
ÁÁÑÑÉÉÓÓÔÔÏÏ ÔÔÅÅËËÅÅÉÉÏÏ   ÐÐÁÁÍÍ ÅÅÐÐÉÉÓÓÔÔÇÇÌÌ ÉÉÏÏ   ÈÈÅÅÓÓÓÓÁÁËËÏÏ ÍÍ ÉÉÊÊÇÇÓÓ  
ÔÔÌÌ ÇÇÌÌ ÁÁ  ÌÌ ÁÁÈÈÇÇÌÌ ÁÁÔÔÉÉÊÊÙÙÍÍ   

 
ÌÌ ÅÅÔÔÁÁÐÐÔÔÕÕ××ÉÉÁÁÊÊÏÏ   ÐÐÑÑÏÏ ÃÃÑÑÁÁÌÌ ÌÌ ÁÁ  ÓÓÐÐÏÏ ÕÕÄÄÙÙÍÍ   

““ÈÈÅÅÙÙÑÑÇÇÔÔÉÉÊÊÇÇ  ÐÐËËÇÇÑÑÏÏ ÖÖÏÏ ÑÑÉÉÊÊÇÇ  ÊÊÁÁÉÉ  ÈÈÅÅÙÙÑÑÉÉÁÁ  ÓÓÕÕÓÓÔÔÇÇÌÌ ÁÁÔÔÙÙÍÍ   &&  ÅÅËËÅÅÃÃ××ÏÏ ÕÕ”” 
 

To prìblhma th EÔrwsth stajeropo�hshDiakrit¸n Susthm�twn Mia Eisìdou-Mia Exìdouse Peperasmèno Qrìno Apokat�stash
METAPTUQIAKH DIPLWMATIKH ERGASIA'Artemi K. Kwstar�gka

Epiblèpwn: Nikìlao Karampet�khEp. Kajhght  A.P.J.Jessalon�kh, IoÔnio 2005



ÁÁÑÑÉÉÓÓÔÔÏÏ ÔÔÅÅËËÅÅÉÉÏÏ   ÐÐÁÁÍÍ ÅÅÐÐÉÉÓÓÔÔÇÇÌÌ ÉÉÏÏ   ÈÈÅÅÓÓÓÓÁÁËËÏÏ ÍÍ ÉÉÊÊÇÇÓÓ  
ÔÔÌÌ ÇÇÌÌ ÁÁ  ÌÌ ÁÁÈÈÇÇÌÌ ÁÁÔÔÉÉÊÊÙÙÍÍ   

 
ÌÌ ÅÅÔÔÁÁÐÐÔÔÕÕ××ÉÉÁÁÊÊÏÏ   ÐÐÑÑÏÏ ÃÃÑÑÁÁÌÌ ÌÌ ÁÁ  ÓÓÐÐÏÏ ÕÕÄÄÙÙÍÍ   

““ÈÈÅÅÙÙÑÑÇÇÔÔÉÉÊÊÇÇ  ÐÐËËÇÇÑÑÏÏ ÖÖÏÏ ÑÑÉÉÊÊÇÇ  ÊÊÁÁÉÉ  ÈÈÅÅÙÙÑÑÉÉÁÁ  ÓÓÕÕÓÓÔÔÇÇÌÌ ÁÁÔÔÙÙÍÍ   &&  ÅÅËËÅÅÃÃ××ÏÏ ÕÕ”” 
  To prìblhma th EÔrwsth stajeropo�hshDiakrit¸n Susthm�twn Mia Eisìdou-Mia Exìdouse Peperasmèno Qrìno Apokat�stashMETAPTUQIAKH DIPLWMATIKH ERGASIA'Artemi K. Kwstar�gka
Epiblèpwn: Nikìlao Karampet�khEp. Kajhght  A.P.J.Egkr�jhke apì thn trimel  exetastik  epitrop  thn 24� Ioun�ou 2005................................ ..................................... ......................................A. Bardoul�kh N. Karampet�kh M. Gous�dou-Kout�taKajhght  A.P.J. Ep. Kajhght  A.P.J. Ep. Kajhg tria A.P.J.Jessalon�kh, IoÔnio 20052



.............................................'Artemi K. Kwstar�gkaPtuqioÔqo Fusikì A.P.J.

Copyright  'Artemi K. Kwstar�gka, 2005.Me epifÔlaxh pantì dikai¸mato. All rights reserved.ApagoreÔetai h antigraf , apoj keush kai dianom  th paroÔsa ergas�a,ex olokl rou   tm mato aut , gia emporikì skopì. Epitrèpetai h anatÔp-wsh, apoj keush kai dianom  gia skopì mh kerdoskopikì, ekpaideutik   ereunhtik  fÔsh, upì thn pro�pìjesh na anafèretai h phg  proèleush kaina diathre�tai to parìn m numa. Erwt mata pou aforoÔn th qr sh th er-gas�a gia kerdoskopikì skopì prèpei na apeujÔnontai pro ton suggrafèa.Oi apìyei kai ta sumper�smata pou perièqontai se autì to èggrafo ekfr�-zoun ton suggrafèa kai den prèpei na ermhneute� ìti ekfr�zoun ti ep�shmejèsei tou A.P.J. 3



Per�lhyhSthn paroÔsa ergas�a parousi�zetai mia diadikas�a eÔrwstou sqe-diasmoÔ, diakrit¸n, grammik¸n-qronik� anex�rthtwn susthm�twn stapla�sia th jewr�a th Stajeropo�hsh se Peperasmèno Qrìno Apoka-t�stash. To prìblhma Peperasmènou Qrìnou Apokat�stash (FiniteSettling Time -FST) eis qjh apì tou Karanias & Milonidis (1988)kai apotele� mia gen�keush tou gnwstoÔ probl mato qronik� bèltistouelègqou (deadbeat). 'Etsi, ant� na zhtoÔme qronik� bèltisth apì-dosh, apaitoÔme to sÔsthma kleistoÔ brìgqou na katall xei se mia nèakat�stash isorrop�a met� apì peperasmèno qrìno apì thn efarmog enì bhmatikoÔ s mato eisìdou gia opoiad pote arqik  kat�stash.Ekmetaleuìmenoi th sundesmolog�a monadia�a an�drash kai tou ma-jhmatikoÔ upob�jrou twn dunamoseir¸n, parèqoume mia lÔsh tou F-ST probl mato. To sunolikì prìblhma an�getai sthn ep�lush mi-a Diofantik  ex�swsh poluwnumik¸n pin�kwn. H prosèggish aut epitrèpei thn parametropo�hsh th oikogèneia twn FST stajeropoi-htik¸n elegkt¸n se mia parametropo�hsh tÔpouYoula-Bongiorno-Kue-ra.'Eqonta parametropoi sei thn oikogèneia twn FST stajeropoihtik¸nelegkt¸n, jewroÔme epiplèon krit�ria apìdosh, ìpw thn FST an�qneu-sh, thn l1�; l1� beltistopo�hsh kai thn eurwst�a se metabolè twnparamètrwn th elegqìmenh diergas�a. Sugkekrimèna, prote�noume è-nan de�kth eurwst�a, o opo�o beltistopoie�tai k�tw apì ton periorismìth eswterik  eust�jeia. H ergas�a kle�nei me k�poia arijmhtik� pa-rade�gmata, ta opo�a epalhjeÔoun ta jewrhtik� apotelèsmata.LEXEIS KLEIDIAPeperasmèno Qrìno Apokat�stash (Finite Settling Time - FST),stajeropo�hsh, eurwst�a.
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AbstratA design proedure for linear time-invariant disrete-time systems withrobustness is proposed in this thesis, in the framework of Total FiniteSettling Time Stabilization. The Finite Settling Time problem wasintrodued by Karanias and Milonidis (1988). It onstitutes a gen-eralization of the well know deadbeat (time-optimal) ontrol problemin the way that instead of seeking time-optimum performane, it isrequired that all internal and external variables (signals) of the losed-loop system settle to a new steady state after a �nite time from theappliation of a step hange to any of its inputs and for every initialondition.Using a unity feedbak on�guration and a mathematial frameworkbased on sequenes we give the solution of the FSTS problem. Thewhole problem is redued to the solution of a polynomial matrix Dio-phantine equation. This approah enables the parametrization of thefamily of all FSTS ontrollers in a Youla-Bongiorno-Kuera type para-metrization.Having parametrized the family of all FSTS ontrollers we onsiderfurther performane riteria suh as FSTS traking, l1�; l1� opti-mization and robustness to plant parameter variations. In partiularwe propose a robustness index that is optimized under the onstraint ofinternal stability. The bound of robustness improvement is also shownby alulating the limit value of the robustness index. Finally, numer-ial examples are given to illustrate the theoretial results.KEY WORDSFinite Settling Time - FST, stabilization, robustness.
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1 Eisagwg Apì ti pr¸te efarmogè th jewr�a twn Diakrit¸n Susthm�twn ègineantilhpt  mia qarakthristik  idiìthta twn grammik¸n-qronik� anex�rthtwn(linear-time invariant LTI) susthm�twn; h ikanìthta pou èqoun na katal -goun se stajer  kat�stash met� apì peperasmèno qronikì di�sthma [1℄.To prìblhma autì, kai sugkekrimèna to prìblhma elaq�stou qrìnou, e�qeapasqol sei tou epist mone gia arket� qrìnia. Sthn per�ptwsh diakri-toÔ qrìnou, pou ma endiafèrei, qarakthr�sthke san deadbeat ontrol, kaiperil�mbane grammik�-qronik� anex�rthta sust mata stajer  an�drash, taopo�a mporoÔn na ulopoihjoÔn me tètoio trìpo pou na odhgoÔn ti katast�-sei (  ti exìdou) sti arqikè timè se el�qisto qrìno kai gia opoiad potearqik  kat�stash. Sth sunèqeia emfan�sthke mia meg�lh poikil�a tètoiwn(deadbeat) problhm�twn, ta opo�a dièferan an�loga me ton tÔpo tou probl -mato kai ton trìpo prosèggish th k�je per�ptwsh. Oi trìpoi prosèggishpou qrhsimopoi jhkan gia thn ep�lush tou deadbeat probl mato mporoÔn nakatanemhjoÔn sti dÔo akìlouje kathgor�e: thn prosèggish q¸rou kat�s-tash �state-spae� (sthn opo�a qrhsimopoioÔme ti metablhtè kat�stash)kai thn algebrik  prosèggish (sun�rthsh metafor�), h opo�a èqei kai topleonèkthma th pl rou parametropo�hsh twn lÔsewn kai me thn opo�a jaasqolhjoÔme sth sunèqeia th ergas�a.H paroÔsa ergas�a apotele� mia gen�keush tou deadbeat probl mato. 'Et-si, ant� na zhtoÔme apìdosh qronik� bèltisth, apaitoÔme ìle oi eswterikèkai exwterikè metablhtè tou sust mato kleistoÔ brìgqou na katal gounse mia nèa stajer  kat�stash met� apì peperasmèno qronikì di�sthma apìthn ep�drash enì bhmatikoÔ s mato se opoiad pote e�sodo tou sust matokai gia opoiad pote arqik  kat�stash. To prìblhma autì onom�zetai OlikìPrìblhma Peperasmènou Qrìnou Apokat�stash (Total Finite Settling TimeProblem) kai sth sunèqeia th ergas�a ja anaferìmaste s' autì san FST(Finite Settling Time)   FSTS (Finite Settling Time Stabilization). H dead-beat apìkrish den e�nai par� mìno eidik  per�ptwsh tou FSTS probl mato.H algebrik  diatÔpwsh tou FST probl mato parèqei lÔsh se mia poikil�-a problhm�twn ìpw to prìblhma el�qistou sqediasmoÔ (minimum designproblem), prìblhma an�qneush kai apìrriyh diataraq¸n (traking and/ordisturbane rejetion), prìblhma beltistopo�hsh (optimization), eurwst�a(robustness), k.a.H ergas�a qwr�zetai se 7 kef�laia. Sto 2o Kef�laio parousi�zoume miasÔntomh anaskìphsh sta basik� ergale�a th algebrik  prosèggish, sta5



pla�sia th jewr�a diakrit¸n susthm�twn. To 3o Kef�laio apotele� miaper�lhyh twn basik¸n ennoi¸n kai apotelesm�twn th jewr�a grammik¸n-qronik� anex�rthtwn, diakrit¸n susthm�twn. Sto 4o Kef�laio exet�zontaioi idiìthte th monadia�a an�drash, oi opo�e parèqoun to ousiastikì up-ìbajro gia thn an�ptuxh twn FSTS sunjhk¸n gia ti di�fore ulopoi seisusthm�twn pou jewroÔntai sta epìmena kef�laia. To Prìblhma Peperas-mènou Qrìnou Apokat�stash (FST) gia diakrit� sust mata mia eisìdou-mia exìdou or�zetai gia pr¸th for� sto 5o Kef�laio. H prosèggish poud�netai e�nai kajar� algebrik  kai bas�zetai sto majhmatikì upìbajro poueis qjh sta Kef�laia 2, 3 kai 4. O skopì tou 6o� Kefala�ou e�nai h je¸rhshproblhm�twn beltistopo�hsh kai eurwst�a upì thn ènnoia PeperasmènouQrìnou Apokat�stash (FSTS), sta pla�sia twn susthm�twn monadia�aan�drash pou perigr�yame w t¸ra. H ergas�a telei¸nei (7o Kef�laio)me k�poie arijmhtikè efarmogè pou apodeiknÔoun thn isqÔ twn jewrhtik¸napotelesm�twn ìlwn twn prohgoÔmenwn kefala�wn.Ta apotelèsmata pou d�nontai sto teleuta�o kef�laio aut  th ergas�aapokom�sthkan kat� th di�rkeia ekpìnhsh th diplwmatik  ergas�a s-ta panepist mia: City University, London kai Aristotèleio Panepist mioJessalon�kh upì thn ep�bleyh twn kajhght¸n E. Milonidis kai N. Karam-pet�kh. Thn per�odo twn spoud¸n sto exwterikì qrhmatodìthse to I.K.U.me upotrof�a sta pla�sia tou progr�mmato SOCRATES-ERAMUS.
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2 Majhmatik  Eisagwg H melèth twn diakrit¸n susthm�twn sthn paroÔsa ergas�a akolouje� miaperissìtero algebrik  prosèggish. Autì e�nai kai o lìgo pou sto ke-f�laio autì ja parousi�soume en suntom�a ta basik� majhmatik� ergale�apou apaitoÔntai gi' aut n thn prosèggish.Ja esti�soume thn prosoq  ma idia�tera se trei ènnoie:� thn ènnoia twn dunamoseir¸n kai twn poluwnumik¸n sunart sewn� thn ènnoia twn poluwnumik¸n pin�kwn� thn ènnoia twn Diofantik¸n exis¸sewn kai tou trìpou ep�lus  tou.H qr sh twn akolouji¸n   twn tupik¸n dunamoseir¸n (formal power se-ries) san ergale�o gia th melèth twn diakrit¸n susthm�twn eis qjh apì touKalman kai Kuera. Sthn melèth aut  ta polu¸numa (formal polynomials)or�zontai san peperasmène akolouj�e kai antimetwp�zontai perissìtero sanalgebrik� antike�mena sto R par� san poluwnumikè sunart sei p�nw stoR: Telik� apodeiknÔetai ìti up�rqei mia sqèsh metaxÔ twn dÔo poluwnumik¸nekfr�sewn, h opo�a metatrèpetai se isomorfismì p�nw se daktÔlio ìtan toped�o orismoÔ e�nai �peiro p.q. to R:2.1 Akolouj�e - Tupikè DunamoseirèJewroÔme èna opoiod pote ped�o F kai èstw Z to sÔnolo twn akera�wn(jetik¸n, arnhtik¸n   mhdèn) kai N to sÔnolo ìlwn twn fusik¸n arijm¸n.Orismì 2.1.1 Or�zoume me FZ to sÔnolo ìlwn twn ape�rwn akolouji¸nf = ff�n; f�n+1; :::; f�1; f0; :::; fk; :::g; fk 2 F ��� n 2 N (1)Ston parap�nw orismì, qwr�zoume sumbatik� ta stoiqe�a me arnhtikoÔ kaijetikoÔ de�kte me èna erwthmatikì. Diaforetik�, mia akolouj�a f 2 FZanapar�statai w ex :f = ffn; fn+1; :::; fk; :::g fk 2 F ��� n 2 Z (2)kai parist�nei m�a apeikìnish k 7�! fk apo to sÔnolo twn akera�wn sto sÔnoloF . 7



MporoÔme sth sunèqeia na or�soume ti 2 duadikè pr�xei FZ�FZ 7�! FZth prìsjesh kai tou pollaplasiasmoÔ metaxÔ twn stoiqe�wn tou FZ kai thnduadik  pr�xh F � FZ 7�! FZ tou pollaplasiasmoÔ metaxÔ twn stoiqe�wntou F kai twn stoiqe�wn tou FZ w ex :a. duadik  prìsjesh (pointwise addition): to duadikì �jroisma 2stoiqe�wn f; g 2 FZ e�nai èna stoiqe�o h 2 FZ t.w.hn = (f + g)n := fn + gnb. sunèlixh (onvolutory multipliation): to ginìmeno 2 stoiqe�wnf; g 2 FZ e�nai èna stoiqe�o h 2 FZ t.w.hn = (f � g)n := Xl+m=n fl gmg. pollaplasiasmì metaxÔ f 2 F kai g 2 FZ: to ginìmeno 2 stoiqe�wnf 2 F kai g 2 FZ e�nai èna stoiqe�o h 2 FZ t.w.hn = (fg)n := fgnE�nai arket� aplì na apode�xoume ìti me ti pr�xei (a) kai (b) pou mìlianafèrame to sÔnolo FZ g�netai ped�o.Je¸rhma 2.1.2 [2℄ Me th qr sh twn pr�xewn th duadik  prìsjesh kaith sunèlixh, to FZ sqhmat�zei èna ped�o. To mhdenikì stoiqe�o tou FZ e�naih akolouj�a f0; 0; 0; :::g kai to monadia�o stoiqe�o e�nai h akolouj�a f0; 1; 0; 0; :::g.To uposÔnolo ìlwn twn akolouji¸n tou FZ th morf  w = f0; a; 0; :::g; a 2F apotele� upoped�o tou FZ isìmorfo pro to F : 'Etsi, apo dw kai pèra, denja diaqwr�zoume ti ekfr�sei a 2 F kai f0; a; 0; :::g 2 FZ: Ta stoiqe�a touF ; jewroÔmena san akolouj�e, ja kaloÔntai stajerè akolouj�e   apl�stajerè.Orismì 2.1.3 Ja or�zoume thn akolouj�a f0; 0; 1; 0; 0; :::g aìristh akolou-j�a (indeterminate) kai ja thn sumbol�zoume me x:EÔkola apodeiknÔetai ìti f0; a; 0; :::g � f0; 0; 1; 0; :::g = f0; 0; a; 0; :::g = ax:Ep�sh, gia k�je k 2 Z+ h (sunelliktik ) dÔnamh xk := x � x � ::: � x me kìrou, e�nai h akolouj�a xk : Z 7�! F me (xk)i = Æik 8 i 2 Z kai Æik toDèltatou Kroneker , ìpw mpore� na deiqte� me epagwg  sto k: O ant�strofo tou8



x; parist�netai w x�1 kai e�nai h akolouj�a x�1 = f1; 0; 0; :::g kai x�k :=x�1 �x�1 � :::x�1 me k 2 Z+ ìrou, e�nai h akolouj�a me (x�k)i = Æi(�k) 8 i 2Z: 'Etsi, or�zonta san x0 thn monadia�a akolouj�a, xk me k 2 Z e�nai miaakolouj�a pou èqei ìla ta stoiqe�a th mhdèn ektì tou stoiqe�ou sthn kjèsh pou e�nai 1. Ant�stoiqa, to ginìmenof0; a; 0; :::g � xk = 8>><>>: f0; 0; 0; :::; 0; a| {z }k+1 ; 0; :::g; k � 0fa; 0; :::; 0| {z }�k ; 0; :::g; k < 0= axk (3)e�nai mia akolouj�a pou èqei ìla ta stoiqe�a th mhdèn ektì apì to stoiqe�osthn k jèsh, to opo�o èqei thn tim  a 2 F : Sunep¸, k�je akolouj�a f 2 FZmpore� na grafe� me th morf  tupik¸n seir¸n M-Laurentf = fnxn + fn+1xn+1 + fn+2xn+2 + :::; n 2 Z (4)Sto ex , to sÔnolo FZ ja or�zetai san Fhxi kai ja onom�zetai ped�o twntupik¸n seir¸n Laurent p�nw sto F : Ta stoiqe�a tou Fhxi or�zontai me thmorf  (4). 'Etsi, èna stoiqe�o f 2 FZ me x aìristh akolouj�a, ja parist�ne-tai san f(x):Orismì 2.1.4 [18℄ An f =P fkxk e�nai èna mh mhdenikì stoiqe�o tou Fhxi;tìte o mikrìtero akèraio n gia ton opo�o to xn emfan�zetai sthn akolouj�-a onom�zetai t�xh tou f kai parist�netai san �(f): San sÔmbash or�zoume�(f0g) =1:Me th qr sh th ènnoia t�xh tou f mporoÔme na or�soume ènan shmantikìupì-daktÔlio tou Fhxi; ton daktÔlio twn tupik¸n dunamoseir¸n.Orismì 2.1.5 To sÔnolo ìlwn twn akolouji¸n p�nw sto F (me x aìristhakolouj�a) me mh arnhtik  t�xh, onom�zetai sÔnolo twn tupik¸n dunamo-seir¸n p�nw sto F kai parist�netai me F [[x℄℄: Sunep¸, mia akolouj�a f 2F [[x℄℄ mpore� na grafe� me th morf f = fnxn + fn+1xn+1 + fn+2xn+2 + :::; n 2 NTo parap�nw sÔnolo se sunduasmì ti pr�xei th duadik  prìsjesh kaith sunèlixh, sqhmat�zei èna daktÔlio.An�mesa sto daktÔlio twn tupik¸n dunamoseir¸n F [[x℄℄ kai sto ped�o twntupik¸n seir¸n M-Laurent FZ up�rqei mia apl  sqèsh:9



Je¸rhma 2.1.6 [2℄ FZ e�nai to ped�o twn phl�kwn   alli¸ to ped�o twnklasm�twn th perioq  F [[x℄℄:Parat rhsh 2.1.7 K�je akolouj�a f 2 FZ mpore� na ekfraste� san ènaphl�kof = b(x)a(x) = b(x) � a�1(x); a(x); b(x) 2 F [[x℄℄ ��� a(x) 6= 0ìpou a�1(x) e�nai o ant�strofo sto FZ tou a(x) kai �(f) = �(b) � �(a): Hanapar�stash tou f den e�nai monadik  kai to FZ e�nai to sÔnolo ìlwn twnkl�sewn isodunam�a aut¸n twn klasm�twn. O antiprìswpo k�je kl�shisodunam�a e�nai èna kl�sma me arijmht  kai paranomast  akolouj�e poue�nai pr¸te metaxÔ tou.Shme�wsh. Apo dw kai sto ex  ja parale�poume to sÔmbolo � ìtan anafer-ìmaste sthn {sunèlixh}. Ja to qrhsimopoioÔme mìno ìtan den e�nai xek�jaroapo to ke�meno ìti anaferìmaste se autoÔ tou e�dou to pollaplasiasmì.Sthn pragmatikìthta sthn anapar�stash twn tupik¸n seir¸n, h sunèlixhmetatrèpetai se aplì pollaplasiasmì.Par�deigma 2.1.8 'Estw f = ffn; fn+1; :::g kai g = fgk; gk+1; :::g; fi; gi 2F : H sunèlixh twn dÔo akolouji¸n d�netai w ex :f � g = ffngk; fngk+1 + fn+1gk; :::gA jewr soume t¸ra thn anapar�stash twn f; g me th qr sh twn tupik¸ndunamoseir¸n:f = fnxn + fn+1xn+1 + :::; ��� g = gkxk + gk+1xk+1 + :::O aplì pollaplasiamì twn f kai g d�netai w ex :fg = fngkxn+k + (fngk+1 + fn+1gk)xn+k+1 + :::to opo�o den e�nai t�pota �llo apo thn anapar�stash th sunèlixh f � g santupik  dunamoseir�.2.2 Polu¸numa kai poluwnumik� kl�smataSth sunèqeia ja or�soume ènan shmantikì upodaktÔlio th perioq  twntupik¸n dunamoseir¸n F [[x℄℄; ton daktÔlio twn tupik¸n poluwnÔmwn.10



