
Anaskìphsh thc Parametrik c Prosèggishc ston
EÔrwsto 'Elegqo

PetroÔla TsampoÔka

PetroÔla TsampoÔka Anaskìphsh tou EÔrwstou ParametrikoÔ Elègqou 1 / 97



Eisagwg 

Klasikìc èlegqoc vs Parametrikìc èlegqoc

Klasikìc èlegqoc

Sun�rthsh metafor�c amet�blhth

kat� th di�rkeia leitourgÐac kai

saf¸c kajorismènh

Parametrikìc èlegqoc

'Otan upeisèrqetai abebaiìthta sthn

perigraf  tou sust matoc

Phgèc abebaiìthtac

fjor�

katapìnhsh

metablhtèc sunj kec leitourgÐac

epÐdrash tou perib�llontoc (diataraqèc)

H abebaiìthta emfanÐzetai sthn

montelopoÐhsh , diataraqèc , sf�lmata mètrhshc s matoc exìdou

(sf�lma parakoloÔjhshc)

PetroÔla TsampoÔka Anaskìphsh tou EÔrwstou ParametrikoÔ Elègqou 2 / 97



Eisagwg 

Klasikìc èlegqoc vs Parametrikìc èlegqoc

Klasikìc èlegqoc

Sun�rthsh metafor�c amet�blhth

kat� th di�rkeia leitourgÐac kai

saf¸c kajorismènh

Parametrikìc èlegqoc

'Otan upeisèrqetai abebaiìthta sthn

perigraf  tou sust matoc

Phgèc abebaiìthtac

fjor�

katapìnhsh

metablhtèc sunj kec leitourgÐac

epÐdrash tou perib�llontoc (diataraqèc)

H abebaiìthta emfanÐzetai sthn

montelopoÐhsh , diataraqèc , sf�lmata mètrhshc s matoc exìdou

(sf�lma parakoloÔjhshc)

PetroÔla TsampoÔka Anaskìphsh tou EÔrwstou ParametrikoÔ Elègqou 2 / 97



Eisagwg 

Klasikìc èlegqoc vs Parametrikìc èlegqoc

Klasikìc èlegqoc

Sun�rthsh metafor�c amet�blhth

kat� th di�rkeia leitourgÐac kai

saf¸c kajorismènh

Parametrikìc èlegqoc

'Otan upeisèrqetai abebaiìthta sthn

perigraf  tou sust matoc

Phgèc abebaiìthtac

fjor�

katapìnhsh

metablhtèc sunj kec leitourgÐac

epÐdrash tou perib�llontoc (diataraqèc)

H abebaiìthta emfanÐzetai sthn

montelopoÐhsh , diataraqèc , sf�lmata mètrhshc s matoc exìdou

(sf�lma parakoloÔjhshc)

PetroÔla TsampoÔka Anaskìphsh tou EÔrwstou ParametrikoÔ Elègqou 2 / 97



Eisagwg 

Klasikìc èlegqoc vs Parametrikìc èlegqoc

Klasikìc èlegqoc

Sun�rthsh metafor�c amet�blhth

kat� th di�rkeia leitourgÐac kai

saf¸c kajorismènh

Parametrikìc èlegqoc

'Otan upeisèrqetai abebaiìthta sthn

perigraf  tou sust matoc

Phgèc abebaiìthtac

fjor�

katapìnhsh

metablhtèc sunj kec leitourgÐac

epÐdrash tou perib�llontoc (diataraqèc)

H abebaiìthta emfanÐzetai sthn

montelopoÐhsh , diataraqèc , sf�lmata mètrhshc s matoc exìdou

(sf�lma parakoloÔjhshc)

PetroÔla TsampoÔka Anaskìphsh tou EÔrwstou ParametrikoÔ Elègqou 2 / 97



Eisagwg 

Klasikìc èlegqoc vs Parametrikìc èlegqoc

Klasikìc èlegqoc

Sun�rthsh metafor�c amet�blhth

kat� th di�rkeia leitourgÐac kai

saf¸c kajorismènh

Parametrikìc èlegqoc

'Otan upeisèrqetai abebaiìthta sthn

perigraf  tou sust matoc

Phgèc abebaiìthtac

fjor�

katapìnhsh

metablhtèc sunj kec leitourgÐac

epÐdrash tou perib�llontoc (diataraqèc)

