 = c



−1 1 1 −1 −2 0 3 0 2
0 1 1 −3 0 −1 3 3 3
0 0 −1 0 −3 −1 0 0 0
0 −1 0 −1 0 0 −1 −2 0
0 −1 −1 0 0 0 −3 0 −2
0 0 0 0 0 −1 0 −3 −1
1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0


.

Epeid  det(C2) = 144 ̸= 0 o pÐnakac
∑k

i=1 ciC
i−1 eÐnai kanonikìc .

'Etsi lìgw tou Jewr matoc 12 o prwtob�jmioc poluwnumikìc pÐnakac Lc(λ)
pou upologÐsame prohgoumènwc apoteleÐ grammikopoÐhsh tou poluwnumikoÔ
pÐnaka P (λ).
ParathroÔme loipìn ìti o prwtob�jmioc poluwnumikìc pÐnakac Lc(λ) eÐnai
summetrikìc.

4.5 PerÐlhyh

Sto kef�laio autì pou eÐnai kai to teleutaÐo thc ergasÐac aut c prigr�yame
mia akìmh mèjodo grammikopoÐhshc, thn pollaplasiastik  mèjodo grammiko-
poÐhshc.
Arqik�, orÐsame ton poluwnumikì pÐnaka P (λ) =

∑k
i=1 λ

iAi gia ton opoÐo
k�name duo upojèseic. Upojèsame ìti o pÐnakac suntelest c Ak eÐnai kanoni-
kìc, dhlad  det(Ak) ̸= 0. 'Epeita anaptÔxame mia mèjodo h opoÐa basÐsthke se
diadoqikì pollaplasiasmì pin�kwn, ap' ìpou kai p re to ìnom� thc h mèjodoc.
'Etsi br kame ènan prwtob�jmio poluwnumikì pÐnaka Lc(λ) o opoÐoc deÐxame
ìti apoteleÐ grammikopoÐhsh tou poluwnumikoÔ pÐnaka P (λ).
Wstìso h upojèsh pou k�name ìti o pÐnakac suntelest c Ak eÐnai kanoni-
kìc ousiastik� mac periorÐzoun sto na èqoume mìno peperasmènec idiotimèc,
mhdenik� kai stoiqei¸deic diairètec. Gia na xeper�soume aut  th duskolÐa,
kai na epitrèyoume kai thn Ôparxh idiotim¸n, mhdenik¸n kai stoiqeiwd¸n diai-
ret¸n sto �peiro (prèpei det(Ak) = 0) mporoÔme na qrhsimopoi soume ènan
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metasqhmatismì ton opoÐo perigr�yame analutik� stic Parathr seic tou ke-
falaÐou autoÔ kai na broÔme ton prwtob�jmio poluwnumikì pÐnaka o opoÐoc
ja apoteleÐ grammikopoÐhsh tou poluwnumikoÔ pÐnaka P (λ). Wstìso kai se
aut  thn perÐptwsh parìlo pou epitrèpoume thn Ôparxh kai stoiqei¸dwn diai-
ret¸n sto �peiro den gnwrÐzoume an telik� eÐnai oi Ðdioi me touc stoiqei¸deic
diairètec sto �peiro tou prwtob�jmiou poluwnumikoÔ pÐnaka Lc(λ).
Sth sunèqeia, melet¸ntac pio diexodik� th mèjodo aut , proteÐname mia paral-
lag  thc pollaplasiastik c mejìdou pou perigr�yame sthn pr¸th par�grafo
tou kefalaÐou autoÔ, sthn opoÐa den apaiteÐtai h upìjesh det(Ak) ̸= 0. Sth
parallag  aut  qrhsimopoioÔme th pr¸th sunodeÔousa morf , ìpwc k�name
kai stic duo prohgoÔmenec mejìdouc grammikopoÐhshc pou anafèrame prohgou-
mènwc, kai to gegonìc ìti h pr¸th sunodeÔousa morf  apoteleÐ grammikopoÐ-
hsh kai m�lista isqur  grammikopoÐhsh tou poluwnumikoÔ pÐnaka P (λ). Kai
se aut  th mèjodo qrhsimopoi same thn idèa tou diadoqikoÔ pollaplasiasmoÔ
pin�kwn gia na katal xoume sthn eÔresh enìc prwtob�jmiou poluwnumikoÔ
pÐnaka Lc(λ) o opoÐoc na apoteleÐ grammikopoÐhsh tou poluwnumikoÔ pÐnaka
P (λ). Sth sunèqeia deÐxame akìmh ìti o prwtob�jmioc poluwnumikìc pÐnakac
pou br kame apoteleÐ isqur  grammikopoÐhsh tou poluwnumikoÔ pÐnaka P (λ).
Autì shmaÐnei, sÔmfwna me to L mma 1 pou anafèrame sthn Eisagwg , ìti o
prwtob�jmioc poluwnumikìc pÐnakac Lc(λ) kai o poluwnumikìc pÐnakac P (λ)
èqoun touc Ðdiouc peperasmènouc kai �peirouc stoiqei¸deic diairètec. 'Epei-
ta, d¸same kai orismèna paradeÐgmata gia kalÔterh katanìhsh thc mejìdou,
tìso thc pollaplasiastik c ìso kai thc parallag c pou proteÐname. Tèloc,
mac apasqìlhse to er¸thma an o prwtob�jmioc pÐnakac pou br kame diathreÐ
th dom  tou poluwnumikoÔ pÐnaka. Br kame loipìn th sunj kh pou prèpei
na isqÔei ¸ste o prwtob�jmioc poluwnumikìc pÐnakac pou anafèrame na eÐnai
kat' arq n block - summetrikìc kai èpeita exet�same an diathreÐ th summetrÐa.
Pr�gmati, sthn perÐptwsh pou o poluwnumikìc pÐnakac P (λ) eÐnai summetrikìc
o prwtob�jmioc poluwnumikìc pÐnakac Lc(λ) = ck(λSk−1X − Sk) diathreÐ kai
th summetrÐa tou poluwnumikoÔ pÐnaka P (λ) ìtan isqÔei det(A0) ̸= 0. Dhlad 
ìtan o poluwnumikìc pÐnakac P (λ) eÐnai summetrikìc me det(A0) ̸= 0 tìte kai
o prwtob�jmioc poluwnumikìc pÐnakac Lc(λ) = ck(λSk−1X − Sk) eÐnai summe-
trikìc kai ìqi mìno block- summetrikìc.
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EpÐlogoc