Orismì 2.2.1 To sÔnolo ìlwn twn peperasmènwn tupik¸n dunamoseir¸nF [[x℄℄ onom�zetai sÔnolo twn tupik¸n poluwnÔmwn p�nw sto ped�o F (me xaìristh akolouj�a) kai parist�netai me F [x℄; p.q.F [x℄ = ff0 + f1x+ :::+ fnxn j fk 2 FgSÔmfwna me ton parap�nw orismì, ta polu¸numa e�nai akolouj�e mh-arnhtik t�xh me peperasmèno arijmì mh-mhdenik¸n stoiqe�wn. Epomènw ja prèpeina antimetwp�zontai san algebrik� antike�mena kai ìqi san aplè sunart seitou x: E�nai eÔkolo na apodeiqje� ìti:Je¸rhma 2.2.2 [11℄ To sÔnolo twn poluwnÔmwn F [x℄ apatr�zei mia upope-rioq  tou F [[x℄℄: Oi mon�de tou F [x℄ e�nai ta stajer� polu¸numa f(x) = f0;ta opo�a mporoÔn na jewrhjoÔn isìmorfa me ta mh-mhdenik� stoiqe�a tou F :M�a ènnoia parìmoia me thn t�xh mia akolouj�a e�nai aut  tou bajmoÔ enìpoluwnÔmou.Orismì 2.2.3 [18℄ Dedomènou enì mh mhdenikoÔ poluwnÔmouf = f0 + :::+ fnxn 2 F [x℄;onom�zoume fn; fn 6= 0 ton kÔrio suntelest  tou f: O akèraio n anafèretaisan bajmì tou poluwnÔmou kai parist�netai me th morf  �(f): Apì sÔmbashdeqìmaste ìti o bajmì tou mhdenikoÔ poluwnÔmou e�nai �1: Sthn per�ptwshpou fn = 1; to polu¸numo kale�tai mon re (moni).Orismì 2.2.4 [10℄ 'Estw f = f0 + f1x + ::: + fnxn 2 F [x℄ kai U ped�opou periklÔei to F : Tìte, gia k�je u 2 U gr�foume san f(u) to stoiqe�of0 + f1u+ :::+ fnun 2 U to opo�o antiproswpeÔei thn tim  tou f sto u: E�nf(u) = 0; tìte to u onom�zetai mhdenikì   r�za tou f:EÔkola apodeiknÔetai ìti gia dedomèno u 2 U h apeikìnish f 7�! f(u) e�naièna omoiomorfismì apo to F [x℄ sto U :Sto shme�o autì ja prèpei na k�noume mia polÔ shmantik  parat rhsh. E�nail�jo na sugqèoume ti ènnoie twn tupik¸n poluwnÔmwn kai twn poluwn-umik¸n sunart sewn. 'Opw e�pame prohgoumènw ta tupik� polu¸numa e�-nai algebrik� antike�mena kai ìqi poluwnumikè sunart sei tou x: K�poieshmantikè idiìthte, wstìso, tou daktul�ou twn tupik¸n poluwnÔmwn F [x℄;mporoÔn na ma bohj soun na epalhjeÔsoume k�poia idia�terh sqèsh an�me-sa s� autè ti dÔo ènnoie, h opo�a ja pa�xei shmantikì rìlo sthn paroÔsa11



ergas�a. Ja parajèsoume ta apaitoÔmena l mmata kai jewr mata, qwr� w-stìso na sumperil�boume ti ant�stoiqe apode�xei, kaj¸ xefeÔgoun thous�a aut  th ergas�a. Gia ekten  anafor� mpore� k�poio na anatrèxeise suggr�mmata �lgebra, ìpw ta [10℄, [11℄, k.a.L mma 2.2.5 [11℄ 'Estw f 2 F [x℄ kai a 2 F : Tìte, to a e�nai r�za tou f an-nto x� a diaire� to f:Je¸rhma 2.2.6 [11℄ 'Ena polu¸numo f 2 F [x℄ bajmoÔ n � 0 èqei to polÔ ndiaforetikè r�ze sto F :A jewr soume t¸ra th sqèsh metaxÔ twn tupik¸n poluwnÔmwn kai twnpoluwnumik¸n sunart sewn. 'Estw F èna ped�o kai FF to sÔnolo ìlwn twnsunart sewn apo to F sto F : Tìte to FF g�netai daktÔlio me th qr shtwn pr�xewn: (f + g)(u) := f(u) + g(u)(�f)(u) := �f(u)(fg)(u) := f(u)g(u)gia f; g 2 FF kai u 2 F :Orismì 2.2.7 'Estw f = f0 + f1x + ::: + fnxn 2 F [x℄: MporoÔme nasusqet�soume me to f mia sun�rthsh �(f) : F 7�! F w ex �(f)(u) = f0 + f1u+ :::+ fnun (u 2 F) (5)'Etsi, to � apotele� mia apeikìnish apì to F [x℄ sto FF : Gia thn akr�beia, to �e�nai èna omoiomorfismì, ìpw mpore� eÔkola na apodeiqte� me th qr sh twnduadik¸n pr�xewn sto FF : 'Etsi, onom�zoume im� to daktÔlio twn poluwnu-mik¸n sunart sewn tou F ; en¸ o pur na ker� apotele�tai apì ìla ta stoiqe�-a tou F [x℄ ta opo�a mhden�zontai sto F : Sunep¸, dÔo polu¸numa f; g 2 F [x℄kajor�zoun thn �dia sun�rthsh sto F an-n f � g 2 ker� kai autì e�nai olìgo gia ton opo�o den mporoÔme genik� na taut�soume èna tupikì polu¸nu-mo sto F me mia poluwnumik  sun�rthsh sto F : Gia na isqÔei h parap�nwtaÔtish ja prèpei to akìloujo krit�rio na e�nai alhjè: ja prèpei h apeikìnishmap � na e�nai 1-1.Je¸rhma 2.2.8 [11℄ H apeikìnish map � : F [x℄ 7�! FF e�nai 1-1 an-n to Fe�nai �peiro ped�o. 12



Parat rhsh 2.2.9 SÔmfwna me to parap�nw je¸rhma, oi ènnoie twn tupik¸npoluwnÔmwn kai twn poluwnumik¸n sunart sewn sump�ptoun ìtan or�zontaip�nw se èna �peiro ped�o. 'Etsi, tof = f0 + f1x+ :::+ fnxn fn 2 Fmpore� na antimetwpiste� e�te san peperasmènh akolouj�a   san poluwnumik sun�rthsh, en¸ to x ja e�nai ant�stoiqa mia aìristh akolouj�a (indetermi-nate)   mia metablht  sto F : Sthn per�ptwsh pou ja jèloume na xeqwr�zoumeti dÔo ènnoie ja sumbol�zoume me pl�gia gr�mmata x thn aìristh akolouj�aen¸ me kanonik� gr�mmata x thn metablht .Ja kle�soume aut n thn par�grafo anafèronta thn ènnoia twn poluwnu-mik¸n klasm�twn.Orismì 2.2.10 Onom�zoume rht� kl�smata   rhtè akolouj�e (F(x)) p�n-w sto F (me x aìristh akolouj�a), to ped�o twn klasm�twn twn tupik¸npoluwnÔmwn.Parat rhsh 2.2.11 Efìson to F [x℄ e�nai mia upoperioq  tou F [[x℄℄; to ped�otwn rht¸n klasm�twn e�nai isìmorfo me èna upoped�o tou ped�ou twn tupik¸nseir¸n M-Laurent Fhxi (Je¸rhma 2.1.6). 'Etsi, to ped�o twn rht¸n klas-m�twn apotele� èna sÔnolo akolouji¸n oi opo�e mporoÔn na graftoÔn me thmorf  (4) twn tupik¸n seir¸n M-Laurent.Se antistoiq�a me thn Parat rhsh 2.2.9 anafèroume to parak�tw je¸rhma:Je¸rhma 2.2.12 To ped�o twn rht¸n klasm�twn F(x) mia aìristh akolou-j�a x p�nw sto F e�nai isìmorfo me to ped�o twn rht¸n sunart sewn F(x)sto F an-n to F e�nai èna �peiro ped�o.2.3 Akolouj�e kai tupik� polu¸numa sthn per�ptwsh twndiakrit¸n susthm�twn elègqou.Sto shme�o autì ja k�noume mia anagwg  ìswn e�pame parap�nw sthn per�ptw-sh twn diakrit¸n susthm�twn elègqou. Ta apotelèsmata aut  th anagwg ja qrhsimopoi soume sto kuriìtero mèro th paroÔsa ergas�a.Sthn melèth twn grammik¸n dunamik¸n susthm�twn, diakritoÔ   suneqoÔqrìnou, to ped�o F sto opo�o anaferìmaste den e�nai �llo apo to ped�otwn pragmatik¸n arijm¸n R: Sthn per�ptwsh twn diakrit¸n susthm�twn, h13



aìristh akolouj�a ja sumbol�zetai me d; en¸ to ped�o twn tupik¸n seir¸nLaurent p�nw sto R me Rhdi: 'Ena stoiqe�o f 2 Rhdi ja parist�netai wex : f = fndn + fn+1dn+1 + fn+2dn+2 + :::; n 2 Z (6)Efìson to R e�nai èna �peiro ped�o, h parap�nw seir� mpore� na antimetw-piste� e�te san akolouj�a sto R   san sun�rthsh sto R; toul�qiston gia thrht  per�ptwsh.E�n h seir� (6) e�nai tupik  tìte to f e�nai mia rht  akolouj�a kai mpore��neta na jewrhje� san h kroustik  apìkrish enì grammikoÔ sust mato di-akritoÔ qrìnou. Sthn per�ptwsh aut  to d = f0; 0; 1; 0; :::g e�nai mia (aìristh)akolouj�a, oi dun�mei th opo�a antiproswpeÔoun ti mon�de tou diakritoÔqrìnou.Diaforetik�, h seir� (6) mpore� na jewrhje� san rht  sun�rthsh sto Rme metablht  d: Sthn per�ptwsh aut , h seir� Laurent antiproswpeÔei thsun�rthsh metafor� enì grammikoÔ sust mato diakritoÔ qrìnou. An an-tikatast soume to d me to z�1; h seir� (6) den e�nai �llo apì ton metasqh-matismì z mia kroustik  apìkrish f = ffn; fn+1; :::; fk; :::g:Sth sunèqeia d�nontai k�poioi basiko� orismo� kai apotelèsmata pou sqet�-zontai me idiìthte twn susthm�twn diakritoÔ qrìnou.Orismì 2.3.1 [18℄ Mia akolouj�a f 2 Rhdi onom�zetai anadromik  (reur-rent), an up�rqoun mh-arnhtiko� akèraioi r; s kai pragmatiko� �1; :::; �r t.w.fj+r + �1fj+r�1 + :::+ �rfj = 0; j = n+ s; n+ s+ 1; ::: (7)ìpou n e�nai h t�xh tou f: To sÔnolo ìlwn twn anadromik¸n akolouji¸n japarist�netai me Rfdg:Je¸rhma 2.3.2 [18℄ To sÔnolo Rfdg twn anadromik¸n akolouji¸n e�nai isì-morfo me to ped�o R(d) twn rht¸n sunart sewn.Parat rhsh 2.3.3 H spoudaiìthta twn anadromik¸n akolouji¸n ègkeitaisto gegonì ìti mporoÔn na ekfrastoÔn san poluwnumik� kl�smata. Epeid to Rfdg e�nai isìmorfo me to R(d), to Rfdg apotele� ep�sh ped�o. MporoÔme,dhlad , na anaferjoÔme kai sta dÔo ped�a twn anadromik¸n kai twn rht¸nakolouji¸n me ton �dio sumbolismì R(d):14



Orismì 2.3.4 [18℄ Mia anadromik  akolouj�a f onom�zetai aitiat  (ausal)kai parist�netai me Ro (d), an èqei mh arnhtik  t�xh. E�n h f èqei jetik t�xh onom�zetai austhr� aitiat  (stritly ausal).Profan¸, to Ro (d) e�nai èna uposÔnolo twn tupik¸n dunamoseir¸n RN  R[[d℄℄: Mia aitiat  akolouj�a f mpore� na parastaje� w ex :f = f0 + f1d+ f2d2 + ::: (8)EÔkola prokÔptoun oi parak�tw idiìthte tou sunìlou Ro(d):Prìtash 2.3.5 [18℄ To sÔnolo twn aitiat¸n akolouji¸n Ro(d) e�nai mia up-operioq  tou R[[d℄℄ me thn parak�tw dom :a. Oi mon�de tou Ro(d) e�nai akolouj�e t�xh 0, p.q.f = fo + f1d+ f2d2 + :::; f0 6= 0 (9)b. Oi pr¸toi (primes) tou Ro(d) e�nai akolouj�e t�xh 1, p.q.f = f1d+ f2d2 + :::; f1 6= 0 (10)Orismì 2.3.6 [18℄ Mia aitiat  akolouj�a f onom�zetai eustaj  an sugk-l�nei sto mhdèn, p.q.8 k0 2 N 9 "(k0) 2 R : jfkj < " 8 k � k0To sÔnolo twn eustaj¸n akolouji¸n ja parist�netai me R+(d):Prìtash 2.3.7 [18℄ To sÔnolo R+(d) twn eustaj¸n akolouji¸n e�nai up-operioq  tou Ro(d):Sth sunèqeia ja d¸soume ènan enallaktikì, jewrhtikì qarakthrismì twneustaj¸n akolouji¸n.Prìtash 2.3.8 [17℄ 'Estw f = ff0; f1; :::; fk; :::g 2 Ro(d): Tìte, f 2 R+(d)an-n e�nai apìluta sugkl�nousa: 1Xk=0 jfkj <1 (11)
15



H algebrik  dom  tou R+(d) e�nai arket� pio polÔplokh apo aut  tou Ro(d)kai den ja exetaste� sthn paroÔsa ergas�a. E�nai arket� eÔkolo na parathrh-je� ìti to sÔnolo R[d℄ twn poluwnÔmwn e�nai mia upoperioq  tou sunìlou twneustaj¸n akolouji¸n R+(d) kai ìti isqÔei h parak�tw idiìthta.Pìrisma 2.3.9 Oi daktÔlioi twn akolouji¸n R[d℄; R+(d); Ro (d) kai R(d)ikanopoioÔn thn parak�tw sqèshR[d℄ � R+(d) � Ro(d) � R(d):Sth sunèqeia ja or�soume k�poie shmantikè poluwnumikè kl�sei.Orismì 2.3.10 [18℄ 'Estw f 2 R[d℄: Tìtea. h f onom�zetai aitiat  an e�nai mon�da tou R0 (d):b. h f onom�zetai eustaj  an e�nai mon�da tou R+(d):Prìtash 2.3.11 'Ena polu¸numo f = f0 + f1d + ::: + fndn 2 R[d℄ e�naiaitiatì an-n f0 6= 0   f(0) 6= 0:Sthn taxinìmhsh twn anadromik¸n akolouji¸n mèqri stigm  ta polu¸numaqrhsimopoi jhkan san tupik� polu¸numa; ètsi, aitiatè kai eustaje� rhtèakolouj�e kai aitiat� kai eustaj  polu¸numa antimetwp�sthkan san alge-brik� antike�mena me d aìristh akolouj�a sto R; kai ìqi san sunart seitou d: Sth sunèqeia ja or�soume ti ant�stoiqe rhtè sunart sei kai jad¸soume to qarakthrismì twn eustaj¸n tupik¸n poluwnÔmwn.Orismì 2.3.12 'Estw f = b=a 2 R(d) to sÔnolo twn rht¸n sunart sewnkai a; b poluwnumikè sunart sei sto R me metablht  d 2 C : Tìte:a. to sÔnolo twn rht¸n sunart sewn me paranomast  a mia poluwnumik sun�rthsh h opo�a antistoiqe� se aitiatì tupikì polu¸numo, onom�zetaisÔnolo twn aitiat¸n rht¸n sunart sewn kai parist�netai me Ro(d):b. to sÔnolo twn rht¸n sunart sewn me paranomast  a mia poluwnumik sun�rthsh h opo�a antistoiqe� se eustajè tupikì polu¸numo, onom�ze-tai sÔnolo twn eustaj¸n rht¸n sunart sewn kai parist�netai me R+(d):Efìson to R e�nai èna �peiro ped�o kai ta sÔnola twn tupik¸n poluwnÔmwnR[d℄ kai twn rht¸n akolouji¸n R(d) e�nai isìmorfa me ta sÔnola twn poluwn-umik¸n sunart sewn R[d℄ kai twn rht¸n sunart sewn R(d); mporoÔme nadiatup¸soume eÔkola to parak�tw pìrisma:16



Pìrisma 2.3.13 Ta sÔnola twn akolouji¸n R[d℄; R+(d); Ro (d) kai R(d)e�nai isìmorfa me ta sÔnola twn ant�stoiqwn rht¸n sunart sewn en¸ isqÔounoi akìlouje sqèsei: R[d℄ � R+(d) � Ro(d) � R(d):Ja exet�soume, t¸ra, ta qarakthristik� twn eustaj¸n poluwnÔmwn.Prìtash 2.3.14 Mia poluwnumik  akolouj�a a 2 R[d℄ e�nai eustaj  an-noi r�ze th br�skontai ektì tou kleistoÔ monadia�ou d�skou D :Apìdeixh: Epeid  k�je eustaj  poluwnumik  akolouj�a e�nai mia mon�datou daktul�ou twn eustaj¸n rht¸n akolouji¸n, h a = a0 + a1d+ :::+ andne�nai tètoia pou 1a0 + a1d+ :::+ andn = f0 + f1d+ :::+ fkdk + ::: 2 R+(d) (12)SÔmfwna ìmw me thn Prìtash 2.3.8: f 2 R+(d) an-n P1k=0 jfkj < 1;dhlad  an e�nai apìluta sugkl�nousa. EpikaloÔmenoi tou isomorfismoÔ metaxÔrht¸n akolouji¸n kai rht¸n sunart sewn kai efarmìzonta ton digrammikìmetasqhmatismì z�1 = d; h ex�swsh (12) g�netaizna0zn + a1zn�1 + :::+ an = f0 + f1z�1 + :::+ fkz�k + :::; z 2 C (13)To aristerì mèlo th ex�swsh (13) e�nai o metasqhmatismì-z se kleist morf , th akolouj�a ffkg; o opo�o e�nai apìluta sugkl�simo an-n oi r�zetou paronomast  ~a(z) ke�tontai sto eswterikì tou anoiqtoÔ monadia�ou d�sk-ou [13℄. Lìgw tou digrammikoÔ metasqhmatismoÔ, h parap�nw prìtash e�naiisodÔnamh me thn prìtash ìti oi r�ze tou tupikoÔ poluwnÔmou a(d) ja prèpeina ke�tontai ektì tou kleistoÔ monadia�ou d�skou D : �Kle�nonta aut  thn par�grafo ja d¸soume ènan enallaktikì qarakthris-mì twn daktul�wn twn aitiat¸n kai eustaj¸n rht¸n akolouji¸n, o opo�oapart�zei ta kaloÔmena krit ria perioq  suqnìthta th aitiìthta kai eu-st�jeia.Parat rhsh 2.3.15 SÔmfwna me ti Prot�sei (2.3.11) kai (2.3.14), oi dak-tÔlioi twn aitak¸n kai eustaj¸n rht¸n akolouji¸n mporoÔn na perigrafoÔnw ex : 17



Oi aitiatè rhtè akolouj�e f(d) mporoÔn na parastajoÔn san pr¸ta poluwn-umik� kl�smata b(d)=a(d); ìpou to a(d) èqei mh mhdenikì stajerì ìroa0   a(0) 6= 0; dhlad  to a(d) den èqei r�ze   to f(d) den èqei pìlousto mhdèn.Oi eustaje� rhtè akolouj�e f(d) mporoÔn na parastajoÔn san pr¸tapoluwnumik� kl�smata b(d)=a(d); ìpou oi r�ze tou a(d)   oi pìloi touf(d) ke�tontai sto exwterikì tou kleistoÔ monadia�ou d�skou D [0; 1℄:2.4 Poluwnumiko� p�nake kai Rhto� dianusmatiko� q¸roiSthn paroÔsa ergas�a ja asqolhjoÔme me thn per�ptwsh enì sust matodiakritoÔ qrìnou mia eisìdou-mia exìdou (SISO - Single Input Single Out-put), sthn opo�a den apaite�tai h qr sh poluwnumik¸n pin�kwn. Wstìso,sthn par�grafo aut  ja d¸soume perilhptik� k�poie basikè ènnoie pouja qrhsimopoihjoÔn se k�poia shme�a sth sunèqeia th ergas�a. Gia lep-tomerèsterh perigraf  k�poio mpore� na anatrèxei se bibl�a san to {LinearMultivariable Control: Algebrai analysis and synthesis methods} (Vardu-lakis A.I.G.) [27℄.2.4.1 Basiko� orismo�'Estw R e�nai èna daktÔlio kai to Rl�m parist�nei tou l � m p�nakeme stoiqe�a apì to R: Tìte, an or�soume ti pr�xei th prìsjesh kaitou pollaplasiasmoÔ me to gnwstì trìpo, oi tetragwniko� p�nake Rm�msqhmat�zoun ènan mh-metabatikì daktÔlio. Oi mon�de autoÔ tou daktul�ou,dhlad  oi p�nake tou Rm�m twn opo�wn oi ant�strofoi an koun sto Rm�m;onom�zontai unimodular p�nake. Tètoioi p�nake par�gontai me stoiqei¸de-i metasqhmatismoÔ sto R kai qarakthr�zontai apì to parak�tw L mma.L mma 2.4.1 'Ena p�naka U 2 Rm�m e�nai unimodular an-n detU e�-nai mon�da sto R: Ton parist�noume me U 2 U(m;R) kai ton onom�zoumeR�unimodular.Orismì 2.4.2 'Estw R e�nai mia Prinipal Ideal Domain (PID) kai A;A0 2Rl�m t.w. A = LA0R (14)ìpou L 2 U(l;R) kai R 2 U(m;R). Tìte oi A;A0 onom�zontaiR�isodÔnamoikai h sqèsh isodunam�a or�zetai w ex : A ER A0: AnR = R; tìte oi p�nake18



onom�zontai austhr� isodÔnamoi kai an L = Il;  R = Im onom�zontai dexi�-, arister�- isodÔnamoi kai oi sqèsei isodunam�a or�zontai ant�stoiqa wex : A ErR A0; A ElR A0: Oi ER; ErR; ElR e�nai sqèsei isodunam�a kai oiant�stoiqe kl�sei isodunam�a parist�nontai me ER(A); ErR(A); ElR(A):'Estw P (d) 2 Rl�m (d) ìpou d 2 C e := C [f1g: H t�xh (rank) tou P (d) stoR(d) parist�netai me %(P (d)) = r � minfl;mg anafèretai san kanonik t�xh (normal rank), en¸ h t�xh %(P (�)) = r� sto C e ; gia k�poio � 2 C e ;onom�zetai topik  t�xh (loal rank) sto d = �: An r = minfl;mg; tìteo P (d) onom�zetai mh-ekfulismèno (nondegenerate), alli¸ p.q. anr < minfl;mg; onom�zetai ekfulismèno (degenerate).Prìtash 2.4.3 An P (d) 2 Rl�m [d℄ kai Q(d) 2 Rm�m [d℄ me %(P (d)) =%(Q(d)) = m; tìte �(P (d)Q(d)) = �(P (d)) + �(Q(d)) (15)2.4.2 Diairète pin�kwn'Estw P (d) 2 Rl�m [d℄ kai %(P (d)) = m: 'Ena p�naka R(d) 2 Rm�m [d℄ t.w.P (d) = P 0(d)R(d)onom�zetai dexiì diairèth (right matrix divisor -RMD-) tou P (d):An �R(d) e�nai opoiosd pote �llo dexiì diairèth kaiR(d) =W (d) �R(d)tìte o R(d) onom�zetai mègisto dexiì koinì diairèth (right greatestmatrix divisor -RGMD-) tou P (d): An %(P (d)) = l; or�zontai ant�stoiqaoi ènnoie aristerì koinì diairèth kai aristerì mègisto koinìdiairèth.2.4.3 Matrix Fration DesriptionsUpojètoume ìti G(d) 2 Rl�m(d) kai %(G(d)) = minfl;mg: Tìte, ìpw e�naignwstì, o G(d) mpore� p�nta na paragontopoihje� (me mh-monadikì trìpo) wex : G(d) = ~D�1(d) ~N (d) = N(d)D�1(d) (16)ìpou ~N(d); N(d); ~D(d);D(d) e�nai poluwnumiko� p�nake kat�llhlwn diast�-sewn kai det ~D(d); detD(d) 6= 0: Ta zeÔgh ( ~D(d); ~N (d)) (N(d);D(d))onom�zontai arister  (dexi�) matrix fration desription (MFD) tourhtoÔ p�naka G(d): An ta zeÔgh ( ~D(d); ~N (d)) (N(d);D(d)) e�nai ant�stoiqaarister�, dexi� pr¸ta, tìte oi ant�stoiqe MFDs e�nai pr¸te (oprime).19