H abebaiìthta emfanÐzetai sthn

montelopoÐhsh , diataraqèc , sf�lmata mètrhshc s matoc exìdou

(sf�lma parakoloÔjhshc)

PetroÔla TsampoÔka Anaskìphsh tou EÔrwstou ParametrikoÔ Elègqou 2 / 97



Eisagwg 

Klasikìc èlegqoc vs Parametrikìc èlegqoc

Klasikìc èlegqoc

Sun�rthsh metafor�c amet�blhth

kat� th di�rkeia leitourgÐac kai

saf¸c kajorismènh

Parametrikìc èlegqoc

'Otan upeisèrqetai abebaiìthta sthn

perigraf  tou sust matoc

Phgèc abebaiìthtac

fjor�

katapìnhsh

metablhtèc sunj kec leitourgÐac

epÐdrash tou perib�llontoc (diataraqèc)

H abebaiìthta emfanÐzetai sthn

montelopoÐhsh , diataraqèc , sf�lmata mètrhshc s matoc exìdou

(sf�lma parakoloÔjhshc)

PetroÔla TsampoÔka Anaskìphsh tou EÔrwstou ParametrikoÔ Elègqou 2 / 97



Eisagwg 

Klasikìc èlegqoc vs Parametrikìc èlegqoc

Klasikìc èlegqoc

Sun�rthsh metafor�c amet�blhth

kat� th di�rkeia leitourgÐac kai

saf¸c kajorismènh

Parametrikìc èlegqoc

'Otan upeisèrqetai abebaiìthta sthn

perigraf  tou sust matoc

Phgèc abebaiìthtac

fjor�

katapìnhsh

metablhtèc sunj kec leitourgÐac

epÐdrash tou perib�llontoc (diataraqèc)

H abebaiìthta emfanÐzetai sthn

montelopoÐhsh , diataraqèc , sf�lmata mètrhshc s matoc exìdou

(sf�lma parakoloÔjhshc)

PetroÔla TsampoÔka Anaskìphsh tou EÔrwstou ParametrikoÔ Elègqou 2 / 97



Eisagwg 

Klasikìc èlegqoc vs Parametrikìc èlegqoc

Klasikìc èlegqoc

Sun�rthsh metafor�c amet�blhth

kat� th di�rkeia leitourgÐac kai

saf¸c kajorismènh

Parametrikìc èlegqoc

'Otan upeisèrqetai abebaiìthta sthn

perigraf  tou sust matoc

Phgèc abebaiìthtac

fjor�

katapìnhsh

metablhtèc sunj kec leitourgÐac

epÐdrash tou perib�llontoc (diataraqèc)

H abebaiìthta emfanÐzetai sthn

montelopoÐhsh , diataraqèc , sf�lmata mètrhshc s matoc exìdou

(sf�lma parakoloÔjhshc)

PetroÔla TsampoÔka Anaskìphsh tou EÔrwstou ParametrikoÔ Elègqou 2 / 97



Eisagwg 

Klasikìc èlegqoc vs Parametrikìc èlegqoc

Klasikìc èlegqoc

Sun�rthsh metafor�c amet�blhth

kat� th di�rkeia leitourgÐac kai

saf¸c kajorismènh

Parametrikìc èlegqoc

'Otan upeisèrqetai abebaiìthta sthn

perigraf  tou sust matoc

Phgèc abebaiìthtac

fjor�

katapìnhsh

metablhtèc sunj kec leitourgÐac

epÐdrash tou perib�llontoc (diataraqèc)

H abebaiìthta emfanÐzetai sthn

montelopoÐhsh , diataraqèc , sf�lmata mètrhshc s matoc exìdou

(sf�lma parakoloÔjhshc)

PetroÔla TsampoÔka Anaskìphsh tou EÔrwstou ParametrikoÔ Elègqou 2 / 97



Eisagwg 

ZhtoÔmeno enìc elegkt  −→ stajeropoÐhsh tou sust matoc

EÐnai efikt  se perib�llon abebaiìthtac ;

An to sÔsthma eÐnai eustajèc gia di�forec kl�seic abebaiìthtac tìte

èqei eÔrwsth eust�jeia.
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ZhtoÔmeno tou klasikoÔ elègqou −→ to mètro tou sf�lmatoc

parakoloÔjhshc fragmèno me to qrìno (epÐdosh tou sust matoc)