Sthn ergasÐa aut  asqolhj kame me th grammikopoÐhsh poluwnumik¸n pin�-
kwn kai pio sugkekrimèna me tic teqnikèc pou èqoun anaptuqjeÐ gi' autì ton
skopì. Arqik� d¸same arketoÔc aparaÐthtouc orismoÔc kai orismèna basik�
jewr mata. Sth sunèqeia asqolhj kame me tic duo sunodeÔousec morfèc oi
opoÐec apoteloÔn èna isqurì ergaleÐo grammikopoÐhshc. Ta poll� touc pleo-
nekt mata  tan h aform  gia thn eureÐa qr sh touc kai tic pollèc efarmogèc
touc. EntoÔtoic èna meionèkthm� touc èdwse to ènausma gia peraitèrw èreuna
p�nw sto jèma autì. To meionèkthm� touc  tan ìti den diathroÔsan thn dom 
pou endeqomènwc na eÐqe o polwunumikìc pÐnakac. H èreuna gia thn eÔresh me-
jìdwn pou ja èdinan prwtob�jmiouc poluwnumikoÔc pÐnakec oi opoÐoi ja eÐqan
ìso to dunatìn perissìterec apì tic kalèc idiìthtec twn sunodeous¸n mor-
f¸n kai epiplèon ja diathroÔsan kai th dom  tou poluwnumikoÔ pÐnaka. Sthn
ergasÐa aut  asqolhj kame me treic apì tic mejìdouc pou anaptÔqjhkan, thn
prosjetik  mèjodo, thn mèjodo twn metajèsewn kai thn pollaplasiastik 
mèjodo. AnaptÔxame analutik� k�je mia apì autèc dÐnontac sto tèloc k�je
paragr�fou orismènec parathr seic kai sqìlia ìpwc kai merik� paradeÐgma-
ta gia kalÔterh katanìhsh twn mejìdwn. Sto tèloc thc pollaplasiastik c
mejìdou d¸same kai mia parallag  thc, h opoÐa deÐxame ìti dÐnei oikogèneia
prwtob�jmiwn poluwnumik¸n pin�kwn oi opoÐoi apoteloÔn grammikopoÐhsh kai
m�lista isqur  grammikopoÐhsh tou arqikoÔ poluwnumikoÔ pÐnaka. Autì mac
dÐnei th dunatìthta na èqoume diat rhsh kai twn peperasmènwn kai twn �pei-
rwn stoiqeiwd¸n diairet¸n. Tèloc, deÐxame ìti h oikogèneia twn prwtob�jmiwn
poluwnumik¸n pin�kwn pou prokÔptei apì thn parallag  thc pollaplasiasti-
k c mejìdou pou proteÐnoume diathreÐ th summetrÐa tou arqikoÔ poluwnumikoÔ
pÐnaka ìtan o stajerìc pÐnakac suntelest c eÐnai kanonikìc poluwnumikìc pÐ-
nakac.
Melet same tic mejìdouc autèc èqontac wc arqikì poluwnumikì pÐnaka ènan
kanonikì poluwnumikì pÐnaka. EntoÔtoic gia tic duo pr¸tec mejìdouc up�r-
qoun dhmosieÔseic (bl. [27], [28]) kai gia thn perÐptwsh pou o poluwnumikìc
pÐnakac eÐnai idi�zwn pÐnakac. EpÐshc o poluwnumikìc pÐnakac pou qrhsimopoi-
 same  tan tetr�gwnoc pÐnakac. 'Eqei gÐnei mia prosp�jeia gia epèktash twn a-
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potelesm�twn kai thn perÐptwsh ìpou o poluwnumikìc pÐnakac eÐnai mh - tetr�-
gwnoc. H prosp�jeia aut  ègine gia th mèjodo twn metajèsewn (bl.[29]). Gia
tic upìloipec mejìdouc paramènei wc anoiqtì jèma. Akìmh, wc anoiqtì jèma
eÐnai kai h eÔresh grammikopoi sewc ìtan o poluwnumikìc pÐnakac eÐnai ekfra-
smènoc se diaforetik  poluwnumik  b�sh, ìpwc gia par�deigma ta polu¸numa
Bernstein kai Lagrange. Ta polu¸numa Bernstein orÐzontai se kleistì di�-