2.5 Exis¸sei pin�kwn - Diofantik  Ex�swshMe th qr sh th algebrik  prosèggish, poll� apo ta probl mata autom�-tou elègqou an�gontai sthn ep�lush sugkekrimènwn grammik¸n exis¸sewnpoluwnÔmwn   poluwnumik¸n pin�kwn. Sthn teleuta�a aut  par�grafo thmajhmatik  ma eisagwg  ja d¸soume mia sÔntomh afor� ston trìpo ep�lu-sh twn parap�nw exis¸sewn.'Estw R mia PID (Prinipal Ideal Domain) kai Rl�m to sÔnolo ìlwn twn l�m pin�kwn sto R:MporoÔme na xeqwr�soume 2 basikè kathgor�e exis¸sewnpin�kwn p�nw sto R : ti grammikè exis¸sei th morf  AX = B; kai tigrammikè Diofantikè exis¸sei ([18℄, [19℄, [14℄).2.5.1 Grammikè exis¸sei AQ=B'Estw h ex�swsh p�naka AX = B (17)ìpou A 2 Rl�m; B 2 Rl�k e�nai gnwsto� p�nake kai X 2 Rm�k e�nai o�gnwsto p�naka.Je¸rhma 2.5.1 [14℄ H grammik  ex�swsh (25) èqei lÔsh X sto R; an-nikanopoie�tai opoiad pote apì ti parak�tw sunj ke:a. O A e�nai aristerì diairèth tou B sto Rb. [A B℄ ErR [A 0℄An X0 e�nai mia sugkekrimènh lÔsh, tìte opoiad pote �llh lÔsh e�nai thmorf  X = X0 +WY (18)ìpou W e�nai mia b�sh tou dexioÔ mhdenikoÔ q¸rou (right null spae) tou Akai Y e�nai èna tuqa�o R�p�naka me kat�llhle diast�sei.2.5.2 Grammikè Diofantikè Exis¸seiDiakr�noume dÔo basikè morfè twn grammik¸n Diofatik¸n Exis¸sewn:Monomer  ex�swsh p�naka (unilateral matrix equation):AX +BY = C ; (XA+ Y B = C)Dimer  ex�swsh p�naka (bilateral matrix equation):AX + Y B = C ; (XA+BY = C)20



(a) Monomere� Diofantikè Exis¸sei Pin�kwn: JewroÔme thnex�swsh AX +BY = C (19)XA+ Y B = C (20)ìpou A 2 Rl�m; B 2 Rl�n kai C 2 Rl�k dedomènoi p�nake me stoiqe�a stoR:Je¸rhma 2.5.2 [18℄ H ex�swsh (19) (ex�swsh (20)) èqei èna zeug�ri lÔsewnX; Y 2 R an-n o mègisto aristerì (dexiì) koinì diairèth G 2 R twnpin�kwn A kai B e�nai aristerì (dexiì) diairèth tou C sto R:E�n parametropoi soume th lÔsh th ex�swsh (19) (  (20)), h oikogèneiatwn lÔsewn pou prokÔptoun d�netai apì to parak�tw je¸rhma.Je¸rhma 2.5.3 [18℄ 'Estw X0; Y0 sugkekrimèno zeÔgo lÔsewn th ex�sw-sh (19), r = %R([A B℄) kai [�Bt1 At1℄t mia b�sh tou dexioÔ mhdenikoÔ q¸routou [A B℄: Tìte h genik  lÔsh th ex�swsh (19) e�naiX = X0 �B1TY = Y0 +A1T (21)ìpou T 2 R(m+n�r)�k e�nai auja�reto p�naka sto R:Parat rhsh 2.5.4 Mpore� na apodeiqje� [18℄ ìti mia sugkekrimènh lÔshth ex�swsh (19) d�netai apì (X0; Y0) = (P1C1; Q1C1) ìpou P1; Q1 e�naizeÔgo lÔsewn th Diofantik  ex�swsh:AP1 +BQ1 = Gme G ènan mègisto aristerì koinì diairèth twn A kai B kai C1 tètoio ¸steC = GC1: Tìte � XY � = � P1 �B1Q1 A1 � � C1T � (22)Me ant�stoiqo trìpo g�netai h parametropo�hsh twn lÔsewn kai sthn per�ptwshth ex�swsh (20).
21



(b) Dimere� Diofantikè Exis¸sei Pin�kwn: JewroÔme thn ex�swshAX + Y B = C (23)ìpou A 2 Rl�m; B 2 Rn�k kai C 2 Rl�k:Je¸rhma 2.5.5 [18℄ H ex�swsh (23) èqei lÔsh an-n oi p�nake� A 00 B � ��� � A C0 B �e�nai isodÔnamoi.H parametropo�hsh twn lÔsewn th ex�swsh (23) den e�nai tìso apl  ìsoth ex�swsh (19) kai mpore� na breje� sti anaforè [18℄ k.a. Ant�stoiqaapotelèsmata lamb�noume gia thn duðk  ex�swsh XA+ Y B = C:2.6 Sumper�smataSto kef�laio autì parousi�same èna majhmatikì upìbajro pou apaite�taisthn melèth twn susthm�twn diakritoÔ qrìnou. O basikì skopì  tan naeis�goume thn ènnoia twn seir¸n san trìpo melèth twn diakrit¸n susth-m�twn. 'Etsi, qrhsimopoi same ti idiìthte tou daktÔliou twn tupik¸n dunamo-seir¸n kai ti idiìthte twn seir¸n pou prokÔptoun apì poluwnumikè sunart -sei kai de�xame k�tw apì poiè sunj ke oi dÔo autè ènnoie sump�ptoun,  diaforetik� k�tw apì poie sunj ke oi dÔo daktÔlioi e�nai isìmorfoi. Hanagka�a pro�pìjesh gia na sumba�nei to parap�nw e�nai to ped�o orismoÔtwn tupik¸n dunamoseir¸n na e�nai �peiro.Sthn per�ptwsh twn diakrit¸n susthm�twn to ped�o pou qrhsimopoie�tai e�naiautì twn pragmatik¸n arijm¸n R; ètsi oi daktÔlioi twn tupik¸n seir¸n Lau-rent kai twn rht¸n sunart sewn e�nai isìmorfoi. Aut  th shmantik  idiìthtaja ekmetaleutoÔme kai sth melèth twn epìmenwn kefala�wn.Sth sunèqeia tou kefala�ou d�noume mia mikr  anaskìphsh sth jewr�a twnpoluwnÔmwn kai twn rht¸n pin�kwn en¸ kle�noume me mia sÔntomh anafor�sta basik� twn exis¸sewn pin�kwn, d�nonta èmfash sthn ep�lush twn Dio-fantik¸n exis¸sewn. Parèqontai oi ikanè kai anagka�e sunj ke gia thnep�lush tètoiwn exis¸sewn, ìpw ep�sh kai h parametropo�hsh twn lÔsewnìpou autì e�nai dunatìn. 22



3 Sust mata DiakritoÔ QrìnouPerigraf  eisìdou-exìdou (input-output)Sto kef�laio autì ja d¸soume perilhptik� ti basikè ènnoie kai apotelès-mata th jewr�a twn grammik¸n susthm�twn, ta opo�a qrhsimopoioÔme giana dieujet soume ti an�gke twn susthm�twn DiakritoÔ Qrìnou. Ti e�naiìmw ta s mata kai ta sust mata DiakritoÔ Qrìnou.Ta s mata DiakritoÔ Qrìnou e�nai s mata pou or�zontai se diakrit� qronik�diast mata kai epomènw mporoÔn na anaparastajoÔn san akolouj�e (tiopo�e perigr�yame ekten¸ sto prohgoÔmeno kef�laio). Ta sust mata pouepexerg�zontai tètoia s mata diakritoÔ qrìnou onom�zontai Sust mata Di-akritoÔ Qrìnou.Sth sunèqeia ja parousi�soume ta basik� qarakthristik� aut¸n twn susth-m�twn kai ja eis�goume ti ènnoie th aitiìthta kai th eust�jeia.3.1 Grammik� sust mata DiakritoÔ QrìnouTa Sust mata DiakritoÔ Qrìnou   apl¸ Diakrit� Sust mata e�nai sust -mata ta opo�a diege�rontai sthn e�sodì tou apì akolouj�e kai par�gounakolouj�e san apìkrish sti exìdou tou. Ja exet�soume sust mata taopo�a epexerg�zontai akolouj�e sto R (me d aìristh akolouj�a) kai sug-kekrimèna aut� twn opo�wn h sumperifor� elègqetai apì anadromikè tupikèseirè Laurent.Gia th melèth ma ja qrhsimopoi soume to algebrikì pla�sio ergas�a pouparousi�sthke sto prohgoÔmeno kef�laio kai ja ekmetalleutoÔme ekten¸to gegonì ìti oi anadromikè tupikè seirè Laurent kai oi rhtè sunart seie�nai isìmorfe lìgw th �peirh fÔsh tou R: Gia megalÔterh leptomèreiampore� k�poio na anatrèxei sti anaforè [13℄, [18℄, [27℄ k.a. pou parèqontaisto tèlo th ergas�a. A xekin soume me ènan tupikì orismì twn diakrit¸nsusthm�twn.Orismì 3.1.1 'Ena sÔsthma DiakritoÔ Qrìnou S me m eisìdou kai lexìdou e�nai èna sÔnolo S(T ;U ;Y;G) ìpou T = Z[ f1g e�nai o diakritìqrìno, U � Rm hdi o q¸ro twn eisìdwn, Y � Rl hdi e�nai o q¸ro twnexìdwn kai G e�nai mia apeikìnish apo to U sto Y; dhlad  G : U 7�! Y:'Etsi, apo majhmatik  �poyh, èna diakritì sÔsthma e�nai èna metasqhma-tismì G; o opo�o apeikon�zei monadik� èna pragmatikì di�nusma-akolouj�a23



eisìdou �u se èna pragmatikì di�nusma-akolouj�a exìdou �y; dhlad �y = G[�u℄ (24)ìpw fa�netai sto Sq ma 1.
G [ ]u={ up, up+1,…}  y={ yp, yp+1,…}  

  Sq ma 1: SÔsthma DiakritoÔ Qrìnou3.2 Grammikìthta kai Qronik  Anexarths�aO orismì 3.1.1 kalÔptei èna meg�lo eÔro twn susthm�twn diakritoÔ qrìnou.Epib�llonta di�forou periorismoÔ sthn apeikìnish G apoktoÔme qr simeupo-kl�sei twn diakrit¸n susthm�twn. Mia tètoia kl�sh pou ja ma a-pasqol sei sth sunèqeia e�nai aut  twn grammik¸n, qronik� anex�rthtwnsusthm�twn diakritoÔ qrìnou. Sta pla�sia th paroÔsa ergas�a jaasqolhjoÔme mìno me sust mata mia eisìdou-mia exìdou (SISO) ìpou U ; Y �Rhdi: ProtoÔ xekin soume ja or�soume mia basik  akolouj�a, thn kroustik akolouj�a (impulse sequene) kai thn ant�stoiqh apìkrish, thn kroustik apìkrish (impulse response).Orismì 3.2.1 H monadia�a akolouj�a d0 = f0; 1; 0; 0; :::g onom�zetai krou-stik  akolouj�a   apl� (monadia�o) palmì kai parist�netai me d; d =f0; 1; 0; 0; :::g: H apìkrish tou sust mato S ston palmì d onom�zetai krou-stik  apìkrish kai parist�netai me g; g := G[d℄:Parat rhsh 3.2.2 Apì ton orismì 3.2.1 diapist¸noume ìti o (monadia�o)palmì Æ e�nai èna s ma monadia�ou pl�tou pou efarmìzetai th qronik  stig-m  mhdèn kai g e�nai h apìkrish tou sust mato sth sugkekrimènh e�sodo.SÔmfwna me ton orismì th aìristh akolouj�a (orismì 2.1.3) kai thn ex�sw-sh (3), to ddk = dk mpore� na jewrhje� san èna palmì pou efarmìzetai thqronik  stigm  k sthn e�sodo enì diakritoÔ sust mato. H apìkrish stodk parist�netai me g(k) kai e�nai h kroustik  apìkrish tou sust mato S seènan palmì pou efarmìzetai th qronik  stigm  k:'Ena grammikì sÔsthma e�nai autì gia to opo�o isqÔei h arq  th upèrjesh.'Etsi: 24



Orismì 3.2.3 'Ena diakritì sÔsthma S onom�zetai grammikì an 8 u1; u2 2U ; kai a1; a2 2 R; èqoumeG[a1u1 + a2u2℄ = a1G[u1℄ + a2G[u2℄ (25)'An to sÔsthma S e�nai arket� omalì tìte h ex�swsh (25) mpore� na epektaje�gia opoiod pote arijmì eisìdwn u1; u2; ::: 2 Rhdi kai opoiod pote arijmìstajer¸n a1; a2; ::: 2 R: Qrhsimopoi¸nta thn anapar�stash twn tupik¸nseir¸n Laurent gia thn akolouj�a eisìdou èqoumey = G[u℄ = G 24 1Xk=pukdk35 (26)kai gia èna grammikì sÔsthma h ex�swsh (26) g�netaiy = 1Xk=pukG[dk℄ = 1Xk=pukg(k) (27)Orismì 3.2.4 'Ena diakritì sÔsthma onom�zetai qronik� anex�rthto an8 u 2 U ; G[dku℄ = dkG[u℄:SÔmfwna me thn Parat rhsh 3.2.2, ton Orismì 3.2.4 kai thn ex�swsh (27), hèxodo enì grammmikoÔ, qronik� anex�rthtou sust mato diakritoÔ qrìnou(LTI: Linear, Time-Invariant) d�netai apì:y = 1Xk=pukG[dk℄ = 1Xk=p ukG[dkd℄ = 1Xk=pukdkG[d℄ == 1Xk=pukdkg = 1Xk=pukdk 1Xl=r gldldhlad  y = g � u � yi = Xk+l=j ukgl; j � p+ r (28)'Etsi, se èna LTI diakritì sÔsthma, o telest  tou sust mato G mpore� naantikatastaje� apì thn kroustik  apìkrish g kai thn sunèlixh.25



Orismì 3.2.5 'Ena grammikì, qronik� anex�rthto diakritì sÔsthmaS e�nai to sÔnolo S(T ;U ;Y; G; �) ìpou T = Z[ f1g o diakritì qrìno,U � Rm hdi o q¸ro twn eisìdwn, Y � Rl hdi o q¸ro twn exìdwn kaiG 2Rlmhdi e�nai èna grammikì metasqhmatismì, o p�naka kroustik apìkrish apo to U sto Y t.w. 8 �u 2 U 9 �y 2 Y : �y = G � �u:Parat rhsh 3.2.6 Apì thn ex�swsh (28) mporoÔme na katal�boume ìti ènagrammikì, qronik� anex�rthto diakritì sÔsthma e�nai èna sÔsthma me mn mh.Autì shma�nei ìti h èxodo th qronik  stigm  k exart�tai apo thn e�sodo pouefarmìzetai prin  /kai met� th stigm  k: Gia thn akr�beia autì isqÔei giak�je diakritì sÔsthma pou perigr�fetai apì sqèsh eisìdou-exìdou th morf (24). Gia to lìgo autì, mia èxodo �y kajor�zetai monadik� gia k � k0 an he�sodo den e�nai gnwst  mìno gia k � k0 all� kai gia k < k0: Aut  e�nai hper�ptwsh me orismoÔ (3.1.1) kai (3.2.5) ìpou o q¸ro twn eisìdwn U e�naiupoq¸ro tou q¸rou twn ape�rwn akolouji¸n Rl hdi kai k�je �u 2 U e�nai kal�orismèno 8 k 2 Z[ f1g efìson �uk = 0 8 k < �(�u): Epomènw, oi exis¸sei(25) kai (28) kajor�zoun me monadikì trìpo thn èxodo tou sust mato b�seith eisìdou tou. Sthn per�ptwsh pou to �uk den e�nai gnwstì gia k < k0;tìte to sÔsthma ja prèpei na jewrhje� ìti th qronik  stigm  k0 br�sketai sekat�stash hrem�a kai ìti h èxodo tou sust mato diege�retai mìno kai memonadikì trìpo apì th e�sodo pou efarmìzetai apo ke� kai pèra   diaforetik�oi arqikè sunj ke ja prèpei na e�nai gnwstè.3.3 Aitiìthta kai Eust�jeia'Opw e�dame prohgoumènw, h èxodo enì diakritoÔ sust mato th qronik stigm  k exart�tai apì thn e�sodo pou efarmìzetai pr�n  /kai met� apo thqronik  stigm  k: B�sei th parap�nw prìtash prokÔptei mia pio perior-ismènh kl�sh twn grammik¸n-qronik� anex�rthtwn susthm�twn me praktikìendiafèron, h kl�sh twn aitiat¸n (ausal) susthm�twn.Orismì 3.3.1 'Ena diakritì sÔsthma S(T ;U ;Y;G) onom�zetai aitiatì an hèxodo se opoiad pote qronik  stigm  k0 exart�tai apì thn e�sodo gia k � k0:Lìgw th ex�swsh (28), oi sunj ke aitiìthta gia èna grammikì-qronik�anex�rthto diakritì sÔsthma d�nontai apì to parak�tw gnwstì je¸rhma.Je¸rhma 3.3.2 'Ena grammikì - qronik� anex�rthto diakritì sÔsthmaS(T ;U ;Y; G; �) e�nai aitiatì an-n �(G) � 0:'Allh mia polÔ shmantik  kl�sh twn diakrit¸n susthm�twn e�nai aut  twneustaj¸n (stable) susthm�twn. 26



Orismì 3.3.3 'Ena diakritì sÔsthma S(T ;U ;Y;G) e�nai exwterik� eu-stajè   bounded input bounded output (BIBO) stable an gia k�jefragmènh e�sodo h èxodo e�nai fragmènh.Me to epìmeno je¸rhma pa�rnoume ti sunj ke gia eust�jeia enì grammikoÔ- qronik� anex�rthtou diakritoÔ sust mato.Je¸rhma 3.3.4 'Ena grammikì - qronik� anex�rthto diakritì sÔsthmaS(T ;U ;Y; G; �), U � Rm hdi; Y � Rl hdi; e�nai BIBO stable an-n1Xk=�ij j(gij)kj <1 i = 1; :::; l; j = 1; :::;m (29)ìpou G = (gij) kai �ij = �(gij):JewroÔme t¸ra to diakritì sÔsthma S(T ;U ;Y; d; �); dhlad  to sÔsthma mekroustik  apìkrish g = d: Tìte, gia k�je e�sodou = updp + up+1dp+1 + up+2dp+2 + :::t�xh �(u) = p; h èxodo y = d � u e�nai mia akolouj�ay = updp+1 + up+1dp+2 + up+2dp+3 + :::t�xh �(y) = p+1: Epomènw, h e�sodo pou efarmìzoume th qronik  stigm k d�nei èxodo th qronik  stigm  k+1 (Sq ma 2). Gia to lìgo autì h aìristhakolouj�a d ja onom�zetai enallaktik� akolouj�a kajustèrhsh (delaysequene)   telest  kajustèrhsh (delay operator) kai h akolouj�az = d�1 = f1; 0; :::g ja or�zetai san akolouj�a pro¸jhsh (advanesequene)   telest  pro¸jhsh (advane operator).
du={ up, up+1,…}  y={ yp+1, yp+ 2,…}  

  Sq ma 2: O telest  kajustèrhsh (delay operator)
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3.4 Lumped grammik�, qronik� anex�rthta sust matadiakritoÔ qrìnou'Opw anafèrame prohgoumènw, ta grammik� - qronik� anex�rthta diakrit�sust mata e�nai aut� twn opo�wn h sumperifor� qarakthr�zetai apo ton p�na-ka kroustik  apìkrish (impulse response matrix)G: Se èna polumetablhtìsÔsthma mem eisìdou kai l exìdou o G mpore� na e�nai opoiosd pote p�nakaakolouji¸n p�nw sto R; dhlad  G 2 Rlmhdi:Orismì 3.4.1 'Ena grammikì - qronik� anex�rthto diakritì sÔsthmaS(T ;U ;Y; G; �) me m eisìdou kai l exìdou, onom�zetai lumped an G 2Rlm(d):Oi ènnoie twn aitiat¸n kai eustaj¸n polumetablht¸n diakrit¸n susthm�twndiatup¸nontai me an�logo trìpo me ta sust mata mia eisìdou-mia exìdou(SISO). K�poio pou endiafèretai mpore� na anatrèxei sti anaforè pou d�-nontai sto tèlo th ergas�a, kaj¸ den ja asqolhjoÔme peraitèrw me aut�ta sust mata.Shme�wsh. Apì t¸ra kai pèra ja anaferìmaste sta lumped grammik�sust mata apl� san grammik� sust mata, kaj¸ sthn paroÔsa ergas�aja asqolhjoÔme mìno me aut n thn kl�sh twn susthm�twn. 'Etsi, me thnènnoia grammik� sust mata ja ennooÔme ta sust mata pou èqoun san p�nakakroustik  apìkrish G ènan p�naka rht¸n akolouji¸n. Epiplèon, japarale�poume to sÔmbolo th sunèlixh apì ton orismì tou sust mato S; toopo�o ex�llou den e�nai apara�thto ìtan qrhsimopoioÔme thn anapar�stashtwn tupik¸n seir¸n Laurent.Ja or�soume sth sunèqeia ton p�naka th sun�rthsh metafor� enì sust -mato.Orismì 3.4.2 'Estw G = fGr; Gr+1; :::; Gk; :::g; Gk 2 Rl�m o p�nakakroustik  apìkrish enì grammikoÔ - qronik� anex�rthtou diakritoÔ sust -mato S: Onom�zoume p�naka sun�rthsh metafor� ~G(z) tou S; to meta-sqhmatismì z tou p�naka G;~G(z) = 1Xk+rGkz�k; Gk 2 Rl�m ; z 2 C (30)Parat rhsh 3.4.3 An qrhsimopoi soume to sumbolismì z = d�1 tìte tonorismì tou p�naka kroustik  apìkrish G(d) kai ton p�naka sun�rthsh28



metafor� G(z) enì sust mato S; èqoume ìtiG(z�1) = ~G(z)Tìso o G(d) ìso kai o ~G(z) mporoÔn na qrhsimopoihjoÔn e�te san p�nakeakolouji¸n   san rhtè sunart sei. Me ton �dio trìpo, to z mpore� na jew-rhje� e�te migadik  metablht  me z = d�1 2 C na antiproswpeÔei ènan di-grammikì metasqhmatismì,   akolouj�a z = d�1 = f1; 0; :::; 0; :::g kai na e�naiaìristh akolouj�a ìpw to d; diaforetik  ìmw fÔsh (telest  pro¸jhsh)Ja qrhsimopoioÔme thn èkfrash p�naka kroustik  apìkrish gia toG(d) gia na d¸soume èmfash sth fÔsh tou san akolouj�a kai thn èk-frash p�naka sun�rthsh metafor� gia to ~G(z) gia na xeqwr�soumeth sunarthsiak  fÔsh tou ~G(z): Se k�poia shme�a pou ja jèloume naton�soume th sunarthsiak  fÔsh tìso tou G(d) ìso kai tou ~G(z) ja qrhsi-mopoioÔme ti ekfr�sei d-sun�rthsh metafor� kai z-sun�rthsh meta-for� ant�stoiqa.A jewr soume t¸ra pio sugkekrimèna thn per�ptwsh twn SISO susthm�twnpou ma endiafèrei, me kroustik  apìkrish th rht  akolouj�a g(d): H g(d)mpore� na ekfraste� san tupik  rht  seir� Laurent p�nw sto R kai na paras-taje� me th morf  pr¸tou poluwnumikoÔ kl�smato,g(d) = gldl + gl+1dl+1 + ::: = b0 + b1d+ :::+ bmdma0 + a1d+ :::+ andn = b(d)a(d) (31)ìpou an; bm 6= 0: EpikaloÔmenoi tou isomorfismoÔ metaxÔ rht¸n klasm�twnkai rht¸n sunart sewn, h g(d) mpore� na antimetwpiste� e�te san tupik  seir�,me d aìristh akolouj�a p�nw sto R;   san sun�rthsh migadik  metablht d: H seir� (31) antiproswpeÔei th sumperifor� enì SISO sust mato kaisti 2 parap�nw peript¸sei.An h seir� (31) e�nai tupik  kai aitiat  tìte antiproswpeÔei mia aitiat  rht akolouj�a fgl; gl+1; :::; gk; :::g; h opo�a mpore� na jewrhje� san h kroustik apìkrish enì aitiatoÔ grammikoÔ - qronik� anex�rthtou diakritoÔ sust ma-to. An h seir� (31) antimetwpiste� san aitiat  rht  sun�rthsh tou d; tìtempore� na jewrhje� san sun�rthsh metafor� enì grammikoÔ aitiatoÔ diakri-toÔ sust mato. Autì g�netai pio xek�jaro an efarmìsoume sth seir� (31)to digrammikì metasqhmatismì z�1 = d; dhlad ~g(z) = glz�l + gl+1z�l�1 + ::: = zn�m b0zm + :::+ bma0zn + :::+ an = g(z�1) (32)29



Profan¸ to ~g(z) e�nai o metasqhmatismì z th aitiat  kroustik  apìkr-ish fgkg kai kat� sunèpeia h sun�rthsh metafor� tou aitiatoÔ diakritoÔsust mato. Gia thn akr�beia, epeid  a0 = a(0) 6= 0 kai a(d); b(d) e�naipolu¸numa pr¸ta metaxÔ tou, mpore� eÔkola na apodeiqje� ìti to ~g(z) e�naikanonik  rht  sun�rthsh tou z:Me parìmoio trìpo, an h seir� (31) e�nai tupik  kai eustaj , antiprosw-peÔei mia apìluta ajro�simh akolouj�a fgkg h opo�a mpore� na jewrhje� sankroustik  apìkrish enì BIBO eustajoÔ diakritoÔ sust mato. Apì thn�llh, an h seir� (31) e�nai eustaj  rht  sun�rthsh th metablht  d; tìte m-pore� na jewrhje� san sun�rthsh metafor� enì BIBO eustajoÔ diakritoÔsust mato. Pr�gmati, to ~g(z) antiproswpeÔei ton metasqhmatismì z miaapìluta ajro�simh kroustik  apìkrish fgkg kai mpore� na jewrhje� sansun�rthsh metafor� enì BIBO eustajoÔ sust mato. Gia thn akr�beia,efìson oi r�ze tou poluwnÔmou tou paronomast  a(d) sthn (31) ke�tontaiektì tou kleistoÔ monadia�ou d�skou D [0; 1℄; oi pìloi tou ~g(z) ke�tontai s-to eswterikì tou kleistoÔ monadia�ou d�skou D [0; 1℄; gegonì to opo�o e�naiisodÔnamo me th sunj kh to ~g(z) na e�nai h sun�rthsh metafor� enì aitia-toÔ BIBO eustajoÔ diakritoÔ sust mato.Telik�, pa�rnonta upìyhn thn kajustèrhsh pou prokale� h aìristh akolou-j�a d; mpore� eÔkola na apodeiqje� ìti h sumperifor� eisìdou-exìsou enìgrammikoÔ - qronik� anex�rthtou sust mato mpore� na perigrafe� me miaex�swsh diafor¸n metaxÔ twn akolouji¸n eisìdou kai exìdou tou sust ma-to.3.5 Grammikè exis¸sei diafor¸nJa kle�soume autì to kef�laio th perigraf  eisìdou-exìdou twn diakrit¸nsusthm�twn k�nonta mia teleuta�a anafor� sthn anapar�stas  tou sansust mata grammik¸n exis¸sewn diafor¸n me stajeroÔ suntelestè. H ana-par�stash sut  e�nai �mesh sunèpeia th perigraf  th kroustik  apìkr-ish twn diakrit¸n susthm�twn kai èqei mìno jewrhtik  shmas�a.JewroÔme èna aitiatì grammikì - qronik� anex�rthto diakritì sÔsthma mi-a eisìdou-mia exìdou (SISO), S(T ;U ;Y; g(d)) ìpou g(d) = b(d)=a(d) meb(d); a(d) polu¸numa pr¸ta metaxÔ tou kai a(0) 6= 0: Tìte 8 u 2 U 9 y 2 Yt.w. y(d) = b(d)a(d)u(d) �� a(d)y(d) = b(d)u(d)30



kai �n �(a(d)) = n kai �(b(d)) = m; èqoume(a0 + a1d+ :::+ andn)y(d) = (b0 + b1d+ :::+ bmdm)u(d) (33)Lamb�nonta upìyhn thn kajustèrhsh pou prokale� o telest  d; h ex�swsh(33) g�netaia0yk+a1yk�1+ :::+anyk�n = b0uk+ b1uk�1+ :::+ bmuk�m 8 k 2 T (34)Xeqwr�zoume ti dÔo akìlouje peript¸sei1. To S e�nai se kat�stash hrem�a gia k = �1 kai mia akolouj�au 2 Rhdi efarmìzetai san e�sodo apo 'ke� kai pèra. 'Etsi, h u e�-nai apolÔtw gnwst  8 k 2 T ; kai efìson to sÔsthma S e�nai aitiatì hèxodo y perigr�fetai pl rw apo thn ex�swsh diafor¸n (34) 8 k 2 T :2. To S e�nai se kat�stash hrem�a gia k = �1; all� h akolouj�a eisìdouden e�nai gnwst  gia k < k0; p.q. k0 = 0: Sthn per�ptwsh aut  mpore�eÔkola na apodeiqje� ìti h ex�swsh (34) perigr�fei thn èxodo y monadik�gia k � r := maxfm;ng = ÆM (S) ìtan to di�nusma twn arqik¸nsunjhk¸n gia k = 0; �yin = [y0; :::; yr�1℄t 2 Rr e�nai gnwstì.Par�deigma 3.5.1 JewroÔme to aitiatì grammikì - qronik� anex�rthto SISOsÔsthma S(T ;U ;Y; g) ìpoug(d) = y(d)u(d) = b0 + b1d+ b2d2a0 + a� 1d ; a0 6= 0Tìte oi u; y ikanopoioÔn thn akìloujh ex�swsh diafor¸na0yk = a� 1yk�1 = b0uk + b1uk�1 + b2uk�2 (35)1. JewroÔme ìti to sÔsthma S br�sketai se hrem�a gia k = �1 kai u 2Rhdi t�xh �(u): Tìte y 2 Rhdi me �(y) = �(u) + �(b) � �(a) kai anb0 6= 0 ) �(b) = �(a) = 0; dhlad  �(y) = �(u): Epomènwyk = � 0 ; 8 k 2 T : k < �(u)a�10 (b0uk + b1uk�1 + b2uk�2 � a1yk�1) ; 8 k 2 T : k � �(u)2. JewroÔme ìti to S br�sketai se hrem�a gia k = �1 kai h e�sodou den e�nai gnwst  gia k < 0; dhlad  u 2 R[[d℄℄: Tìte ÆM (S) =maxf�(a); �(b)g = 2; kai dedomènou dianÔsmato arqik¸n sunjhk¸n31



�yin = [y0; y1℄t; h èxodo yk mpore� na perigrafe� apì thn ex�swsh (35)gia k � 2; dhlad yk = 8<: ���!��o ; 8 k 2 T : k < 0y0; y1 ; �� k = 1; 2a�10 (b0uk + b1uk�1 + b2uk�2 � a1yk�1) ; 8 k 2 T : k � 2Qrhsimopoi¸nta poluwnumikè MFD (Matrix Fration Desription) peri-grafè gia ton p�naka kroustik  apìkrish, mporoÔme eÔkola na genikeÔ-soume ta parap�nw apotelèsmata gia thn per�ptwsh polumetablht¸n susth-m�twn.Parat rhsh 3.5.2 A shmei¸soume ìti to di�nusma �y 2 Y mpore� na peri-grafe� monadik� me th qr sh tou dianÔsmato twn arqik¸n sunjhk¸n �yin;to opo�o ermhneÔetai san plhrofor�a gia to pareljìn th sumperifor� tousust mato, kai tou dianÔsmato th eisìdou �u 2 U 8 k 2 T : k � 0:3.6 Sumper�smataSkopì tou kefala�ou autoÔ  tan na sunoy�sei ti basikè idèe th jewr�atwn grammik¸n susthm�twn diakritoÔ qrìnou qrhsimopoi¸nta to algebrikìupìbajro pou eis qjh sto prohgoÔmeno kef�laio. 'Etsi, qrhsimopoi¸ntathn idiìthta ìti oi tupikè seirè Laurent kai oi rhtè sunart sei sto Re�nai isìmorfe (efìson to ped�o twn pragmatik¸n arijm¸n R e�nai �peiro),d¸same ti d� kai z� perigrafè twn diakrit¸n susthm�twn kai melet samethn exwterik  tou sumperifor� qrhsimopoi¸nta ti kat�llhle sunart seimetafor�.
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4 Sust mata KleistoÔ BrìgqouSto kef�laio autì ja epikentr¸soume thn prosoq  ma sta sust mata k-leistoÔ brìgqou. Basikì qarakthristikì aut¸n twn susthm�twn e�nai ìtikat� th di�rkeia leitourg�a tou sust mato lamb�netai èna de�gma (mètrhsh)tou s mato exìdou to opo�o sugkr�netai suneq¸ me thn epijumht  èxodo ètsi¸ste na par�getai èna s ma sf�lmato (error signal) pou efarmìzetai sthnmon�da tou energopoiht .To sÔsthma kleistoÔ brìgqou pou fa�netai sto Sq ma 3 onom�zetai sÔsth-ma monadia�a an�drash Sf : K�tw apì thn ep�drash th monadia�a an�-drash to SP antiproswpeÔei èna dedomèno fusikì LTI (grammikì-qronik�anex�rthto) diakritì sÔsthma kai onom�zetai plant   elegqìmenh dier-gas�a, en¸ to SC e�nai èna LTI diakritì sÔsthma pou onom�zetai ontroller(ompensator)   elegkt . Ta probl mata pou aforoÔn ta parap�nwsust mata sun�stantai sth sqed�ash enì kat�llhlou elegkt  ètsi ¸ste tosÔsthma na apokt sei thn epijumht  apìdosh.
1u + 1e

CS 1y ++
2u

2e 2y
PS_

Sq ma 3: Brìgqo monadia�a an�drashBasikì skopì autoÔ tou kefala�ou e�nai h melèth th eust�jeia enì tè-toiou sust mato.4.1 Brìgqo monadia�a an�drashJewroÔme to sÔsthma monadia�ou brìgqou tou Sq mato 3 kai èstw oi p�nakeP 2 Rl�m(d); C 2 Rm�l (d); oi opo�oi antiproswpeÔoun ti d�sunart seimetafor�, dhlad  e�nai oi legìmenoi p�nake sunart sewn metafor�, thelegqìmenh diergas�a kai tou elegkt  ant�stoiqa. Ta dianÔsmata �u1; �u2parist�noun ti exwterik� efarmozìmene eisìdou, ta �e1; �e2 parist�noun33



ta dianÔsmata eisìdou ston elegkt  kai thn elegqìmenh diergas�a ant�s-toiqa, kai ta �y1; �y2 parist�noun ta dianÔsmata exìdou tou elegkt  kai thelegqìmenh diergas�a ant�stoiqa. 'Ola ta s mata e�nai dianusmatikè akolou-j�e me d aìristh akolouj�a. Ep�sh, me R ja dhl¸noume to R[d℄;   opoiod -pote daktÔlio tou R[d℄; tou opo�ou to ped�o twn klasm�twn e�nai to R(d);kai M(R) ja e�nai to sÔnolo ìlwn twn pin�kwn me stoiqe�a apo to R kai mekat�llhle diast�sei.'Ena tètoio sÔsthma, an kai den e�nai idanikì gia pio sÔnjete peript¸sei,e�nai arket� eupros�rmosto kai mpore� na dieujet sei arket� probl mataautom�tou elègqou.Dom  kai exwterik  eust�jeia tou kleistoÔ brìgqouTo sÔsthma kleistoÔ brìgqou perigr�fetai apì th sun�rthsh metafor�He;y=u ���o �u ��o � �e�y �ìpou �u = � �u1�u2 � ; �e = � �e1�e2 � ; �y = � �y1�y2 � , lìgw th grammikìthta, apì tou dÔo p�nake sunart sewn metafor�H(P;C) : �e := H(P;C)�u (36)W (P;C) : �y :=W (P;C)�u (37)Oi exis¸sei tou sust mato mporoÔn na grafoÔn w ex �e = (I + FG)�1�u ��� �y = G(I + FG)�1�u (38)ìpouF = � 0 I�I 0 � ; G = � C 00 P � ��� I + FG = � I P�C I � (39)Ja anaferìmaste sto sÔsthma monadia�a an�drash tou Sq mato 3 me tosumbolismì Sf ;   me to zeÔgo (P;C): Mpore� eÔkola na apodeiqje� (tÔpoShur) ìti t(d) := det(I + FG) = det(I + PC) = det(I + CP ) (40)34



Orismì 4.1.1 To zeÔgo pin�kwn (P;C) e�nai kal� sqhmatismèno (well-formed), an t(d) e�nai èna mh-mhdenikì stoiqe�o tou R(d); dhlad  to t(d) dene�nai mhdèn 8 d 2 C :E�nai dunatì na p�roume arketè diaforetikè ekfr�sei gia tou p�nakeH(P;C) kai W (P;C) ([15℄, [28℄)H(P;C) = � I P�C I ��1= � I � P (I + CP )�1C �P (I + CP )�1(I +CP )�1C (I + CP )�1 � (41)= � (I + PC)�1 �(I + PC)�1PC(I + PC)�1 I � C(I + PC)�1P �W (P;C) = � C 00 P � � I P�C I ��1= � C � CP (I + CP )�1C �CP (I + CP )�1P (I + CP )�1C P (I + CP )�1 � (42)= � C(I + PC)�1 �C(I + CP )�1PPC(I + PC)�1 P � PC(I + PC)�1P �Parat rhsh 4.1.2 Apo ti exis¸sei (41) kai (42) parathroÔme ìti h sun-j kh t(d) 6= 0 (exis¸sei 40) gia kalì sqhmatismì (well-formedness), e�-nai ikan  kai anagka�a gia na exasfal�soume thn Ôparxh twn H(P;C) kaiW (P;C):Parak�tw d�netai mia shmantik  sqèsh metaxÔ twn H(P;C) kai W (P;C):L mma 4.1.3 [28℄ 'Estw to sÔsthma an�drash S e�nai kal� sqhmatismèno.Tìte W (P;C) = F (H(P;C)� I) (43)kai ètsi W (P;C) 2M(R) an-n H(P;C) 2M(R):Parat rhsh 4.1.4 SÔmfwna me to L mma 4.1.3, o p�naka sun�rthshmetafor� H(P;C) mpore� na qrhsimopoihje� ston èlegqo th aitiìthta kaiexwterik  eust�jeia tou sust mato monadia�a an�drash tou Sq mato3. 35



Je¸rhma 4.1.5 'Estw to zeÔgo (P;C) e�nai kal� sqhmatismèno. Tìte tamh-monadia�a stoiqei¸dh qarakthristik� polu¸numa (  polu¸numa pìlwn) touHe;y=u; H(P;C) kai W (P;C) e�nai susqetismèna (assoiates).H apìdeixh tou parap�nw Jewr mato den ja ma apasqol sei sthn paroÔsaf�sh, all� d�netai me leptomèreie sth bibliograf�a.Parat rhsh 4.1.6 To Je¸rhma 4.1.5 e�nai polÔ pio shmantikì apì to L -mma 4.1.3. SÔmfwna me to Je¸rhma, h dom  twn pìlwn tou sust matoan�drash sto C mpore� na perigrafe� me opoiad pote apì ti sunart seimetafor�: He;y=u; H(P;C)  W (P;C): Gia ti an�gke ti ergas�a ma e�naipio sÔnhje na qrhsimopoioÔme ton p�naka sunart sewn metafor� H(P;C):Orismì 4.1.7 To zeÔgo (P;C);   to kleistì sÔsthma Sf e�nai exwterik�eustajè an H(P;C) 2M(R+(d)):'Estw t¸ra ìti oi sunart sei metafor� th elegqìmenh diergas�a kai touelegkt  parist�nontai san MFDs sto R[d℄ w ex :P = ~D�1p ~Np = NpD�1p (44)C = ~D�1 ~N = ND�1 (45)Antikajist¸nta ti exis¸sei (44) kai (45) sti exis¸sei (41) kai (42), oip�nake H(P;C) kai W (P;C) g�nontai:H(P;C) = � ~Dp ~Np� ~N ~D ��1 � ~Dp 00 ~D � (46)= � D 00 Dp � � D Np�N Dp ��1 (47)= � DN � ~��1 � ~Dp � ~Np �+ � 0 00 I � (48)= � �NpDp ���1 � ~N ~D �+ � I 00 0 � (49)W (P;C) = � N�D � ~��1 � ~Dp � ~Np �+ � 0 0I 0 � (50)= � DpNp ���1 � ~N ~D �+ � 0 �I0 0 � (51)36



ìpou � := ~NNp + ~DDp ��� ~� := ~NpN + ~DpD (52)An Q := � D Np�N Dp � ��� ~Q := � ~D ~Np� ~N ~Dp � (53)èqoume to akìloujo Pìrisma.Pìrisma 4.1.8 JewroÔme to sÔsthma kleistoÔ brìgqou Sf me P;C 2M(R(d))oi p�nake sunart sewn metafor� th elegqìmenh diergas�a kai tou elegk-t  ant�stoiqa kai èstw ( ~Dp; ~Np); (Np;Dp) arister� kai dexi� pr¸te MFDstou P sto R[d℄ kai ( ~D; ~N); (N;D) arister� kai dexi� pr¸te MFDs touC sto R[d℄. Tìte oi akìlouje prot�sei e�nai isodÔname:1. To sÔsthma (P;C) e�nai exwterik� eustajè2. O � := ~NNp + ~DDp e�nai stajerì poluwnumikì p�naka3. O ~� := ~NpN + ~DpD e�nai stajerì poluwnumikì p�naka4. O Q := � D Np�N Dp � e�nai stajerì poluwnumikì p�naka5. O ~Q := � ~Dp ~Np� ~N ~D � e�nai stajerì poluwnumikì p�nakaAitiìthta kai kal  topojèthsh (well-posedness)'Opw anafèrame prohgoumènw èna sÔsthma kleistoÔ brìgqou e�nai kal�sqhmatismèno an det(I + FG) = det(I + PC) = det(I + CP ) 6= 0 san rht sun�rthsh. Autì epitrèpei thn Ôparxh poik�lwn sunart sewn metafor� toukleistoÔ sust mato. Autì pou ti xeqwr�zei e�nai h aitiìtht� tou.Orismì 4.1.9 'Ena sÔnjeto sÔsthma onom�zetai kal� topojethmèno (well-posed) an oi sunart sei metafor� ìlwn twn uposusthm�twn tou e�nai aiti-atè kai h sun�rthsh metafor� tou kleistoÔ brìgqou apì opoiod pote shme�opou epilègetai san e�sodo se opoiod pote �llo shme�o e�nai kal� orismènh(well de�ned) kai aitiat .Efìson h aitiìthta e�nai eidik  per�ptwsh th eust�jeia, sÔmfwna me toL mma 4.1.3, h aitiìthta tou kleistoÔ sust mato Sf mpore� na perigrafe�sÔmfwna me thn aitiìthta tou H(P;C):37



Je¸rhma 4.1.10 JewroÔme to sÔsthma monadia�a an�drash tou Sq ma-to 3 kai èstw P;C 2 M(R0(d)) e�nai aitiatè sunart sei metafor� thelegqìmenh diergs�a kai tou elegkt  ant�stoiqa. To kleistì sÔsthma e�naikal� topojethmèno an-ndet(I + P (0)C(0)) = det(I + C(0)P (0)) 6= 0 (54)Parat rhsh 4.1.11 An h elegqìmenh diergas�a e�nai austhr� aitiat , tìteP (0) = 0 kai h sqèsh (54) isqÔei gia k�je C: Epomènw, to sÔsthma mona-dia�a an�drash e�nai kal� topojethmèno gia k�je aitiatì elegkt  C; an helegqìmenh diergas�a P e�nai austhr� aitiat .4.2 Stajeropo�hsh tou sust mato monadia�a an�drashH ous�a twn susthm�twn kleistoÔ brìgqou e�nai o sqediasmì enì elegkt tètoiou ¸ste to sunolikì sÔsthma na èqei thn epijumht  apìdosh. H el�qisthapaitoÔmenh apìdosh e�nai profan¸ h eust�jeia. SÔmfwna me to Pìrisma4.1.8 to prìblhma stajeropo�hsh èqei w ex :Genik  Eust�jeia: Sqedi�zoume ènan elegkt  tètoio ¸ste H(P;C) 2M(R+(d)) dhlad  � e�nai stajerì poluwnumikì p�naka. Sthn per�ptwshmia eisìdou-mia exìdou ja prèpei H(p; ) 2 R+(d) dhlad  � ja prèpei nae�nai stajerì polu¸numo.Orismì 4.2.1 JewroÔme to sÔsthma monadia�a an�drash Sf . Opoios-d pote elegkt  ikanopoie� to prìblhma genik  eust�jeia onom�zetai sta-jeropoihtikì elegkt  (stabilizing ontroller).ApodeiknÔetai ìti to parap�nw prìblhma èqei lÔsh, h opo�a d�netai apo toparak�tw Je¸rhma.Je¸rhma 4.2.2 [18℄; [28℄ JewroÔme to sÔsthma kleistoÔ brìgqou tou Sq -mato 3. 'Estw P 2 Rl�m(d) e�nai h sun�rthsh metafor� th elegqìmenhdiergas�a kai ( ~Dp; ~Np); (Np;Dp) e�nai arister� kai dexi� pr¸te poluwnu-mikè (MFD) perigrafè tou P; oi opo�e ikanopoioÔn thn tautìthta Bezout� � ~X(d) ~Y (d)~Dp(d) ~Np(d) � � �Np(d) Y (d)Dp(d) X(d) � = � I 00 I � (55)kai ~�; � gnwsto� stajero� poluwnumiko� p�nake kat�llhlwn diast�sewn.Tìte h oikogèneia twn elegkt¸nC = ~D�1 ~N = ND�138



ikanopoie� thn ant�stoiqh apì ti akìlouje Diofantikè exis¸sei� := ~NNp + ~DDp �� ~� := ~NpN + ~DpD (56)kai parametropoie�tai me ton akìloujo trìpo� ND � = � X DpY �Np � � ~�R � (57)� ~D ~N � = � � S � � ~Y ~X� ~Np ~Dp � (58)ìpou ~�; � 2 M(R[d℄) e�nai stajero� poluwnumiko� p�nake kai R; S e�naiauja�retoi poluwnumiko� p�nake me ti akìlouje idiìthte:1. (�; S) e�nai arister� pr¸toi kai (R; ~�) e�nai dexi� pr¸toi gia na exas-fal�soume to ìti ta zeÔgh ( ~D; ~N); (N;D) e�nai pr¸ta ant�stoiqa.2. det(�(0) ~Y (0) � S(0) ~Np(0)) � det(Y (0) ~�(0) �Np(0)R(0)) 6= 0 gia naexasfal�soume thn aitiìthta tou elegkt .Parat rhsh 4.2.3 To Je¸rhma 4.2.2 ma d�nei thn parametropo�hsh ìl-wn twn elegkt¸n pou stajeropoioÔn mia dedomènh elegqìmenh diergas�a stosÔsthma kleistoÔ brìgqou tou Sq mato 3. H parametropoi sh aut  sundèe-tai me ti eleÔjere paramètrou R   S: O lìgo gia ton opo�o to kleistìsÔsthma Sf onom�zetai ep�sh kleistì sÔsthma mia paramètrou e�nai ìti giathn parametropo�hsh th oikogèneia ìlwn twn stajeropoihtik¸n elegkt¸napaite�tai mìno mia apì ti dÔo paramètrou (R   S): H parametropo�hshaut  e�nai gnwst  w Youla-Bongiorno parametropo�hsh kai bas�zetai s-ti èreune twn Youla, Bongiorno kai Lu [32℄ kai Youla, Bongiorno kai Jabr[31℄. Sthn per�ptwsh twn diakrit¸n susthm�twn e�qe prohghje� h doulei�tou Ku�era [20℄; [21℄. Sth sunèqeia th ergas�a ja onom�zoume aut n thnparametropo�hsh Y oula�Bongiorno�Ku�era parametropo�hsh kai ja thnsumbol�zoume me YBK.Prìtash 4.2.4 'Estw to zeÔgo (P;C): Tìte k�je aitiatì stajeropoihtikìelegkt  C exasfal�zei kal  topojèthsh.Pìrisma 4.2.5 JewroÔme to zeÔgo (P;C); me austhr� aitiat  elegqìmenhdiergas�a. Tìte opoiosd pote stajeropoihtikì elegkt  C e�nai aitiatì kaito zeÔgo (P;C) e�nai kal� topojethmèno gia k�je C:39