sthma [a, b] kai èqoun th morf  bj,n(λ; a, b) =
1

(b−a)n

(
n
j

)
(λ−a)j(b−λ)n−j gia

n = 1, 2, . . . kai j = 0, 1, . . . , n. Tìte o poluwnumikìc pÐnakac P (λ) bajmoÔ
n mporeÐ na grafeÐ wc grammikìc sunduasmìc twn poluwnÔmwn Bernstein wc
ex c:P (λ) =

∑n
j=0Ajbj,n(λ; a, b). OmoÐwc kai gia ta polu¸numa Lagrange ta

opoÐa orÐzontai sta peperasmèna shmeÐa z0, z1, . . . , zn.Ta polu¸numa Lagrange
orÐzontai wc ex c: ℓj(λ)wj

∏n
k=0,k ̸=j(λ − zk) , j = 0, 1, . . . , n kai wj =∏

k = 0, k ̸= jn 1
zj−zk

. Tìte o poluwnumikìc pÐnakac P (λ) mporei na ekfrasteÐ

me th bo jeia twn poluwnÔmwn Lagrange wc ex c: P (λ) =
∑n

j=0 ℓj(λ)P (zj).
Sthn ergasÐa [1] gÐnetai mia prosp�jeia eÔreshc grammikopoÐhshc gi' autoÔc
touc poluwnumikoÔc pÐnakec. Tèloc, anoiqtì jèma apoteleÐ kai h eÔresh
grammikopoÐhshc ìtan o poluwnumikìc pÐnakac eÐnai duo metablht¸n dhlad 
P (λ, µ). Gi' aut  thn perÐptwsh gÐnetai mia anafor� sto [17], ìpou epekteÐnei
th mèjodo twn metajèsewn kai sthn perÐptwsh twn duo metablht¸n. H an�-
ptuxh nèwn mejìdwn grammikopoÐhshc eÐnai epÐshc èna anoiqtì jèma miac kai
oi efarmogèc thc sunantìntai suqn� se probl mata, kurÐwc an�lushc krada-
sm¸n se mhqanèc kai oq mata.
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