4.3 Sumper�smataSto kef�laio autì perigr�fhkan ta basik� qarakthristik� enì sust matomonadia�a an�drash. Dìjhke mia sÔntomh melèth th eust�jeia kai sta-jeropo�hsh tètoiwn susthm�twn kai de�qthke me poiì trìpo h rht  anapar�s-tash odhge� sthn Youla-Bongiorno-Kuera parametropo�hsh th oikogèneiatwn stajeropoihtik¸n elegkt¸n (stabilizing ontrollers).
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5 Olik  Stajeropo�hsh Peperasmènou QrìnouApokat�stash(Total Finite Settling Time Stabilization)Skopì tou kefala�ou autoÔ e�nai na eis�goume thn ènnoia th Olik  S-tajeropo�hsh Peperasmènou Qrìnou Apokat�stash (Total Finite SettlingTime Stabilization) gia grammik�-qronik� anex�rthta sust mata sthn per�-ptwsh mia eisìdou-mia exìdou (SISO). To prìblhma Peperasmènou QrìnouApokat�stash (Finite Settling Time Problem - FST) e�nai eidik  per�ptwshtou deadbeat probl mato (elaq�stou qrìnou) pou sunantoÔme sta diakrit�sust mata sthn per�ptwsh Bèltistou Elègqou ìtan zhtoÔme an�qneush theisìdou ston el�qisto dunatì qrìno [1℄. To prìblhma stajeropo�hsh pepera-smènou qrìnou apokat�stash eis qjh apì tou Karkani� kai Milon�dh (1988)[16℄. Afor� èna kleistì sÔsthma ìpou ìle oi eswterikè kai exwterikèmetablhtè (s mata) apaite�tai na katal goun se mia nèa stajer  kat�stashmet� apì peperasmèno qronikì di�sthma apì thn efarmogh mia bhmatik sun�rthsh se opoiad pote apì ti eisìdou kai gia opoiesd pote arqikèsunj ke. Sth sunèqeia th ergas�a ja anaferìmaste s' autì gia suntom�-a san FST (Finite Settling Time) prìblhma   FSTS (Finite Settling TimeStabilization) prìblhma.Gia th melèth ma ja qrhsimopoi soume to majhmatikì upìbajro pou parou-si�same sta prohgoÔmena kef�laia. Me th bo jeia twn apotelesm�twntwn kefala�wn aut¸n, to prìblhma an�getai sthn ep�lush mia poluwnu-mik  Diofantik  ex�swsh, h opo�a den eggu�tai mìno eswterik  eust�jeia,all� kai eswterik  FST. Gia ton upologismì th kl�sh ìlwn twn FSTkai twn aitiat¸n FST elegkt¸n ja qrhsimopoi soume thn parametropo�hshY oula�Bongiorno�Ku�era:5.1 Orismì tou FST probl mato -Parametropo�hsh twn FST elegkt¸nJewroÔme to sÔsthma kleistoÔ brìgqou tou Sq mato 4 ìpou u1; u2 e�naiexwterik� efarmoz¸mene e�sodoi. 'Estw ep�sh p;  2 R(d) e�nai oi sunart -sei metafor� th elegqìmenh diergas�a kai tou elegkt  ant�stoiqa. Toprìblhma Peperasmènou QrìnouApokat�stash (FST) diatup¸netai w ex :Orismì 5.1.1 To sÔsthma monadia�a an�drash tou Sq mato 4 parousi�-zei apìkrish peperasmènou qrìnou apokat�stash, an gia mia bhmatik 41



metabol  se opoiad pote apì ti eisìdou tou u1; u2 kai gia opoiesd pote ar-qikè sunj ke, ìla ta s mata e1; e2   y1; y2 stajeropoioÔntai se mia nèastajer  kat�stash se peperasmèno qrìno. Oi timè tou qrìnou apokat�s-tash kai th stajer  kat�stash e�nai eleÔjere.
1u + 1e

CS 1y ++
2u

2e 2y
PS_

Sq ma 4: Brìgqo monadia�a an�drash (SISO per�ptwsh)D�noume sth sunèqeia to qarakthrismì twn susthm�twn pou parousi�zounFST apìkrish.L mma 5.1.2 'Ena aitiatì diakritì sÔsthma pou qarakthr�zetai apì mia krou-stik  apìkrish g(d) parousi�zei FST apìkrish an-n h g(d) e�nai polu¸numosto d; dhlad  an h g(d) e�nai peperasmènh di�rkeia.Apìdeixh: SÔmfwna me ton Orismì 5.1.1, jewroÔme thn FST apìkrish giamia bhmatik  e�sodo. Gia na epitrèyoume arqikè sunj ke upojètoume ìti he�sodo u e�nai grammikì sunduasmì dÔo shm�twn u� kai u+;u = u� + u+ (59)ìpou u�k = � o�o��Æ���o�" ����� �� � k0 � k � �10; o�o�Æ���o�" ���o�� (60)u+k = � 1; k � 00; o�o�Æ���o�" ���o�� (61)") " Upojètoume ìti g(d) 2 R[d℄; dhlad g = f0; g0; :::; gm; 0; :::; 0; :::g (62)Tìte, h apìkrish tou S(g(d)) sthn e�sodo u� e�naiy�k = 1Xn=0 gnu�k�n = mXn=0 gnu�k�n; k � 0 (63)42



An k > m� 1) k �m > �1; apì th sqèsh (60) sunep�getai ìti u�k�n = 0;gia n = 0; :::;m: 'Etsi y�k = 0; �� k � 0 (64)Epiplèon, h apìkrish tou S(g(d)) sthn e�sodo u+ e�naiy+k = 1Xn=0 gnu+k�n = kXn=0 gnu+k�n = kXn=0 gn (65)kai gia k � m; gk = 0; ètsi h ex�swsh (65) d�neiy+k = mXn=0 gn; k � m (66)'Etsi, lìgw th grammikìthta, h apìkrish tou sust mato sthn e�sodo u =u� + u+ e�nai y = y� + y+ kai qrhsimopoi¸nta ti (64), (66)yk = mXn=0 gn; k � m (67)dhlad  h èxodo y stajeropoie�tai sthn tim  Pmn=0 gn met� apì peperasmènoqrìno kf =m:"( " Upojètoume ìti h èxodo y stajeropoie�tai se mia nèa stajer  kat�s-tash met� apì peperasmèno qronikì di�sthma kf = m apì thn efarmog  miabhmatik  eisìdou kai gia opoiesd pote arqikè sunj ke, dhlad yk = yk+1; 8 k � m (68)Autì isqÔei gia opoiad pote e�sodo th morf  (59) kai sunep¸ gia u = u+:Sthn per�ptwsh aut  apì thn (65) sunep�getai ìtiyk+1 = k+1Xn=0 gn = kXn=0 gn + gk+1 = yk + gk+1 (69)kai lìgw th (68), gk+1 = 0 8 k � m: 'Etsi, to S(g(d)) e�nai èna sÔsthmame kroustik  apìkrish m kou m+ 1 (gk 6= 0 gia 0 6= k 6= m): �43



Parat rhsh 5.1.3 Ta sust mata pou qarakthr�zontai apì kroustik  apì-krish peperasmènh di�rkeia e�nai gnwst� san sust mata PeperasmènhKroustik  Apìkrish   PKA (Finite Impulse Response or FIR).Ta PKA sust mata parousi�zoun apìkrish peperasmènou qrìnou apokat�s-tash se sqedìn k�je anadromik  e�sodo kai ìqi mìno sti bhmatikè eisìdou.Pr�gmati, jewroÔme mia opoiad pote e�sodo u(d) kai thn ekfr�zoume me thmorf  u(d) = b(d)a(d) ; a(d); b(d) 2 R[d℄ ��� "����� ���!�o�Tìte, y(d) = g(d) b(d)a(d) ; g(d) 2 R[d℄ kai ètsi h èxodo y(d) e�nai th �dia mor-f  me thn e�sodo u(d) an ta mhdenik� tou g(d) den apale�foun tou pìlou touu(d) (dhlad  ta mhdenik� tou a(d)). E�nai perittì na ton�soume ìti èna PKAsÔsthma parousi�zei èxodo peperasmènh di�rkeia an s' autì efarmìsoumeopoiad pote e�sodo peperasmènh di�rkeia. Tètoia sust mata onom�zon-tai apì ton Ku�era sust mata Peperasmènh Eisìdou-PeperasmènhExìdou (Finite Input Finite Output - FIFO). H onomas�a aut  e�naièna isodÔnamo trìpo gia na ton�soume thn PKA fÔsh aut¸n twn susth-m�twn.JewroÔme t¸ra to sÔsthma monadia�a an�drash tou Sq mato 4 kai èstwnpdp ; nd pr¸ta poluwnumik� kl�smata twn sunart sewn metafor� p;  thelegqìmenh diergas�a kai tou elegkt  ant�stoiqa. E�n or�soume sanH(p; )th sun�rthsh metafor� apì to �u = [u1 u2℄T sto �e = [e1 e2℄T kai sanW (p; )th sun�rthsh metafor� apì to �u sto �y = [y1 y2℄T ìpw sthn par�grafo4.1, tìte jum�zoume ìti o paranomast  � th sqèsh (52) e�nai �so me:Æ(p; ) := nd + dpd 2 R[d℄ (70)en¸ oi sunart sei metafìra ekfr�zontai me ti parak�tw sqèsei:H(p; ) = � �npdp � Æ�1(p; ) � n d �+ � 1 00 0 � (71)= 1Æ(p; ) � dpd �npddpn dpd � (72)W (p; ) = � dpnp � Æ�1(p; ) � n d �+ � 0 �10 0 � (73)= 1Æ(p; ) � dpn �npnnpn npd � (74)44



SÔmfwna me to L mma 4.1.3 kai to L mma 5.1.2 to akìloujo apotèlesma e�naiautapìdeikto.L mma 5.1.4 To sÔsthma monadia�a an�drash tou Sq mato 4 parousi�zeiFST apìkrish an-n H(p; ) 2 R2�2 [d℄:Sto shme�o autì e�maste ètoimoi na d¸soume th lÔsh tou FST probl matomaz� me thn parametropo�hsh twn FST elegkt¸n.Je¸rhma 5.1.5 JewroÔme to sÔsthma kleistoÔ brìgqou tou Sq mato 4kai èstw p = npdp ;  = nd oi sunart sei metafor� th elegqìmenh dier-gas�a kai tou elegkt  ant�stoiqa. Tìte, to FST prìblhma èqei lÔsh an-nÆ(p; ) := npn + dpd 2 Rnf0g (75)Epiplèon, h oikogèneia ìlwn twn aitiat¸n FST elegkt¸n d�netai apìF(p) = f(n; d) : n = x+ tdp; d = y � tnp;t 2 R[d℄ ��� y(0)� t(0)np(0) 6= 0 �� np(0) 6= 0g (76)ìpou x; y e�nai èna sugkekrimèno zeÔgo lÔsewn th grammik  Diofantik ex�swsh npn + dpd = 1 (77)Apìdeixh: SÔmfwna me to L mma 5.1.4, o H(p; ) prèpei na e�nai poluwn-umikì p�naka gia na èqoume FST apìkrish. Efìson (np; dp); (n; d) e�-nai pr¸toi, h sqèsh (71) e�nai bioprime kl�sma tou H(p; ) kai H(p; ) 2M(R[d℄) an-n Æ(p; ) e�nai pragmatik  stajer�. Qwr� na perior�soume thgenikìthta th per�ptwsh mporoÔme na poÔme ìti Æ(p; ) = 1: Ta upìloipaprokÔptoun apì to Je¸rhma 4.2.2 kai to Pìrisma 4.2.5. �Apo to Je¸rhma 5.1.5 e�nai eÔkolo na p�roume to parak�tw Pìrisma.Pìrisma 5.1.6 'Ena FST elegkt  e�nai aitiatì1. 8 t(d) 2 R[d℄ an np(0) = 02. 8 t(d) 2 R[d℄ : t(0) 6= y(0)np(0) an np(0) 6= 045



Pìrisma 5.1.7 'Estw ta np; dp; n; d ikanopoioÔn to Je¸rhma 5.1.5. TìteH(p; ) = � dpd �npddpn dpd � (78)W (p; ) = � dpn �npnnpn npd � (79)Parat rhsh 5.1.8 SÔmfwna me to Je¸rhma 5.1.5, o èlegqo FST topo-jete� tou pìlou tou H(p; ) sto �peiro, dhlad  ektì tou kleistoÔ monadi-a�ou d�skou D [0; 1℄ kai sunep¸ stajeropoie� exwterik� to kleistì sÔsthma Sf :SÔmfwna me th fÔsh tou probl mato oi elegktè pou or�zontai apì to F-ST prìblhma mporoÔn na onomastoÔn Oliko� Stajeropoihtiko� ElegktèPeperasmènou Qrìnou Apokat�stash (Total Finite Settling TimeStabilizing ontrollers)   apl¸ san FSTS elegktè.5.2 Algebrikì upologismì th oikogèneia F(p)Apì to Je¸rhma 5.1.5 e�nai profanè ìti o upologismì th oikogèneia F(p)apaite� mìno ton upologismì mia sugkekrimènh lÔsh (x; y) th Diofantik ex�swsh (77). 'Ena trìpo na to k�noume autì e�nai na fèroume ton p�naka[np dp℄ sth Smith-morf  [1 0℄; [27℄. 'Ena �llo trìpo, o opo�o ja anafer-je� sthn par�grafo aut , e�nai h qr sh pin�kwn Toeplitz [3℄. H prosèggishaut  ma epitrèpei na an�goume to FST prìblhma se èna prìblhma grammik �lgebra sto R: 'Estwp = b0 + b1d+ :::+ bmdm1 + a1d+ :::+ andn = np(d)dp(d) (80)e�nai h sun�rthsh metafor� mia aitiat  elegqìmenh diergas�a kai = 0 + 1d+ :::+ �d�f0 + f1d+ :::+ f�d� = n(d)d(d) (81)e�nai h sun�rthsh metafor� tou elegkt  se èna sÔsthma monadia�a an�drash,me (np; dp) kai (n; d) R[d℄�pr¸ta zeÔgh ant�stoiqa.Gia na èqoume FSTS to zeÔgo n; d ja prèpei na e�nai lÔsh th Diofantik ex�swsh (77), to opo�o sunep�getai ìti�(npn) = �(dpd) ) �(np) + �(n) = �(dp) + �(d)46



  m+ � = n+ � (82)Qrhsimopoi¸nta tou p�nakeToeplitz gia ton poluwnumikì pollaplasiasmì,h ex�swsh (77) g�netai26666666666666664
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264 f0...f� 375 = 26664 10...0 37775(83)  T�(np) � �� + T�(dp) � �f� = �e1 )T�;�(np; dp) � ���f� � = �e1 (84)ìpou T�;�(np; dp) = � T�(np) T�(dp) �'Etsi, h lÔsh tou probl mato FST an�getai sth lÔsh th ex�swsh (84).Prìtash 5.2.1 Up�rqei p�nta èna monadikì FST elegkt  ̂ = n̂=d̂ìpou ta n̂; d̂ èqoun bajmoÔ �(n̂) = n�1; �(d̂) = m�1 kai ta dianÔsmataparamètrwn �̂n�1; �̂fm�1 twn n̂; d̂ ant�stoiqa, d�nontai apì:" �̂n�1�̂fm�1 # = fTn�1;m�1(np; dp)g�1 �e1 (85)O elegkt  ̂ = n̂=d̂ ja onom�zetai pr¸to (prime) FST elegkt .Apìdeixh: Tn�1;m�1(np; dp) 2 R(m+n)�(m+n) kai arke� na de�xoume ìti èqeipl rh t�xh (full rank). Pr�gmati, o an�strofo tou Tn�1;m�1 e�nai o p�naka47
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3777777777777775o opo�o e�nai gnwstì san apale�fousa tou p�naka Sylvester twn pr¸twnpoluwnÔmwn np(d); dp(d) kai sunep¸ èqei pl rh t�xh [3℄. 'Etsi, Tn�1;m�1(np; dp) =ST (np; dp) e�nai p�naka pl rou t�xh.T¸ra, e�nai pijanì ta teleuta�a stoiqe�a n�1; fm�1 twn dianusm�twn �̂n�1; �̂fm�1th ex�swsh (85) na e�nai mhdèn (tautìqrona lìgw th (82)). Autì m-pore� na isqÔei gia perissìtera zeÔgh (n�i; fm�i) sto di�nusma lÔsewn[ �̂T n�1 �̂fTm�1℄T : To pr¸to mh-mhdenikì zeÔgo n�i; fm�i ja apart�zei toukÔriou (leading) suntelestè twn n̂(d); d̂(d) kai ètsi�(n̂) � n� i; �(d̂) � m� i; i = 1; 2; :::Profan¸ oi el�qistoi bajmo� ja e�nai �(n̂) = n� 1 kai �(d̂) = m� 1: �Parat rhsh 5.2.2 O {pr¸to} (prime) FST elegkt  mpore� na mhn e�naiaitiatì kai ètsi mpore� na mhn an kei sthn oikogèneia F(p): Wstìso, mpore�p�nta na qrhsimopoihje� gia parametropo�hsh twn aitiat¸n FST elegkt¸n.An h elegqìmenh diergas�a èqei mia qronik  kajustèrhsh, ìle oi lÔsei thex�swsh (77) e�nai aitiatè, ìpw ep�sh kai o {pr¸to} FST elegkt .5.3 FST An�qneush'Ena shmantikì prìblhma sth jewr�a autom�tou elègqou e�nai autì th an�-qneush (traking), sto opo�o h èxodo enì sust mato prèpei na aniqneÔeimia sugkekrimènh om�da eisìdwn. Sthn per�ptwsh tou FSTS probl matoapaite�tai h èxodo y2 (Sq ma 4) na akolouje� thn e�sodo u1 se peperasmènoqrìno. H lÔsh autoÔ tou probl mato d�netai apì to parak�tw je¸rhma.48



Je¸rhma 5.3.1 (FST Traking) JewroÔme to sÔsthma kleistoÔ brìgqoutou Sq mato 4. 'Estw p = np=dp e�nai h sun�rthsh metafor� th elegqìmen-h diergas�a kai  = n=d e�nai h sun�rthsh metafor� opoioud pote FSTelegkt , ìpou ìla ta kl�smata e�nai pr¸ta poluwnumik� kl�smata. Upojè-toume ep�sh ìti h e�sodo u1 = nr=dr an kei se mia sugkekrimènh kl�shshm�twn. Tìte, h èxodo y2 akolouje� thn e�sodo u1 se peperasmèno qronikìdi�sthma, an-n drjdpd:Apìdeixh: Gia opoiond pote FST elegkt , h sun�rthsh metafor� apì tou1 sto e1 e�nai H11(p; ) = dpd (blèpe (78)). An u1 = nr=dr; to s masf�lmato e1 g�netai e1(d) = H11(p; )u1(d) = dpdnrdrGia an�qneush se peperasmèno qronikì di�sthma, h akolouj�a sf�lmato e(d)ja prèpei na mhden�zetai met� apì peperasmèno qrìno, dhlad  ja prèpei e(d) 2R[d℄: Autì e�nai dunatì an-n drjdpd: �5.4 Sumper�smataSto kef�laio autì anaferj kame sto prìblhma Peperasmènou QrìnouApokat�stash (FST) gia sust mata mia eisìdou-mia exìdou (SISO).H prosèggish pou dìjhke e�nai kajar� algebrik  kai ma od ghse se miaYoula-Bongiorno-Kuera parametropo�hsh th oikogèneia ìlwn twn FST-S elegkt¸n, d�nonta ti anagka�e sunj ke gia aitiìthta. 'Oloi oi FSTSelegktè proèkuyan san lÔsh mia poluwnumik  Diofantik  ex�swsh, hopo�a aplousteÔei th diadikas�a ep�lush kaj¸ me th qr sh pin�kwn Toeplitzh lÔsh parèqetai apì èna sÔsthma grammik¸n exis¸sewn. D�netai, tèlo, miaperigraf  tou probl mato an�qneush sthn FST per�ptwsh.
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6 Bèltisth & EÔrwsth FSTSSto kef�laio autì ja melet soume k�poie epiplèon apait sei apìdosh thoikogèneia F(P ) twn FSTS elegkt¸n mia elegqìmenh diergas�a P; ektìth an�qneush. Gia thn akr�beia, qrhsimopoi¸nta thn parametropo�hsh touF(P ) pou exasfal�same sto Kef�laio 5, ja de�xoume me poiì trìpo mporoÔnna kataskeuastoÔn bèltistoi   eÔrwstoi FSTS elegktè sta pla�sia sust -mato monadia�a an�drash (mia paramètrou) [23℄,[24℄.Pio sugkekrimèna:1. ja exet�soume ti l1�; l1� beltistopoi sei ìpou an�mesa se ìloutou FSTS elegktè ja epilèxoume autoÔ pou èqoun thn el�qisth l1�  l1� nìrma enì sugkekrimènou dianÔsmato sf�lmato.2. ja sqedi�soume tou eÔrwstou FSTS elegktè gia elegqìmene dier-gas�e me sugkekrimènh abebaiìthta.Ta parap�nw probl mata èqoun koin  sunist¸sa th grammikìtht� tou kaito gegonì ìti mporoÔn na anaqjoÔn sthn ep�lush antisto�qwn peperasmènwngrammik¸n problhm�twn grammikoÔ programmatismoÔ (linear programming),ìpw ja doÔme sth sunèqeia.6.1 l1� kai l1� Bèltisth FSTSMe thn emf�nish th parametropo�hsh YBK kai th jewr�a elègqou H1;to prìblhma beltistopo�hsh sth morf  th min-max elaqistopo�hsh �rqisena proselkÔei to endiafèron twn episthmìnwn. H l1 prosèggish pou eis qjhapì ton Vidyasagar [29℄ kai suneq�sthke apì tou Dahleh kai Pearson [4℄-[7℄,sumpl rwse thn H1� beltistopo�hsh se probl mata pou den mporoÔsan naantimetwpistoÔn apì thn jewr�a H1:Skopì kai twn dÔo mejìdwn e�nai h elaqistopo�hsh tou mègistou pl�toutou sf�lmato tou sust mato ìtan oi e�sodoi e�nai s mata me fragmènhall� auja�reth nìrma. Genik�, h sun�rthsh metafor� tou sf�lmato mpore�na grafe� w ex  �̂ = Ĥ � ÛQ̂V̂ìpou Ĥ; Û ; V̂ e�nai gnwsto� stajero� poluwnumiko� p�nake kai Q̂ e�nai èna au-ja�reto stajerì rhtì p�naka. O skopì tou probl mato beltistopo�hshe�nai na elaqistopoi soume thn kat�llhlh nìrma tou �̂ w pro to Q̂: Piosugkekrimèna, h H1�jewr�a afor� s mata peperasmènh enèrgeia, dhlad 50



me fragmènh l2�nìrma, kai elaqistopoie� thn H1�nìrma k�̂k1 tou �̂; en¸h l1�jewr�a afor� s mata me fragmèno mègejo, dhlad  me peperasmèn-h l1�nìrma, kai elaqistopoie� thn l1�nìrma k�̂k1 tou �̂ [7℄. Sunep¸,h H1�beltistopo�hsh e�nai mia apotelesmatik  prosèggish sto ped�o thsuqnìthta ìpou anapar�statai epark¸ h enèrgeia tou s mato, en¸ h l1�beltistopo�hsh e�nai mia prosèggish sto ped�o th suqnìthta, h opo�a afor�suneq  s mata, ta opo�a den ikanopoioÔn th sunj kh fragmènh enèrgeia thH1�jewr�a [7℄.Se pollè peript¸sei tou bèltistou elègqou, to endiafèron sugkentr¸ne-tai sthn elaqistopo�hsh tou pl�tou tou sf�lmato gia sugkekrimèna s ma-ta ìpw bhmatikè sunart sei (step),sunart sei kl�sh (ramp), hmitonoei-de� sunart sei k.a. Oi Dahleh kai Pearson [8℄ asqol jhkan me èna tètoioprìblhma, elaqistopoi¸nta to pl�to th exìdou pou prokaloÔntan apì miasugkekrimènh e�sodo sthn per�ptwsh enì SISO diakritoÔ sust mato.Sthn per�ptwsh th FSTS, h èxodo tou sust mato apaite�tai na e�nai th�dia morf  me thn e�sodo met� apì peperasmèno qrìno par�olo pou to sf�l-ma tou sust mato den e�nai apara�thta mhdèn. 'Etsi, elaqistopoi¸nta thnl1�   thn l1� nìrma tou sf�lmato tou sust mato lìgw mia sugkekrimèn-h eisìdou kai gia sugkekrimèno qrìno apokat�stash, mporoÔme na èqoumeènan FSTS elegkt  sqetik  an�qneush, me thn ènnoia tou na petÔqoumeel�qisto sf�lma se peperasmèno qrìno. Sthn per�ptwsh aut  to prìblhmabeltistopo�hsh an�getai se èna peperasmèno prìblhma grammikoÔ program-matismoÔ.PrwtoÔ xekin soume ja d¸soume mia mikr  jewrhtik  eisagwg  sti di�forenìrme twn diakrit¸n susthm�twn, ìpw ep�sh kai mia mikr  eisagwg  stimejìdou grammikoÔ programmatismoÔ.6.1.1 Nìrme twn susthm�twn diakritoÔ qrìnouSthn par�grafo aut  ja k�noume mia mikr  majhmatik  eisagwg  sti di�forenìrme pou parousi�zontai sta probl mata th FST-beltistopo�hsh kaiFST-eurwst�a, ta opo�a ja melet soume se epìmene paragr�fou. Miapio leptomer  anafor� sti idiìthte th nìrma d�nontai se bibl�a ìpw ta[9℄ kai [30℄. Eme� ja qrhsimopoi soume thn prosèggish kai thn orolog�a twnDahleh kai Pearson [7℄.JewroÔme to sÔnolo twn tupik¸n dunamoseir¸n R[[d℄℄ p�nw sto ped�o twn51



pragmatik¸n arijm¸n R: Tìte,8 f = ffig = 1Xi=0 fidi 2 R[[d℄℄ (86)oi ekfr�sei kfkp := f 1Xi=0 jfijpg1=p ; 1 � p <1 (87)kfk1 := supi jfij (88)or�zoun mia nìrma gnwst  kai w p�nìrma tou f: O q¸ro ìlwn twn akolou-ji¸n f gia ti opo�e or�zetai h nìrma kfkp (dhlad  kfkp <1) sumbol�zetaime lp:Opoiad pote akolouj�a f 2 R[[d℄℄ mpore� na parast sei thn kroustik  apìkr-ish enì grammikoÔ, qronik� anex�rthtou sust mato. SÔmfwna me to Je¸rh-ma 3.3.4 èna sÔsthma e�nai BIBO-eustajè an-n h f e�nai mia l1 akolouj�a.Upenjum�zoume ìti h seir� (86) e�nai tupik  kai to d e�nai aìristh akolouj�akai ìqi metablht . E�n h f e�nai mia l1 akolouj�a, h seir� (86) e�nai ajro�simhgia k�poio d 2 C kai h f mpore� epiplèon na parast sei mia sun�rthsh th mi-gadik  metablht  d: Gia na xeqwr�soume ti dÔo ekfr�sei ja parist�noumeth sun�rthsh pou antistoiqe� sthn akolouj�a f me f̂(d);   apl� me f̂ : Qrhsi-mopoi¸nta ìrou th jewr�a susthm�twn, h f = ffig e�nai h kroustik apìkrish enì grammikoÔ, qronik� anex�rthtou sust mato, en¸ h f̂(d); hopo�a den e�nai �llo apì ton metasqhmatismì z tou ffig me d = z�1; e�nai hsun�rthsh metafor� tou sust mato.A sumbol�soume me A ton q¸ro ìlwn twn pin�kwn me stoiqe�a BIBO - eusta-je� sunart sei. 'Etsi, gia k�je Ĝ 2 A; G = fgijg i = 1; :::;m; j = 1; :::; ne�nai o p�naka kroustik  apìkrish me gij 2 l1   G 2 l1mn: An l1n e�nai oq¸ro ìlwn twn fragmènwn dianusmatik¸n akolouji¸n �f me nìrmak �fk1 := maxj kf jk1; �f = (f1; :::; :fn)t (89)mporoÔme na jewr soume to A san q¸ro ìlwn twn fragmènwn grammik¸n,qronik� anex�rthtwn telest¸n sto l1n ; dhlad  8Ĝ 2 A; �f 2 l1n ; tìteĜ : l1n ! l1mĜ �f = G � �f52



H epagìmenh nìrma (indued norm) sto A d�netai apì ton tÔpokĜkA := supk �fk1 6=0 kĜ �fk1k �fk1 = maxi nXj=1 kgijk1 := kGk1 (90)'Etsi, h sqèsh twn A kai l1mn prosdior�zetai me thn parap�nw nìrma. GenikeÔon-ta ta parap�nw:Orismì 6.1.1 [9℄ 'Ena telest  Ĝ onom�zetai lp�eustaj , 1 � p � 1;an-n to Ĝ e�nai mia apeikìnish apì to lp sto lp kai to kèrdo   apolab  (gain)tou telest  or�zetai sangp(Ĝ) := supk �fkp 6=0 kĜ �fkpk �fkp <1 (91)Parat rhsh 6.1.2 Gia sust mata pou e�nai grammik� kai qronik� anex�rth-ta, to kèrdo tou Ĝ e�nai h epagìmenh nìrma tou Ĝ san èna fragmènogrammikì telest  sto lp: Sthn per�ptwsh enì lumped grammikoÔ, qronik�anex�rthtou sust mato, to A e�nai o q¸ro twn rht¸n pin�kwn me pìlouektì tou kleistoÔ monadia�ou d�skou kai l1mn e�nai to sÔnolo R+mn(d) twnpin�kwn akolouji¸n me eisìdou eustaje� akolouj�e. Sthn per�ptwsh aut ,sÔmfwna me thn an�lush tou Kefala�ou 2, oi dÔo q¸roi e�nai isìmorfoi. 'Etsi,ta Ĝ(d) kai G parist�noun ti �die algebrikè ontìthte kai den diaqwr�zontaimetaxÔ tou. Apì ton orismì tou kèrdou tou telest  èqoumeg1(Ĝ) = kĜkA (92)g2(Ĝ) = kĜk1 (93)Ja kle�soume thn par�grafo me to akìloujo je¸rhma:Je¸rhma 6.1.3 [30℄ Dedomènou enì gramikoÔ, qronik� anex�rthtou sust -mato pou perigr�fetai apì sun�rthsh metafor� Ĝ; oi akìlouje prot�seie�nai isodÔname:1. to Ĝ e�nai l1�eustajè2. to Ĝ e�nai l1�eustajè3. to Ĝ e�nai lp�eustajè 8 p 2 [1;1℄4. to Ĝ 2 AEpiplèon, h l1 epagìmenh nìrma sto Ĝ fr�sei apì p�nw ìle ti upìloipelp�epagìmene nìrme   isodÔnamagp(Ĝ) � g1(Ĝ) = kĜkA (94)53



6.2 Mikr  eisagwg  ston Grammikì Programmatismì'Opw anafèrjhke sthn arq  tou kefala�ou, tìso h bèltisth ìso kai h eÔr-wsth FSTS an�gontai sthn ep�lush enì peperasmènou probl mato gram-mikoÔ programmatismoÔ. Sthn par�grafo aut  ja d¸soume ta basik� thbeltistopo�hsh peperasmènou grammikoÔ programmatismoÔ.'Ena grammikì prìgramma (linear program, LP) e�nai èna prìgrammabeltistopo�hsh me grammik  antikeimenik  sun�rthsh kai grammikoÔ peri-orismoÔ. Sthn per�ptwsh pou o arijmì twn metablht¸n kai o arijmì twnperiorism¸n e�nai peperasmèno, to grammikì prìgramma onom�zetai peperas-mèno grammikì prìgramma (�nite linear program). Sthn paroÔsaergas�a ja asqolhjoÔme mìno me tètoiou e�dou probl mata kai ja anaferì-maste s' aut� apl� me ton ìro grammik� progr�mmata. A d¸soume t¸ra toorismì enì grammikoÔ progr�mmato.'Estw A mia grammik  apeikìnish apì ton grammikì dianusmatikì q¸ro X stogrammikì dianusmatikì q¸ro Z; b èna stoiqe�o tou Z kai � èna grammikìsunarthsiakì sto X: To grammikì prìgramma GP (linear program, LP) e�nai�� : "������o�o����" hx; �i�" �������� Ax = b;x 2 X; x � 0: (95)Sthn per�ptwsh pragmatik¸n grammik¸n dianusmatik¸n q¸rwn to GP (LP)(95) g�netai: �� : "������o�o����" �T �x�" �������� A�x = �b;�x 2 Rn ; �x � 0: (96)ìpou ta � 2 Rn ; �b 2 Rm kai o m� n p�naka A e�nai gnwst�. O periorismì�x � 0 shma�nei ìti xi � 0; i = 1; :::; n: To GP pou perigr�fetai apì tiexis¸sei (96) ja anafèretai san standar form LP.Parat rhsh 6.2.1 To GP (96) e�nai èna prìgramma me periorismoÔ isìth-ta. Sthn per�ptwsh periorism¸n anisìthta mporoÔme na metasqhmat�soumetou periorismoÔ se isìthte prosjètonta surplus  /kai slak metabl-htè. 'Etsi, o periorismì A�x � �b g�netai A�x � �z = �b; �z � 0; ìpou �z e�naimia surplus metablht , kai o periorismì A�x � �b g�netai A�x + �z = �b; �z � 0ìpou �z e�nai mia slak metablht . 54



Orismì 6.2.2 Gia opoiod pote grammikì prìgramma GP, onom�zoume thnlÔsh �x efikt  (feasible) an ikanopoie� tou periorismoÔ tou GP, sumper-ilambanomènwn twn periorism¸n jetikìthta x � 0: To sÔnolo ìlwn twnefikt¸n lÔsewn tou GP (LP) sumbol�zetai me F (LP );   apl� me F; dhlad F (LP ) = f�x : A�x = �b; �x � 0g'Ena prìgramma gia to opo�o up�rqei toul�qiston m�a efikt  lÔsh h opo�aelaqistopoie� th qarakthristik  sun�rthsh onom�zetai sunepè (onsis-tent) kai h efikt  lÔsh pou elaqistopoie� th qarakthristik  sun�rthshonom�zetai bèltisth (optimal).Orismì 6.2.3 Mia lÔsh �x twn periorism¸n A�x = �b tou GP onom�zetaibasik  (basi) an o arijmì twn mh-mhdenik¸n sunistws¸n tou �x den e�naimegalÔtero apì thn t�xh tou A: H lÔsh �x onom�zetai mh ekfulismènh(non-degenerate) an autì o arijmì e�nai �so me thn t�xh tou A; kaiekfulismènh (degenerate) diaforetik�.Orismì 6.2.4 Mia basik  lÔsh tou GP, h opo�a e�nai efikt  onom�zetaibasik  efikt  lÔsh (basi feasible solution).MporoÔme t¸ra na diatup¸soume to jemeli¸de je¸rhma tou grammikoÔ pro-grammatismoÔ.Je¸rhma 6.2.5 [22℄ (Jemeli¸de Je¸rhma tou GrammikoÔ Program-matismoÔ): Dedomènou enì grammikoÔ progr�mmato GP se st�ntar morf ,ìpote to GP èqei mia bèltisth lÔsh, aut  br�sketai an�mesa sti basikèefiktè lÔsei tou.Ja kle�soume thn par�grafo me thn per�ptwsh twn eleÔjerwn metablht¸nkai thn antimet¸pish twn apolÔtwn tim¸n sta pla�sia enì GP.Parat rhsh 6.2.6 E�n èna   perissìteroi �gnwstoi enì st�ntar GP denèqei periorismì sto prìshmo, tìte to prìblhma mpore� na metatrape� sth st�n-tar morf  me ton trìpo pou ja de�xoume sth sunèqeia. Upojètoume ìti operiorismì x1 � 0 den up�rqei. MporoÔme tìte na gr�youmex1 = x+1 � x�1 ; x+1 ; x�1 � 0 (97)'An antikatast soume thn tim  x+1 � x�1 gia to x1 sthn ex�swsh (96), hgrammikìthta tou probl mato diathre�tai kai ìle oi metablhtè ikanopoioÔntou periorismoÔ jetikìthta �x � 0: To prìblhma ja ekfr�zetai se ìrou55



twn n + 1 metablht¸n x+1 ; x�1 ; x2; :::; xn: Lìgw th (97) up�rqei profan¸èna pleonasmì lÔsewn. Wstìso autì den empod�zei thn eÔresh lÔsh me thqr sh th mejìdou Simplex. Pr�gmati, sÔmfwna me ton orismì twn basik¸nmetablht¸n kai to Je¸rhma 6.2.5, mporoÔme p�nta na apokle�oume mia apì timetablhtè x+1   x�1 apì th basik  lÔsh ìtan h �llh emfan�zetai mèsa sthlÔsh aut . 'Etsi, toul�qiston mia apì ti x+1 ; x�1 mpore� na e�nai p�nta mhdènkai mporoÔme na gr�youme thn apìluth tim  tou x1 sanjx1j = x+1 + x�1 (98)Ta parap�nw qr sima sqìlia ja qrhsimopoihjoÔn se meg�lo bajmì stiepìmene enìthte.6.3 Orismo� kai lÔsei tou bèltistou FSTS probl matoH ìlh prosèggish tou FSTS perilamb�nei to sqediasmì enì kleistoÔ sust -mato monadia�a an�drash, to opo�o eggu�tai sumperifor� peperasmènouqrìnou apokat�stash tou sust mato gia bhmatikè eisìdou, qwr� apara�th-ta na ti aniqneÔei   na e�nai qronik� bèltisto. Sto parìn kef�laio ant� naanazhtoÔme tèleia an�qneush, ja epilèxoume ton FSTS elegkt  o opo�o e-laqistopoie� thn l1�nìrma tou sf�lmato stajer  kat�stash,   thn l1�nìrma enì sugkekrimènou dianÔsmato sf�lmato. Apotèlesma twn para-p�nw mpore� na e�nai bèbaia kai h tèleia an�qneush. Ja jewr soume thnper�ptwsh bhmatik¸n eisìdwn, wstìso opoiad pote fragmènh e�sodo mpore�na antimetwpiste� ant�stoiqa.JewroÔme to diakritì grammikì sÔsthma monadia�a an�drash tou Sq -mato 5, ìpou P = NpDp�1 = ~D�1p ~Np 2 Rl�m(d); C = ND�1 =~D�1 ~N 2 Rm�l (d) kai (Np;Dp); ( ~Dp; ~Np); (N;D); ( ~D; ~N) e�nai zeÔghpr¸twn poluwnumik¸n pin�kwn.An to sÔsthma e�nai FST stajeropoihmèno, tìte h sun�rthsh metafor� tousf�lmato apì to �u1 sto �e1 e�naiH11(P;C) = D ~Dp (99)Upojètoume ìti oi bajmo� twn poluwnumik¸n pin�kwn e�nai �s( ~Dp) = � kai�s(D) = n: Tìte oi ~Dp kai D gr�fontai w ex :~Dp = ~Dp0 + ~Dp1d+ :::+ ~Dp�d� (100)D = D0 +D1d+ :::+Dndn (101)56
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Sq ma 5: Brìgqo monadia�a an�drash (MIMO per�ptwsh)To sf�lma �e1 lìgw mia bhmatik  eisìdou �u1 th morf �u1 = f0; �u; �u; :::g = 1Xi=0 �udi; �u 2 Rl (102)mpore� na upologiste� w ex . Arqik� upolog�zoume to di�nusma�up = ~Dp�u1 (103)Autì d�nei �up = �up0 + �up1d+ :::+ �up�(d� + d�+1 + :::) (104)ìpou �upk = kXi=0 ~Dpi�u; k = 0; :::; � (105)Tìte, sÔmfwna me ti sqèsei (99) kai (103)�e1 = D�up �� �e1k = Xi+j=kDi�upj (106)'Etsi �e10 = D0�up0�e11 = D0�up1 +D1�up0...�u1k = (D0 +D1 + :::+Dn)�up� ; k � n+ � (107)Epomènw to �e1 ft�nei sthn tim  stajer  kat�stash (steady state value)to polÔ se n+� b mata. Gia thn upìloiph an�lush ja or�soume ta akìloujadianÔsmata sf�lmato�E1 := h �eT10 �eT11 � � � �eT1(n+�) iT (108)57



kai �e1;ss := �e1(n+�) = (D0 +D1 + � � �+Dn)�up� (109)MporoÔme t¸ra na jewr soume ta akìlouja probl mata beltistopo�hsh:1. Prìblhma Beltistopo�hsh (I), l1�beltistopo�hsh. ZhtoÔmeènan FSTS elegkt , o opo�o na elaqistopoie� thn l1�nìrma k�e1;ssk1tou sf�lmato stajer  kat�stash (steady state error) gia dedomènoqrìno apokat�stash.2. Prìblhma Beltistopo�hsh (II), l1�beltistopo�hsh. ZhtoÔmeènan FSTS elegkt , o opo�o na elaqistopoie� thn l1�nìrma k �E1k1tou sf�lmato gia dedomèno qrìno apokat�stash.'Estw Lp = � ~Np ~Dp � e�nai èna aristerì domikì p�naka th elegqìmenhdiergas�a, R = � NT DT �T e�nai èna dex�o domikì p�naka opoioud -pote FSTS elegkt  me �s(Lp) = � kai �s(R) = k me k � kmin ìpou kmine�nai o bajmì opoiasd pote elaqistob�jmia w pro ti st le lÔsh thDiofantik  ex�swsh ~NpX+ ~DpY = Il: Tìte, gia opoiod pote k = �s(R) �kmin; h lÔsh th Diofantik  ex�swsh ~NpX + ~DpY = Il d�netai apìT lp;k+12666664 N0D0...NkDk
3777775 = 2666664 Il0...00

3777775 (110)ìpou T lp;k+1 e�nai o aristerì Toeplitz p�naka th elegqìmenh diergas�a
T lp;k+1 =

2666666666666664
Np0 Dp0... ... Np0 Dp0 ONp� Dp� ... ...Np� Dp�. . . . . . Np0 Dp0O ... ...Np� Dp�

3777777777777775An �ei e�nai h i�ost  st lh tou monadia�ou p�naka Il kai �nji; �dji e�nai oii�ostè st le twn pin�kwn Nj kai Dj ant�stoiqa, tìte h ex�swsh (110)58



g�netai diagfT lp;k+1; : : : ; T lp;k+1| {z }l g2666664 �n01�d01...�nkl�dkl
3777775 = 2666664 �e1�0...�el�0

3777775 (111)Anadiat�ssonta ti st le tou blok diag¸niou p�naka sthn (111) èqoume� A11 A12 � � �z�y � = �b1 (112)ìpou �y = 2666664 �n01�n11...�n(k�1)l�nkl
3777775 ; �z = 2666664 �d01�d11...�d(k�1)l�dkl

3777775 ; �b1 = 2666664 �e1�0...�el�0
3777775 (113)To sf�lma stajer  kat�stash d�netai apì th sqèsh (109) ìpou �up� e�naignwstì di�nusma sÔmfwna me th sqèsh (105). An �rtji e�nai h i�ost  gramm tou Dj; h ex�swsh (109) g�netai

264 e1;ss1...e1;ssl 375 = 26664 �utp� : : : �utp� 0. . .0 �utp� : : : �utp�| {z }k+1 37775
266666666666666666664

�r01�r11...�rk1��...���r0l�r1l...�rkl

377777777777777777775 (114)
Anadiat�ssonta ti st le tou dianÔsmato lÔsh sthn (114) èqoumeA21�z � �e1;ss = �0 (115)Ep�sh, sÔmfwna me ton orismì tou �E1 sthn (108) kai ti exis¸sei (107), to�E1 mpore� ep�sh na grafe� w ex �E1 = Â21�z (116)59



ìpou Â21 e�nai gnwstì pragmatikì p�naka kai to �z d�netai apì th sqèsh(113).MporoÔme, t¸ra, na d¸soume th lÔsh sta dÔo probl mata beltistopo�hshpou proanafèrame [23℄.Je¸rhma 6.3.1 (l1�Bèltisth FSTS): 'Estw P = ~D�1p ~Np 2 Rl�m(d) e�-nai mia arister  R[d℄�pr¸th MFD th sun�rthsh metafor� th elegqìmen-h diergas�a kai C = ND�1 2 Rm�l (d) mia dexi� R[d℄�pr¸th MFDopoioud pote FSTS elegkt . JewroÔme ep�sh ìti Lp = � ~Np ~Dp � e�nai oaristerì domikì p�naka th elegqìmenh diergas�a kaiR = � NT DT �Te�nai o dexiì domikì p�naka tou elegkt  me �s(Lp) = � kai �s(R) = k: Tìte,up�rqei p�nta èna FSTS elegkt  t.w. k�e1;ssk =el�qisto, an k � kmin ìpoukmin e�nai o bajmì opoiasd pote elaqistob�jmia w pro ti st le lÔshth Diofantik  ex�swsh ~NpX + ~DpY = Il:Apìdeixh: Gia k�je k � kmin; oi exis¸sei (112) ma d�noun th lÔsh touFSTS probl mato. Sundu�zonta ti exis¸sei (112) kai (115) maz� me thnelaqistopo�hsh th l1�nìrma tou �e1;ss katal goume sto akìloujo prìblh-ma. "������o�o����" k�e1;ssk1�" �������� � A11 A12 0A21 0 �Il �24 �z�y�e1;ss 35 = � �b1�0 �:= A := �x := �b (117)Efìson to �x den e�nai anagka�a jetikì, h (117) an�getai sto parak�tw gram-mikì prìblhma (blèpe parat rhsh 6.2.6)."������o�o����" Pli=1(e+1;ssi + e�1;ssi)�" �������� � A �A � � �x+�x� � = �b (118)�Je¸rhma 6.3.2 (l1�Bèltisth FSTS): 'Estw P = ~D�1p ~Np 2 Rl�m (d) e�-nai mia arister  R[d℄�pr¸th MFD th sun�rthsh metafor� th elegqìmen-h diergas�a kai C = ND�1 2 Rm�l (d) mia dexi� R[d℄�pr¸th MFDopoioud pote FSTS elegkt . JewroÔme ep�sh ìti Lp = � ~Np ~Dp � e�nai oaristerì domikì p�naka th elegqìmenh diergas�a kaiR = � NT DT �T60



e�nai o dexiì domikì p�naka tou elegkt  me �s(Lp) = � kai �s(R) = k: Tìte,up�rqei p�nta èna FSTS elegkt  t.w. k �E1k =el�qisto, an k � kmin ìpoukmin e�nai o bajmì opoiasd pote elaqistob�jmia w pro ti st le lÔshth Diofantik  ex�swsh ~NpX + ~DpY = Il:Apìdeixh: Gia k�je k � kmin h lÔsh th Diofantik  ex�swsh ~NpX +~DpY = Il mpore� na ekfraste� apì to sÔsthma exis¸sewn (112). Efìsonk �E1k1 = max jE1ij; i = 1; :::; l(k + �) to prìblhma mpore� na ekfraste� wex  "������o�o����" maxi jE1ij�" �������� � A11 A12 0Â21 0 �Il �24 �z�y�E1 35 = � �b1�0 � (119)ìpou A11; A12; �z; �y;�b1 ikanopoioÔn to Je¸rhma 6.3.1 kai Â21 d�netai apì thnex�swsh (116). To parap�nw prìblhma mpore� na anaqje� se èna st�ntargrammikì prìgramma w ex  ([26℄). 'Estwmaxi jE1ij = r 2 R�0 (120)Tìte �r � E1i � r; i = 1; :::; l(k + �); kai an h i�ost  gramm  tou Â21parist�netai me âT21i; èqoume apì thn (118)âT21i�z + r � 0 ��� � âT21i�z + r � 0 (121)'Etsi, eis�gonta surplus metablhtè �u1 � 0; �u2 � 0 kai onom�zonta i todi�nusma st lh me ìla ta stoiqe�a mon�de, to prìblhma (119) g�netai"������o�o����" r�" �������� 24 A11 A12 0 0 0Â21 0 i �Il 0�Â21 0 i 0 �Il 35266664 �z�yr�u1�u2
377775 = � �b1�0 �(122)
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Efìson ta �z; �y den e�nai anagkastik� jetik�, katal goume sto epìmeno gram-mikì prìgramma."������o�o����" r�" �������� 24 A11 �A11 A12 �A12 0 0 0Â21 �Â21 0 0 i �Il 0�Â21 Â21 0 0 i 0 �Il 35
2666666664

�z+�z��y+�y�r�u1�u2
3777777775 = � �b1�0 �

(123)�Parat rhsh 6.3.3 To apìluto el�qisto th l1�nìrma k�e1;ssk tou sf�l-mato stajer  kat�stash e�nai profan¸ to mhdèn, gegonì to opo�o odhge�se tèleia an�qneush. Sunep¸, an gia k = �s(R) up�rqei èna FSTS elegk-t  an�qneush, autì ja apotele� th lÔsh tou probl mato beltistopo�hsh(118) tou Jewr mato 6.3.1. H lÔsh sto prìblhma autì den e�nai kat' an�gkhmonadik  kai autì mpore� na dhmiourg sei probl mata sÔgklish ston algìri-jmo beltistopo�hsh. 'Ena trìpo gia na antimetwp�soume aut� ta probl -mata e�nai na eis�goume perissìterou periorismoÔ sto GP ìpw akrib¸ jade�xoume se akìloujh enìthta.6.4 EÔrwsth FSTSApì thn an�lush pou k�name sto Kef�laio 5, e�nai xek�jaro ìti to basikìqarakthristikì th FST stajeropo�hsh e�nai h topojèthsh twn pìlwn thd�sun�rthsh metafor� tou kleistoÔ sust mato sto �peiro,   twn id-iotim¸n tou kleistoÔ sust mato sto mhdèn. To gegonì autì k�nei tosqediasmì tou FSTS elegkt  polÔ eua�sjhto se metabolè twn paramètr-wn th elegqìmenh diergas�a. Gia par�deigma mia afel  epilog  tou Rsthn per�ptwsh an�qneush mpore� na èqei san apotèlesma èna sÔsthma qwr�thn epijumht  apìdosh ènanti se metabolè twn paramètrwn th elegqìmenhdiergas�a. Efìson to R e�nai h elèujerh par�metro h opo�a kajor�zei tonFSTS elegkt , kai sthn per�ptwsh an�qneush to R den kajor�zetai monadik�apì th lÔsh th ex�swsh Q ~Dr +NpR ~Dp = Y ~Dp (124)62



mporoÔme na epilèxoume to sugkekrimènoR pou ma parèqei eÔrwsth apìdosh.Oi Zhao kai Kimura [33℄-[36℄ asqol jhkan me to prìblhma tou eÔrwstoudeadbeat elègqou. Sthn enìthta aut , k�nonta qr sh twn idiot twn thnìrma pou eis�game sthn par�grafo 6.1.1 ja upolog�soume ènan diafore-tikì kai pio apotelesmatikì de�kth eurwst�a (robustness index) apì autìnpou eis�gane oi Zhao kai Kimura. Autì ma epitrèpei na ekmetaleutoÔme thgrammikìthta tou tÔpou (124) kai na an�goume to prìblhma th eurwst�ase èna aplì prìblhma grammikoÔ programmatismoÔ [24℄. Sth sunèqeia, jajewr soume ìti h {onomastik } (nominal) elegqìmenh diergas�a aniqneÔei,upì thn ènnoia peperasmènou qrìnou apokat�stash, akrib¸ eisìdou mefragmènh l1�nìrma kai upìkeitai se pollaplasiastikè diataraqè.JewroÔme to sÔsthma monadia�a an�drash tou Sq mato 5 kai èstw ìtiparist�noume me P0 th sun�rthsh metafor� th onomastik  elegqìmenhdiergas�a kai me P th dunamik  th pragmatik  elegqìmenh diergas�a.Mia pollaplasiastik  diataraq  ja ma d¸seiP � P0 = �P � P; �P l1 � stable ��� g1(�P ) = p (125)H onomastik  sun�rthsh metafor� tou kleistoÔ sust mato apì to �u1 sto�y2 e�nai G0 :=W21(P0; C) = P0C(I + P0C)�1 (126)kai h diataragmènh sun�rthsh metafor� tou kleistoÔ sust mato e�naiG :=W21(P;C) = PC(I + PC)�1 (127)me aplè pr�xei katal goume sth sqèshG�G0 = �G �G (128)ìpou �G = (I �G0)�P (129)'Etsi gp(�G) � gp(I �G0)gp(�P ) (130)kai efìson h epag¸menh l1�nìrma fr�sei apì p�nw ìle ti upìloipe epag¸-mene nìrme, mporoÔme na epilèxoume san de�kth eurwst�a thn l1�nìrma touI �G0; dhlad , � := g1(I �G0) (131)63



Sthn per�ptwsh FST stajeropo�hsh, G0 = I �D ~Dp kai h (131) g�netai� := g1(D ~Dp) (132)To akìloujo Je¸rhma apotele� th lÔsh tou FSTS probl mato [24℄.Je¸rhma 6.4.1 (EÔrwsth FSTS): JewroÔme to sÔsthma kleistoÔ brìg-qou tou Sq mato 5 kai èstw ìti P0 = ~D�1p0 ~Np0 = Np0D�1p0 2 Rl�m(d); C =~D�1 ~N = ND�1p 2 Rm�l (d) e�nai arister  kai dexi� MFD th onomastik elegqìmenh diergas�a kai tou elegkt  ant�stoiqa. 'An �u1 = ~D�1r ~�nr; k�u1k1 <1 e�nai mia arister  MFD th eisìdou pou jèloume na aniqneÔsoume, tìte heÔrwsth FSTS se pollaplasiastikè diataraqè mpore� na perigrafe� apì toakìloujo grammikì prìgramma"������o�o����" g1((Y �NpR) ~Dp) = k(Y �NpR) ~Dpk1�" �������� Q ~Dr +NpR ~Dp = Y ~Dp (133)gia k�poio sugkekrimèno k = �s(R) gia to opo�o h ex�swshQ ~Dr +NpR ~Dp = Y ~Dp (134)èqei lÔsh kai Y e�nai mia sugkekrimènh lÔsh th ex�swsh ~NpX+ ~DpY = Il:Apìdeixh: An (X;Y ) e�nai mia sugkekrimènh lÔsh th ex�swsh~NpX + ~DpY = Iltìte h oikogèneia ìlwn twn FSTS elegkt¸n pou aniqneÔoun thn e�sodo �u1 =~D�1r ~�nr; d�netai apì ti sqèseiN = X +DpR; D = Y �NpR (135)ìpou to R ikanopoie� thn ex�swsh (134). Gia eurwst�a, an k = �s(R); h sqèsh�k := g1(D ~Dp) = g1((Y �NpR) ~Dp) = k(Y �NpR) ~Dpk1ja prèpei na e�nai el�qisth. Autì ma odhge� sto prìblhma beltistopo�hsh(133), to opo�o e�nai èna grammikì prìgramma ìpw anafèroume sthn par�-grafo 6.3. �64



Parat rhsh 6.4.2 Exaite�a th fÔsh twn grammik¸n programm�twn, heÔrwsth lÔsh ��k gia k�poio sugkekrimèno k = �s(R) an kei se upoperioq th lÔsh grammikoÔ progr�mmato me l = �s(R) > k; (e�nai dhlad  subopti-mal). Epomènw h ��k e�nai monotonik� fj�nousa sun�rthsh tou k; dhlad ��l � ��l ; l � kGia to lìgo autì mporoÔme na belti¸soume thn apìdosh th eurwst�a tou k-leistoÔ sust mato me to na aux soume ton qrìno apokat�stash th apìkri-s  tou.Parat rhsh 6.4.3 O elegkt  tou Jewr mato 6.4.1 den egku�tai apara�th-ta eust�jeia th diataragmènh sun�rthsh metafor� tou kleistoÔ sust -mato. Pr�gmati, apì thn ex�swsh (128) èqoume ìtiG = (I ��G)�1G0Gia eust�jeia, to (I��G)�1 ja prèpei na e�nai eustajè kai autì e�nai pijanìan [9℄ g1(�G) = g1((I �G0)�P ) < 1'Etsi, ja prèpei na epilèxoume èna k = �s(R) t.w.g1(I �G0) = "�������o ��� g1((I �G0)�P ) < 16.5 Sumper�smataSto kef�laio autì anaferj kame se k�poia proqwrhmèna probl mata sqe-diasmoÔ oson afor� thn FST stajeropo�hsh. Asqolhj kame me probl ma-ta beltistopo�hsh kai eurwst�a sta pla�sia twn susthm�twn monadia�aan�drash pou qrhsimopoi jhkan s' aut n thn ergas�a.Sugkekrimèna, perigr�yame ton trìpo me ton opo�o ta parak�tw probl mata:elaqistopo�hsh th l1�nìrma tou sf�lmato stajer  kat�stashelaqistopo�hsh th l1�nìrma tou dianÔsmato tou sf�lmatoeurwst�a se pollaplasiastikè diataraqè th elegqìmenh diergas�amporoÔn na anaqjoÔn se peperasmèna probl mata grammikoÔ programma-tismoÔ. Ta apotelèsmata aut  th melèth d�nontai analutik� sto epìmenokai teleuta�o kef�laio. 65



7 Algorijmoi-Parade�gmataBasismènoi sta jewrhtik� apotelèsmata pou ex�game sto Kef�laio 6 jaanaptÔxoume ènan algìrijmo me ton opo�o na upolog�zoume ènan FSTS elegk-t , o opo�o na e�nai tautìqrona bèltista eÔrwsto. Ja efarmìsoume tonalgìrijmo se èna sÔsthma kleistoÔ brìgqou monadia�a an�drash kai afoÔupolog�soume ton eÔrwsto elegkt  ja exet�soume th sumperifor� tou sesugkekrimène metabolè twn paramètrwn tou sust mato.H di�taxh pou ja qrhsimopoi soume e�nai èna kleistì sÔsthma monadia�aan�drash (Sq ma 6) sto opo�o efarmìzetai exwterik� mia e�sodo u1 = nrdrkai lamb�netai mia èxodo y2 (sÔsthma mia eisìdou-mia exìdou - SISO). Oelegkt  kai h elegqìmenh diergas�a perigr�fontai apì ta {pr¸ta} poluwn-umik� kl�smata p = npdp kai  = nd ant�stoiqa.
nc/ dc np /dp

+
_

e1 y2u1

Sq ma 6: Brìgqo monadia�a an�drash (SISO per�ptwsh)H di�taxh tou Sq mato 6, dedomènh mia onomastik  (nominal) elegqìmen-h diergas�a p0, stajeropoie�tai apì mia oikogèneia FST elegkt¸n, oi opo�oiparametropoioÔntai w ex : n = np+ t � dp ; d = dp � t � np; ìpou t e�naimia eleÔjerh par�metro. Bèbaia, mia aper�skepth epilog  tou t mpore� naèqei san apotèlesma èna sÔsthma me qamhl  apìdosh sthn per�ptwsh mikr¸nmetabol¸n sti paramètrou th elegqìmenh diergas�a. Gia to lìgo autìja epilèxoume t pou na exasfal�zei eÔrwsth apìdosh tou sust mato.O de�kth eurwst�a (robustness index) pou ja qrhsimopoi soume e�nai hjjddpjj1 nìrma, ìpou H11(p; ) = ddp e�nai h sun�rthsh metafor� tou s-f�lmato apì to �u1 sto �e1 (par�grafo 6.4). Elaqistopoi¸nta ton de�ktheurwst�a upì th sunj kh an�qneush (traking ondition) drjdpd (par�-grafo 5.3), upolog�zoume thn par�metro t pou ma d�nei ton zhtoÔmeno eÔr-wsto FST elegkt . O elegkt  autì kajist� to sÔsthma bèltista eÔrwstose mikrè metabolè twn paramètrwn th onomastik  elegqìmenh diergas�a.66



7.1 FST algìrijmoH diadikas�a pou ja akolouj soume sunoy�zetai sta parak�tw basik� b ma-ta:Algìrijmo:B ma 1 Upologismì th oikogèneia twn FST elegkt¸n (np; dp) poustajeropoioÔn thn elegqìmenh diergas�a kai parametropo�hsh tou:n = np + t � dp ; d = dp � t � npB ma 2 Upologismì th eleÔjerh paramètrou t elaqistopoi¸nta thn1-nìrma jjd � dpjj1 w pro th sunj kh an�qneush drjdpdB ma 3 Antikat�stash tou t pou upolog�same sthn oikogèneia twn FSTelegkt¸n gia na upolog�soume ton bèltista eÔrwsto.Ja exhg soume analutik� ton trìpo ulopo�hsh tou k�je b mato:B ma 1:O upologismì th oikogèneia twn FST elegkt¸n e�nai arket� aplì. Arke�na upolog�soume mia lÔsh th Diofantik  ex�swsh npn + dpd = 1 kaina thn parametropoi soume kat�llhla. 'Ena elegkt  pou mporoÔme naupolog�soume eÔkola e�nai o {pr¸to} (prime) FSTS elegkt  (par�grafo5.2). O upologismì g�netai me th qr sh pin�kwn Toeplitz kai ma d�nei ton{pr¸to} FSTS elegkt :̂ = n̂̂d �� prime = npdpme th qarakthristik  idiìthta: �(n̂) = n � 1; �(d̂) = m � 1; ìpou n =�(dp); m = �(np):H oikogèneia ìlwn twn FSTS elegkt¸n d�netai apì thn parametropo�hsh:n = np + t � dp (136)d = dp � t � np (137)ìpou t e�nai h eleÔjerh par�metro thn opo�a ja diereun soume sto epìmenob ma.B ma 2: 67



To b ma autì ulopoie�tai eÔkola me th qr sh grammikoÔ programmatismoÔ.To grammikì prìgramma pou ja qreiaste� na lÔsoume e�nai to ex  (par�-grafo 6.2): "������o�o����" jjd � dpjj1�" �������� drjdpdMia epiplèon sunj kh pou ja bohj sei sth lÔsh e�nai hjd � dpj � � (138)ìpou � mia �gnwsth poluwnumik  sun�rthsh pou ja upolog�soume mèsa apìto grammikì prìgramma. H sunj kh aut , pou dhl¸nei to fr�ximo th sun�-rthsh metafor� tou sf�lmato, isqÔei p�nta sthn per�ptwsh twn FST s-tajeropoihmènwn susthm�twn, me ta opo�a ergazìmaste kai dhl¸nei ìti tosf�lma den mpore� na pa�rnei anexèlegkte timè. 'Etsi, to grammikì prì-gramma pa�rnei th morf :"������o�o����" jjd � dpjj1�" �������� drjdpdjd � dpj � � (139)Ja prospaj soume na to fèroume sth morf  (96). A doÔme pw analÔetaih k�je sqèsh xeqwrist�:� H nìrma jjd � dpjj1 :H sunèlixh twn dÔo poluwnÔmwn d kai dp d�netai upì morf  dianÔsmatow ex : 26664 (d � dp)0(d � dp)1...(d � dp)k 37775 (140)ìpou �(d � dp) = k: H 1�nìrma tou parap�nw dianÔsmato den e�nai�llo apì to �jroisma twn sunistws¸n tou, dhlad :jjd � dpjj1 = (d � dp)0 + (d � dp)1 + : : :+ (d � dp)kSÔmfwna me th sqèsh (138) to di�nusma (140) èqei mègisth tim  to ��;(ìpou �� to di�nusma twn suntelest¸n th poluwnumik  sun�rthsh68



�). Arke� loipìn na elaqistopoi soume to di�nusma ��: Ja isqÔei:26664 (d � dp)0(d � dp)1...(d � dp)k 37775 � 26664 �0�1...�k 37775 (141)H zhtoÔmenh 1�nìrma pa�rnei tìte th morf :jjd � dpjj1 � jj��jj1 = �0 + �1 + : : : + �k (142)H sqèsh (142) ma d�nei thn posìthta pou zhtoÔme na elaqistopoi -soume, dhlad  thn antikeimenik  sun�rthsh (objetive funtion) (par�-grafo 6.2), h opo�a mpore� na grafe� san:�T � �x = � 1 1 : : : 1 � � 26664 �0�1...�k 37775 (143)ìpou to zhtoÔmeno �x den e�nai �llo apì to ��:� Sunj kh an�qneush drjdpd :H sunj kh aut  mpore� na grafe� san d � dp = q � dr; ìpou q e�nai miaeleÔjerh par�meto an�qneush. An antikatast soume ton ìro d apìth sqèsh (137), prokÔptei h sqèsh:q � dr + t � np � dp = dp � dp (144)Gia na qeiristoÔme eÔkola thn sqèsh (144) mporoÔme na thn analÔsoumeme th qr sh pin�kwn Toeplitz w ex :26666666666666664
dr0 0 : : : 0dr1 dr0 . . . ...... . . . 0... dr0dr� ...0 dr� ...... . . . . . . ...0 : : : 0 dr�

37777777777777775
264 q0...qn 375+
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+
26666666666666664

(np � dp)0 0 : : : 0(np � dp)1 (np � dp)0 . . . ...... . . . 0... (np � dp)0(np � dp)� ...0 (np � dp)� ...... . . . . . . ...0 : : : 0 (np � dp)�
37777777777777775
264 t0...tm 375 = 2666666664

(dp � dp)0...(dp � dp)l0...0
3777777775

) A1 � �q +A2 � �t = �b (145)  se sumpag  morf : A12 � � �q�t � = �b (146)ìpou A12 = � A1 A2 �Gia na par�goume tou p�nake Toeplitz th sqèsh (145) jewr sameìti: O bajmì tou dr e�nai �: �(dr) = �O bajmì tou q e�nai n: �(q) = nO bajmì tou t e�nai m: �(t) = mO bajmì th sunèlixh np � dp e�nai �: �(np � dp) = �O bajmì th sunèlixh dp � dp e�nai l: �(dp � dp) = lAn m�lista l�boume upìyhn th sqèsh �(d � dp) = k kai th sunj khan�qneush d � dp = q � dr; e�nai profanè ìti ja prèpei na isqÔei:�(d � dp) = �(q) + �(dr))k = n+ �Apì th sqèsh (146) parathroÔme ìti to �gnwsto di�nusma � �qT �tT �Tden sump�ptei me autì th sqèsh (143). Gia na proqwr soume sto gram-mikì prìgramma ja prèpei na or�soume èna nèo �gnwsto di�nusma, to70



opo�o na perilamb�nei ìla ta prohgoÔmena �gnwsta dianÔsmata. Or�-zoume ètsi to nèo zhtoÔmeno di�nusma:�x = 24 �q�t�� 35 (147)en¸ oi sqèsei (143) kai (146) g�nontai ant�stoiqa:�T � �x = � O|{z}1�n O|{z}1�m 1 1 : : : 1| {z }1�(n+�) � � 24 �q�t�� 35 (148)� A1 A2 O � � 24 �q�t�� 35 = � �bO �) (149)Aeq � �x = �beq (150)� H sunj kh anisìthta jd � dpj � �Ja prèpei na fèroume thn parap�nw sunj kh sth morf  Aneq � �x � �bneq:Gia to lìgo autì ja qrhsimopoi soume th sunj kh an�qneush d �dp =q � dr: H sunj kh anisìthta pa�rnei tìte th morf :jq � drj � �h opo�a analÔetai me th qr sh pin�kwn Toeplitz, ìpw prohgoumènw,w ex : jA1 � �qj � �� (151)ìpou o p�naka A1; ìpw kai sth sqèsh (145), e�nai o Toeplitz p�naka:
A1 =

26666666666666664
dr0 0 : : : 0dr1 dr0 . . . ...... . . . 0... dr0dr� ...0 dr� ...... . . . . . . ...0 : : : 0 dr�

3777777777777777571



en¸ ta dianÔsmata �q kai �� e�nai:�q = 26664 q0q1...qn 37775 �� = 26664 �0�1...�k 37775Qrhsimopoi¸nta th sqèsh (145), h sqèsh (151) g�netai:j�b�A2 � �tj � ��)) ��� � �b�A2 � �t � ��) � �A2 � �t� �� � ��bA2 � �t� �� � �b (152)ìpou o p�naka A2 e�nai o Toeplitz p�naka
A2 =

26666666666666664
(np � dp)0 0 : : : 0(np � dp)1 (np � dp)0 . . . ...... . . . 0... (np � dp)0(np � dp)� ...0 (np � dp)� ...... . . . . . . ...0 : : : 0 (np � dp)�

37777777777777775Oi sqèsei (152) mporoÔn na grafoÔn se mia monadik  ex�swsh w ex :� O �A2 �IO A2 I � � 24 �q�t�� 35 � 24 ��bO�b 35) (153)Aneq � �x � �bneq (154)Sugkentr¸nonta ti sqèsei (148), (150), (154) prokÔptei to grammikì sÔsth-ma pou èqei mia antikeimenik  sun�rthsh, mia sunj kh isìthta kai mia sun-j kh anisìthta kai pa�rnei th morf  :"������o�o����" �T �x�" �������� Aeq � �x = �beqAneq � �x � �bneq (155)72



ìpou to �gnwsto di�nusma e�nai: �x = 24 �q�t�� 35ta dianÔsmata e�nai:� = 26664 11...1 37775 ; �beq = � �bO � ; �bneq = 24 ��bO�b 35kai oi p�nake e�nai:Aeq = � A1 A2 O � ; Aneq = � O �A2 �IO A2 �I �me A1; A2; �b na or�zontai apì th sqèsh (145).LÔnonta to parap�nw grammikì prìgramma me th bo jeia tou progr�mmatoMATLAB (me trìpo pou ja doÔme sth sunèqeia), upolog�zoume to �gnwstodi�nusma �x; apì to opo�o ex�goume th zhtoÔmenh par�metro �t th oikogèneiatwn FSTS elegkt¸n.B ma 3:Sto teleuta�o b ma upolog�zoume ton zhtoÔmeno FSTS elegkt  antikajist¸n-ta apl� thn bèltisth par�metro �t; pou upolog�same sto prohgoÔmeno b ma,sthn oikogèneia twn elegkt¸n th sqèsh (136):n = np + t � dpd = dp � t � np'Etsi, h sun�rthsh metafor� tou FSTS elegkt  d�netai apì to {pr¸to}poluwnumikì kl�sma  = nd :7.2 Ulopo�hsh kai apotelèsmata sto MATLABSth sunèqeia ja gr�youme ènan algìrijmo sto MATLAB pou na ulopoie�thn diadikas�a pou perigr�yame sthn par�grafo (7.1).73



Ja xekin soume me thn dhmiourg�a mia sun�rthsh pou na upolog�zei ton{pr¸to} (prime) elegkt  pou zhte�tai sto B ma 1 tou algor�jmou. H sun�-rthsh onom�zetai prime FSTS kai èqei thn ex  morf :prime FSTSfuntion[n,d℄=prime FSTS(np,dp)% H sun�rthsh aut  epistrèfei to {pr¸to} zeÔgo lÔsewn th% Diofantik  ex�swsh: np:n+ dp:d = 1 (I), enì sust mato% monadia�a an�drash.%% Dedomèna eisìdou:% np:= arijmht  th elegqìmenh diergas�a% dp:= paronomast  th elegqìmenh diergas�a% Dedomèna exìdou:% n:= arijmht  tou elegkt % d:= paronomast  tou elegkt %% ============== SHMANTIKO ! ===============% 'Ola ta dianÔsmata twn suntelest¸n twn poluwnÔmwn ja prèpei na% gr�fontai san aÔxouse dun�mei tou d (:= z�1):% =======================================% =============== BAJMOI =================% m:= bajmì tou np% n:= bajmì tou dp% mi:= bajmì tou n% ni:= bajmì tou d% =======================================l;syms m n mi nim=length(np)�1;n=length(dp)�1;% ========== PRWTOS FSTS ELEGKTHS ==========% O {pr¸to} FSTS elegkt  e�nai mia monadik  lÔsh th (I), ìpou ta% n, d èqoun en gènei bajmoÔ mi=n�1 & ni=m�1.74



mi=n�1;ni=m�1;% ================ LUSH =================% H lÔsh d�netai apì thn ex�swsh sol=inv(T)*e1, ìpou T:=[T1 T2℄,% T1, T2 := toeplitz p�nake% e1 := to monadia�o di�nusma% sol: = [n0 d0℄0r1=[np(1), zeros(1,mi)℄;r2=[dp(1), zeros(1,ni)℄;T1=toeplitz([np zeros(1,mi)℄,r1);T2=toeplitz([dp zeros(1,ni)℄,r2);T=[T1 T2℄;e1=eye(m+mi+1,1);sol=inv(T)*e1;for i=1:ni+1n(i)=sol(i);endfor i=1:mi+1d(i)=sol(ni+1+i);end }H sun�rthsh prime FSTS, pou upolog�zei ton {pr¸to} elegkt  (n,d) jaqrhsimopoihje� se mia deÔterh sun�rthsh, h opo�a na ektele� th beltistopo�hshtou B mato 2 upolog�zonta thn eleÔjerh par�metro �t kai sth sunèqeiana thn antikajist� sthn oikogèneia twn FSTS elegkt¸n, d�nonta ètsi tonbèltista eÔrwsto FSTS elekt  tou B mato 3. H sun�rthsh aut  onom�zetaioptimal FSTS kai sunt�ssetai w ex :optimal FSTS75



funtion[opt norm,n,d℄=optimal FSTS(m,np,dp,dr)% ============ L 1-bèltisth FSTS =============%% H sun�rthsh aut  epistrèfei ton arijmht  kai ton paronomast  tou% FSTS elegkt  (n,d) enì diakritoÔ SISO sust mato monadia�a% an�drash, o opo�o elaqistopoie� thn L 1 nìrma tou {sf�lmato% stajer  kat�stash}.%% To apìluto el�qisto th L 1 nìrma tou sf�lmato stajer % kat�stash ja prèpei profan¸ na e�nai mhdèn, gegonì pou antistoiqe�% se tèleia an�qneush (perfet traking).%% =====================================% Par�metroi tou Sust mato:% =====================================%% dedomèna eisìdou:% np:= arijmht  elegqìmenh diergas�a% dp:= paronomast  elegqìmenh diergas�a% dr:= paronomast  eisìdou tou sust mato% m:= bajmì tou t (eleÔjerh par�metro% th oikogèneia twn FSTS elegkt¸n).%% dedomèna exìdou:% opt norm:= h bèltisth 1-nìrma th sun�rthsh metafor�% tou sf�lmato% n:= arijmht  tou elegkt % d:= paronomast  tou elegkt % ============== SHMANTIKO ! ===============% 'Ola ta dianÔsmata twn suntelest¸n twn poluwnÔmwn ja prèpei na% gr�fontai san aÔxouse dun�mei tou d (:= z�1):% =======================================% Sti akìlouje shmei¸sei me to sÔmbolo {.} ja dhl¸noume th% sunèlixh, en¸ me {�} ja dhl¸noume ton pollaplasiasmì pin�kwn.% =======================================% ============== FSTS elegktè: ==============% 76



% Ja upolog�soume thn oikogèneia ìlwn twn elegkt¸n pou stajeropoioÔn% thn elegqìmenh diergas�a upì thn ènnoia tou peperasmènou qrìnou% apokat�stash (FST), me qr sh th sun�rthsh prime FSTS:% np:= arijmht  tou {pr¸tou} elegkt % dp:= paronomast  tou {pr¸tou} elegkt [np,dp℄=prime FSTS(np,dp);% Parametropo�hsh twn FSTS elegkt¸n% n=np+t.dp% d=dp�t.np% ======== PROBLHMA ELAQISTOPOIHSHS ========% Grammikì Prìgramma%% Elaqistopo�hse: jjd.dpjj 1 (I) (norm(d.dp,1))% me sunj ke: q.dr+t.np.dp=dp.dp (II) (sunj kh an�qneush)% jd.dpj <=mu (III)%% (I) �� > sun�rthsh metafor� tou sf�lmato H11=d.dp% H ex�swsh (II) prokÔptei apì th sunj kh an�qneush �� >% �� > d.dp=q.dr, ìpou q:= e�nai h eleÔjerh par�metro an�qneush% Or�zoume ( apì thn ex�swsh (II) ):dd=onv(dp,dp);nd=onv(np,dp);% ======================================% Bajmo� tou sust mato:% ======================================% m:= bajmì tou t% n:= bajmì tou q% ni:= bajmì tou dr% mi:= bajmì tou nd% el:= bajmì tou dd% k-1=ni+n (mi+m):= bajmì tou muni=length(dr)�1;mi=length(nd)�1; 77



el=length(dd)�1;% ======================================% Sunj kh 1 :% ======================================% Gia na or�zetai h (II) �� > n+ni=m+min=m+(mi�ni);k=n+ni+1;if ((n<=el�ni) & (m<=el�mi))n=el�ni;m=el�mi;end% ======================================% H ex�swsh (II) analÔetai me th qr sh pin�kwn Toeplitz w ex :% A1*q+A2*t=b (IV)% H ex�swsh (III) analÔetai me th qr sh pin�kwn Toeplitz w ex :% jb�A2*tj <= mu (V)a1=toeplitz([dr zeros(1,n)℄,zeros(1,n+1));a2=toeplitz([nd zeros(1,m)℄,zeros(1,m+1));% ====================================% 1o periorismì :% ====================================% Aeq*x=beq �� > prokÔptei apì thn (IV) ìpou:% Aeq=[A1 A2 0℄, beq=[b0 0℄0, x=[q0 t0 mu0℄0a=[a1 a2℄;Aeq=[a zeros(k)℄;bb=[dd zeros(1,k�(el+1))℄;beq=bb0;% ====================================% 2o periorismì :% ====================================78



% Aneq*x<=bneq �� > prokÔptei apì thn (V) ìpou:% Aneq=[0 �A2 �I;0 A2 �I℄, bneq=[�b0 00 b0 00℄0, x=[q0 t0 mu0℄02=[zeros(k,n+1) a2℄;Aneq=[�2 �eye(k); 2 �eye(k)℄;bn=[dd zeros(1,k�(el+1))℄;bneq=[�bn0;bn0℄;% ====================================% Antikeimenik  sun�rthsh :% ====================================% 0�x �� > prokÔptei apì thn (III) ìpou:% 0=[0 0 1 1 ... 1℄ , x=[q0 t0 mu0℄0=[zeros(1,m+n+2),ones(1,k)℄;% ====================================% [x,fval℄=linprog(,Aneq,beq,Aeq,beq);% ====================================% ====================================% Apotelèsmata: t, mu% ====================================t=[ ℄;for i=n+2:n+m+2t=[t x(i)℄;endmu=[ ℄;for i=(n+m+3):(n+m+2+k)mu=[mu x(i)℄;end% ====================================% Bèltisth nìrma:% ====================================% opt norm=jjd.dpjj 1 79



tnd=onv(nd,t);if length(dd)>length(tnd)ddtnd=�[tnd zeros(1,length(dd)�length(tnd))℄+dd;elseif length(tnd)>length(dd)ddtnd=[dd zeros(1,length(tnd)�length(dd))℄�tnd;elseddtnd=dd�tdp;end;opt norm=norm(ddtnd,1);% ====================================% Bèltisto elegkt :% ====================================% n=np+t.dp% d=dp�t.nptdp=onv(t,dp);tnp=onv(t,np);if length(np)>length(tdp)n=[tdp zeros(1,length(np)�length(tdp))℄+np;elseif length(tdp)>length(np)n=[np zeros(1,length(tdp)�length(np))℄+tdp;elsen=np+tdp;end;if length(dp)>length(tnp)d=�[tnp zeros(1,length(dp)�length(tnp))℄+dp;elseif length(tnp)>length(dp)d=[dp zeros(1,length(tnp)�length(dp))℄�tnp;elsed=dp�tnp;end;ontr=�lt(n,d,1); 80



}A efarmìsoume ìmw thn parap�nw sun�rthsh se èna aplì par�deigma.7.2.1 Par�deigmaA jewr soume to sÔsthma monadia�a an�drash tou Sq mato 6 kai èstwìti h sun�rthsh metafor� th elegqìmenh diergas�a e�nai [12℄:p(d) = np(d)dp(d) = �0:0132d � 0:0139d21� 2:1889d + 1:1618d2 (156)Efarmìzwnta th sun�rthsh prime FSTS sto MATLAB upolog�zoume ton{pr¸to} elegkt  pou stajeropoie� to sÔsthma upì thn ènnoia tou peperas-mènou qrìnou apokat�stash (FST). O elegkt  autì e�nai:p = npdp = �105:3836 + 66:6854d1 + 0:7978d (157)'Opw  tan anamenìmeno epalhjeÔetai h idiìthta twn {pr¸twn} elegkt¸n,dhlad : �(np) = �(dp)� 1 kai �(dp) = �(np)� 1:'Estw ìti to sÔsthma diege�retai apì parabolik  e�sodo th morf :u1(d) = d(d+ 1)(1� d)3 = nr(d)dr(d) (158)Ja qrhsimopoi soume th sun�rthsh optimal FSTS gia na upolog�soume tonbèltista eÔrwsto elegkt  pou perigr�yame ston algìrijmo th paragr�fou7.2, en¸ sth sunèqeia ja upolog�soume thn apìkrish tou sust mato.H efarmog  th sun�rthsh (gia m = �(t) = 3) ma d�nei ton bèltista eÔrw-sto elegkt  me sun�rthsh metafor�:or = nordor )or = �257:3 + 440:7d � 164:6d2 � 235:2d3 + 247:7d4 � 68:15d51� 1:207d � 1:563d2 + 1:933d3 + 0:6532d4 � 0:8154d5 (159)H tim  th ant�stoiqh bèltisth nìrma e�nai:jjddpjj1 = 19:4733 (160)81



MporoÔme eÔkola na elègxoume thn apìdosh tou sust matì ma proso-moi¸nont� to me th bo jeia tou Simulink (Sq ma 20). Oi apokr�sei tousust mato monadia�a an�drash me th qr sh tou or elegkt , fa�nontai s-ta Sq mata 7 kai 8.'Opw mporoÔme na parathr soume to sÔsthma apokt� thn zhtoÔmenh apì-dosh, dhlad  aniqneÔei to parabolikì s ma eisìdou, se mìli 7 qronik� b ma-ta (Sq ma 7). Autì fa�netai pio xek�jara apì to ant�stoiqo di�gramma tousf�lmato, to opo�o mhden�zetai apì to 7o qronikì b ma kai met� (Sq ma 8).
Output response due to parabolic input
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Sq ma 7: Apìkrish tou S mato Exìdou se parabolik  e�sodo (m = 3).Ta parap�nw apotelèsmata l fjhkan me bajmì th eleÔjerh paramètrou t�so me 3 (�(t) = 3): Epanalamb�nonta th diadikas�a gia di�fore timè toum; (m = �(t)) parathroÔme ìti h tim  th nìrma jjddpjj1 mei¸netai, dhlad g�netai pio bèltisth. Sto Sq ma 9 mporoÔme na doÔme thn metabol  th tim th nìrma jjddpjj1 me to m kai thn bèltisth tim  sthn opo�a katal gei (taapotelèsmata brèjhkan me th qr sh tou progr�mmato -example FSTS-pou parajètoume sto Par�rthma Aþ).ParathroÔme sto Sq ma 9 ìti oDe�kth Eurwst�a jjddpjj1 parousi�zei apì-tomh me�wsh sta arqik� b mata. 'Etsi, gia mikrè timè tou m; ja mporoÔme82



Error response due to parabolic input
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Sq ma 8: Apìkrish tou Sf�lmato Stajer  Kat�stash se parabolik e�sodo (m = 3).na perimènoume meg�lh belt�wsh. Wstìso, ìso to m pa�rnei megalÔteretimè, h epiplèon aÔxhs  tou den epifèrei meg�lh belt�wsh sthn eurwst�a.Sto par�deigma autì e�nai arketì na p�roume timè tou m < 30: Ston P�naka1 fa�nontai timè th bèltisth nìrma gia di�fora m; ìpw upolog�sthkanapì to prìgramma -example FSTS-.Gia na doÔme pio xek�jara thn belt�wsh th eurwst�a kaj¸ to m aux�ne-tai, ja parousi�soume ta apotelèsmata prosomo�wsh tou sust mato giam = 3; 10; 20 (Sq mata 10 & 11). Gia pio eÔkolh parat rhsh th apìkrish,efarmìsame bhmatik  e�sodo sto sÔsthma. E�nai olof�nero ìti h eurwst�abelti¸netai me thn aÔxhsh tou m:7.2.2 Epal jeush th Eurwst�a tou sust matoTo sÔsthma pou pragmatopoi same sto Par�deigma 7.2.1 e�nai bèltista eÔrw-sto. Gia na epalhjeÔsoume thn eurwst�a ja efarmìsoume k�poie diataraqèsthn onomastik  elegqìmenh diergas�a (156) kai ja melet soume ek nèouthn apìkrish tou sust mato qrhsimopoi¸nta ton eÔrwsto elegkt  pou up-olog�same prohgoumènw. 83
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Sq ma 9: Metabol  th bèltisth tim  th nìrma jjddpjj1 w pro to bajmìm th eleÔjerh paramètrou t:
Step Response
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Sq ma 10: Apìkrish tou sust mato se bhmatik  e�sodo gia m = 3; 10; 20:84



m jjddpjj1 m jjddpjj1 m jjddpjj13 19.4733 13 5.6188 23 4.48264 13.9679 14 5.4303 24 4.39805 12.9210 15 5.3765 25 4.35916 9.7156 16 5.1874 26 4.27107 8.4184 17 5.0996 27 4.23638 7.5016 18 4.9274 28 4.17699 6.8487 19 4.8585 29 4.148010 6.4222 20 4.7250 30 4.098211 6.0014 21 4.6421 31 4.066312 5.6763 22 4.5315 32 4.0282P�naka 1: Bèltisto De�kth Eurwst�a jjddpjj1
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Sq ma 11: Apìkrish tou sf�lmato stajer  kat�stash se bhmatik  e�sodogia m = 3; 10; 20:Oi pollaplasiastikè diataraqè pou ja efarmìsoume èqoun th morf P � P0 = �P � P ; �P l1 � "������"& (161)ìpou �P = b1� a � d ; jaj < 1 ��� jj�P jj1 = b1� a85



kai P0 h onomastik  elegqìmenh diergas�aP0 = np(d)dp(d) = �0:0132d � 0:0139d21� 2:1889d + 1:1618d2'Eqonta san dedomènh th di�taxh tou Sq mato 6 kai thn parabolik  e�sodou1 tou sust mato, ja melet soume ti parak�tw peript¸sei:(a) m = �s(t) = 3 a = 0:8 b = 0:009(b) m = �s(t) = 6 a = 0:8 b = 0:009() m = �s(t) = 6 a = 0:8 b = 0:019(d) m = �s(t) = 3 a = 0:8 b = 0:019Ja xekin soume th melèth me ton upologismì th diataragmènh elegqìmenhdiergas�a: P � P0 = �P � P ) P � (1��P ) = P0 )P � 1� b� a � d1� a � d = P0 ) P = 1� a � d1� b� a � d � P0 (162)(a) Gia ti timè a = 0:8; b = 0:009; h sqèsh (162) me th bo jeia th sqèsh(156) pa�rnei th morf :P = 1� 0:8 � d1� 0:009 � 0:8 � d � �0:0132d � 0:0139d21� 2:1889d + 1:1618d2 )P = �0:0132d � 0:00334d2 + 0:01112d30:991 � 2:969d + 2:902d2 � 0:9294d3 (163)Ja upolog�soume thn apìkrish tou sust mato th diataragmènh eleg-qìmenh diergas�a me th qr sh tou eÔrwstou elegkt  or (159), ìpwep�sh kai tou sf�lmato stajer  kat�stash. O bajmì th eleÔ-jerh parametrou t lamb�netai m = �(t) = 3: Oi apokr�sei fa�nontaista Sq mata 12 kai 13.Sthn per�ptwsh tou diataragmènou sust mato ja prèpei oposd potena l�boume upìyhn thn Parat rhsh 6.4.3, sÔmfwna me thn opo�a gia naexasfal�soume thn eust�jeia th diataragmènh sun�rthsh metafor�tou kleistoÔ sust mato ja prèpei na diasfal�soume thn isqÔ thsqèsh: g1((I �G0)�P ) < 1) jjddp0�P jj1 < 1 (164)86



System Response: m=3, a=0.8, b=0.009
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Sq ma 12: Apìkrish tou diataragmènou sust mato se parabolik  e�sodo(a = 0:8; b = 0:009;m = 3)ìpou dp0 o paronomast  th sun�rthsh metafor� th onomastik elegqìmenh diergas�a.Sthn per�ptwsh (a), an l�boume upìyhn ìti jj�P jj1 = b1�a kai ìtijjddp0jj1 = 19:4733 (apì P�naka 1) h sqèsh (164) pa�rnei thn tim jjddp0�P jj1 � 0:87615 < 1 kai epomènw to sÔsthma e�nai eustajè.Apì ta Sq mata 12 kai 13 parathroÔme ìti to sÔsthma aniqneÔei thnparabolik  e�sodo apì to 8o qronikì b ma kai met�, en¸ ta ìria thperioq  tou mètrou tou sf�lmato den xefeÔgoun polÔ apì aut� touonomastikoÔ montèlou. Epomènw to diataragmèno sÔsthma diathre� thneÔrwsth apìdosh tou onomastikoÔ sust mato, h opo�a bèbaia, mpore�na beltiwje�, ìpw ja doÔme kai parak�tw, gia megalÔtere timè toum = �(t):(b) Sthn deÔterh aut  per�ptwsh oi timè twn a kai b e�nai akrib¸ �die methn per�ptwsh (a) (a = 0:8; b = 0:009); kai h sun�rthsh metafor� thelegqìmenh diergas�a èqei thn tim P = �0:0132d � 0:00334d2 + 0:01112d30:991 � 2:969d + 2:902d2 � 0:9294d3 (165)87



Steady State Error Response: m=3, a=0.8, b=0.009
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Sq ma 13: Apìkrish tou sf�lmato stajer  kat�stash tou diataragmènousust mato se parabolik  e�sodo (a = 0:8; b = 0:009;m = 3)Aut  th for� ìmw ja upolog�soume thn apìkrish tou sust mato giamegalÔtero bajmì m = �(t) = 6: Oi apokr�sei fa�nontai sta Sq mata14 kai 15.Gia na melet soume thn eust�jeia tou sust mato ja upolog�soume, meton �dio trìpo ìpw kai sthn per�ptwsh (a); thn tim  th sqèsh (164),h opo�a e�nai: jjddp0�P jj1 � 0:4374 < 1. Epomènw to sÔsthma e�naikai p�li eustajè. K�nonta sÔgkrish me thn prohgoÔmenh per�ptwsh,parathroÔme ìti to sÔsthma g�netai pio bèltisto gia megalÔterh tim tou m:() Gia timè twn paramètrwn a = 0:8; b = 0:019; h sqèsh (162) me thbo jeia th sqèsh (156) pa�rnei th morf :P = 1� 0:8 � d1� 0:019 � 0:8 � d � �0:0132d � 0:0139d21� 2:1889d + 1:1618d2 )P = �0:0132d � 0:00334d2 + 0:01112d30:981 � 2:947d + 2:891d2 � 0:9294d3 (166)Oi apokr�sei tou diataragmènou sust mato sth sugkekrimènh per�ptw-sh, gia bajmì th eleÔjerh paramètrou t �so me m = �(t) = 6; fa�-88



System Response: m=6, a=0.8, b=0.009
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Sq ma 14: Apìkrish tou diataragmènou sust mato se parabolik  e�sodo(a = 0:8; b = 0:009;m = 6)
Steady State Error Response: m=6, a=0.8, b=0.009
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Sq ma 15: Apìkrish tou sf�lmato stajer  kat�stash tou diataragmènousust mato se parabolik  e�sodo (a = 0:8; b = 0:009;m = 6)89



nontai sta Sq mata 16 kai 17.
System Response: m=6, a=0.8, b=0.019
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Sq ma 16: Apìkrish tou diataragmènou sust mato se parabolik  e�sodo(a = 0:8; b = 0:019;m = 6)ParathroÔme ìti kai s' aut  thn per�ptwsh to sÔsthma aniqneÔei thnparabolik  e�sodo, epomènw diathre� ta qarakthristik� tou onomas-tikoÔ montèlou. To sÔsthma e�nai eustajè, kaj¸ h tim  th nìrmajjddp0�P jj1 � 0:9234 e�nai kai p�li mikrìterh th mon�da (giam = 6).(d) Sthn teleuta�a per�ptwsh ja krat soume ti timè twn a kai b pouqrhsimopoi same sthn prohgoÔmenh per�ptwsh () (a = 0:8; b = 0:009);me sun�rthsh metafor� th elegqìmenh diergas�aP = �0:0132d � 0:00334d2 + 0:01112d30:981 � 2:947d + 2:891d2 � 0:9294d3 (167)kai ja upolog�soume thn apìkrish tou sust mato gia mikrìtero bajmìm = �(t) = 3: Oi apokr�sei fa�nontai sta Sq mata 18 kai 19.An upolog�soume thn tim  th sqèsh (164), parathroÔme ìti e�naijjddp0�P jj1 � 1:84965: Epomènw sthn per�ptwsh aut  den mporoÔmena e�maste s�gouroi gia thn eust�jeia tou sust mato, par� ìlo pou90



Steady State Error Response: m=6, a=0.8, b=0.019
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Sq ma 17: Apìkrish tou sf�lmato stajer  kat�stash tou diataragmènousust mato se parabolik  e�sodo (a = 0:8; b = 0:019;m = 6)
System Response: m=3, a=0.8, b=0.019
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Sq ma 18: Apìkrish tou diataragmènou sust mato se parabolik  e�sodo(a = 0:8; b = 0:019;m = 3) 91



Steady State Error Response: m=3, a=0.8, b=0.019
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Sq ma 19: Apìkrish tou sf�lmato stajer  kat�stash tou diataragmènousust mato se parabolik  e�sodo (a = 0:8; b = 0:019;m = 3)autì èqei bèltisth apìkrish kai aniqneÔei epituq¸ thn parabolik  e�so-do. H mègisth tim  tou sf�lmato e�nai megalÔterh apì aut  th pro-hgoÔmenh per�ptwsh (); gegonì anamenìmeno kaj¸ o bajmì mth eleÔjerh paramètrou t kai sunep¸ o qrìno apokat�stash e�naimikrìtero.7.3 Sumper�smataTo teleuta�o autì kef�laio apotèlese thn efarmog  ìswn analÔsame s' aut thn ergas�a. Ta apotelèsmata aut  th efarmog  apodeiknÔoun idanik� thnorjìthta twn jewrhtik¸n apotelesm�twn twn Kefala�wn 5 & 6.Arqik� parajèsame ton Algìrijmo th diadikas�a beltistopo�hsh pou ako-louj same, ìpw ep�sh kai ton trìpo me ton opo�o metatrèpontai oi exis¸seith paragr�fou 6.4 se Grammikì Prìgramma. Sth sunèqeia d¸same thn u-lopo�hsh tou Algor�jmou me th qr sh tou progr�mmato MATLAB, kaj¸kai k�poia arijmhtik� parade�gmata.Sto par�deigma 7.2.1 dìjhke mia saf  anapar�stash th apìkrish toubèltistou sust mato kai tou sf�lmato stajer  kat�stash, kaj¸ ep�sh92



kai h bèltisth tim  tou de�kth eurwst�a gia sugkekrimèno arijmì qronik¸nbhm�twn. Parathr jhke ìti o de�kth eurwst�a g�netai ìlo kai perissìterobèltisto ìso o arijmì qronik¸n bhm�twn aux�netai. 'Etsi, h belt�wshth eurwst�a exasfal�zetai ei b�ro th qronik  beltistopo�hsh (timeoptimality).Sthn par�grafo 7.2.2, gia na epalhjeÔsoume thn eurwst�a tou onomas-tikoÔ sust mato th prohgoÔmenh paragr�fou, efarmìsame di�fore pol-laplasiastikè diataraqè sthn elegqìmenh diergas�a kai melet same thnapìkrish twn susthm�twn pou proèkuyan qrhsimopoi¸nta ton eÔrwsto elegk-t  pou e�qame upolog�sei sto Par�deigma 7.2.1. Ta apotelèsmata epal -jeusan thn eurwst�a tou sust mato, kaj¸ ta diataragmèna sust mataakoloÔjhsan thn apìdosh tou arqikoÔ sust mato (Sq mata 12-19). 'Op-w kai sthn prohgoÔmenh per�ptwsh, ta sust mata plhs�azan perissìterosthn onomastik  apìdosh, ìso megalÔtero  tan o bajmì m th eleÔjer-h paramètrou t th oikogèneia twn FSTS elegkt¸n, kai kat� sunèpeia ìsomegalÔtero  tan o qrìno apokat�stash tou sust mato. Autì, dustuq¸,e�nai upoqrewtikì sthn per�ptwsh pou o elegkt  èqei èna bajmì eleujer�a,ìpw sthn per�ptwsh pou meletoÔme. E�nai, wstìso, pijanì na epitÔqoumebeltistopo�sh eurwst�a kai qrìnou tautìqrona all�zonta thn dom  touelegkt . Tètoioi elegktè onom�zontai elegktè dÔo bajm¸n eleujer�a kaiapoteloÔn ped�o melèth p�nw sto opo�o èqoun ex�gei apotelèsmata arke-to� epist mone ìpw oi Milonidis kai Karanias sta pla�sia th FST sta-jeropo�hsh [25℄.
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Aþ Par�rthmaAþ.1 Progr�mmata pou qrhsimopoi jhkan sthn prosomo�wshexample FSTS% Sto par�deigma autì ja jewr soume to sÔsthma monadia�a an�drash% tou Sq mato (6).%% Dedomènh mia sugkekrimènh elegqìmenh diergas�a (np,dp) kai% mia eisìdou (nr,dr), upolog�zoume ti timè th bèltisth 1-nìrma% th sun�rthsh metafor� tou sf�lmato stajer  kat�stash% gia di�fore timè tou m.%% ============== SHMANTIKO ! ===============% 'Ola ta dianÔsmata twn suntelest¸n twn poluwnÔmwn ja prèpei na% gr�fontai san aÔxouse dun�mei tou d (:= z�1):% =======================================np=input('Enter vetor of oeÆients of Plant numerator: ')dp=input('Enter vetor of oeÆients of Plant denominator: ')dr=input('Enter vetor of oeÆients of Input denominator: ')ni=length(dr)-1; % | Input denominator degree (dr) | %% ======================================% Sunj kh :% ======================================% Gia na e�nai to sÔsthm� ma underdetermined ja prèpei na isqÔei% h parak�tw sunj kh:% ni < m + 1   mi < n + 1 =>% m > ni � 1   n < mi � 1 (I)% H sunj kh (I) de�qnei ìti h mikrìterh akèraia tim  pou mpore�% na p�rei to m e�nai p�nta ni.% ======================================opt value=[ ℄;numer=[ ℄;for i=ni:50 94



[r1,r2,r3℄=optimal FSTS(i,np,dp,dr);opt value=[opt value r1℄;numer=[numer i℄;end% ============== Bèltisth tim  ===============disp('Optimal Values of The 1-Norm of the Error Transfer Funtion forinreasing number of m: ')opt value'% ======================================% ============ Grafik  Par�stash =============plot(numer,opt value,'b-o')title('Optimal 1-Norm of the Error Transfer Funtion for di�erent valuesof m')xlabel('m')ylabel('jjd.dpjj 1')grid% ======================================simul FSTS% =========== Prosomo�wsh An�qneush ============%% To par�deigma autì qrhsimopoie� to prìgramma Simulink gia na% prosomoi¸sei thn apìkrish enì SISO diakritoÔ sust mato monadia�a% an�drash, gia dedomènh Elegqìmenh Diergas�a kai e�sodo tou% sust mato.%% H sun�rthsh metafor� tou Elegkt  ja breje� me qr sh th sun�rthsh% optimal FSTS.%% H par�metro m ja d�netai apì to qr sth.% ======================================% ============== SHMANTIKO ! ===============% 'Ola ta dianÔsmata twn suntelest¸n twn poluwnÔmwn ja prèpei na% gr�fontai san aÔxouse dun�mei tou d (:= z�1):95



% =======================================np=input('Enter vetor of oeÆients of Plant numerator: ')dp=input('Enter vetor of oeÆients of Plant denominator: ')dr=input('Enter vetor of oeÆients of Input denominator: ')m=input('Enter the degree of the free parameter "t" of the family of allFSTS ontrollers:')% ============== SUNJHKH ===============% H el�qisth tim  tou m e�nai p�nta ni, ìpou ni = length(dr)�1% (blèpe shmei¸sei sto example FSTS.m)% =======================================if m<(length(dr)�1)disp('Value of m annot be less than the Input denominator degree!')else [opt,n,d℄=optimal FSTS(m,np,dp,dr);end% =======================================% Ano�gonta to arqe�o simu FSTS.mdl kai trèqont� to, mporoÔme% na parathr soume thn apìdosh tou sust mato.% =======================================
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