An h qeirìterh epÐdosh eÐnai fragmènh gia di�forec kl�seic
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Abebaiìthta sto d(s), r(s) kai n(s)
S(s) = 1

1+G(s)C(s) euaisjhsÐa

T (s) = G(s)C(s)
1+G(s)C(s) sumplhrwmatik 

euaisjhsÐa

S(s) + T (s) = 1

e(s) = −S d︸︷︷︸
[0,ω0]

+S r︸︷︷︸
[0,ω0]

+T n︸︷︷︸
[ω1,ω2]

d kai r sunart seic bhmatikèc  

r�mpac me �gnwsta pl�th  

klÐseic

Mhdenismìc tou sf�lmatoc

stajer c kat�stashc me

oloklhrwtik  dr�sh
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Eisagwg 

Abebaiìthta sto montèlo

Arq  tou EswterikoÔ Montèlou

y(s) =
C (s)G (s)r(s) +

[
1− C (s)G̃ (s)

]
d(s)

1 +
[
G (s)− G̃ (s)

]
C (s)

Mhdenismìc tou sf�lmatoc parakoloÔjhshc AN G (s) = G̃ (s) kai
C (s) = G̃ (s)−1

ArkeÐ C (s) = G̃ (s)−1 gia apìrriyh twn diataraq¸n
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Eisagwg 

EÐdh abebaiìthtac

Parametrik  Abebaiìthta

OfeÐletai:

èlleiyh akriboÔc perigraf c

tou proc èlegqo sust matoc

metabol  tou shmeÐou

lietourgÐac

H sun�rthsh metafor�c diathreÐ

th morf  thc kai to sÔsthma thn

t�xh tou

Apotèlesma thc parametrik c

abebaiìthtac:

Diakum�nseic twn suntelest¸n

(abebaiìthta sth jèsh pìlwn kai

mhdenik¸n)

Mh Domhmènh Abebaiìthta

OfeÐletai:

aplopoihtikèc paradoqèc gia

touc nìmouc pou dièpoun to

sÔsthma

grammikopoi seic

apousÐa ìrwn an¸terhc t�xhc

Den emfanÐzetai san metabol 

k�poiwn paramètrwn

Apotèlesma thc mh domhmènhc

abebaiìthtac:

Diataraq  ∆G (s) thc sun�rthshc
metafor�c G (s)
G (s) + ∆G (s) eÐte G (s)(I + ∆G (s))
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Je¸rhma Di�sqishc tou Sunìrou

Oikogèneia poluwnÔmwn P(λ, s) bajmoÔ n me λ ∈ [a, b]
Diamerismìc tou epipèdou C

S ∪ ϑS ∪ Uo
U = C− S

Je¸rhma Di�sqishc tou SÔnorou

Me dedomèno ìti ta polu¸numa P(λ, s) diathroÔn to bajmì touc, an

P(a, s) èqei ìlec tic rÐzec tou sto S en¸ to P(b, s) èqei toul�qiston
mÐa rÐza sto U tìte up�rqei λ ∈ (a, b] tètoio ¸ste:

a) P(λ, s) èqei ìlec tic rÐzec tou sto S ∪ ϑS kai

b) P(λ, s) èqei toul�qiston mÐa rÐza sto ϑS.
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Je¸rhma Di�sqishc tou Sunìrou

Par�deigma

'Estw oikogèneia poluwnÔmwn a1s + a0 pou parametropoieÐtai apì to

p = [a0 a1]

S: anoiqtì aristerì migadikì hmiepÐpedo (perioq c eust�jeiac)

Uo : anoiqtì dexÐ migadikì hmiepÐpedo (perioq c ast�jeiac)

ϑS : fantastikìc �xonac (sÔnoro perioq c eust�jeiac)

Diadrom  C1: Arq  p0 sto S −→︸︷︷︸
a1=0

Tèloc p1 sto U

Sumpèrasma:

Ta polu¸numa q�noun bajmì −→ Den isqÔei to Je¸rhma Di�sqishc

tou Sunìrou

Diadrom  C2: Arq  p0 sto S −→︸︷︷︸
a0=0

Tèloc p2 sto U

Sumpèrasma:

Ta polu¸numa diathroÔn to bajmì −→ IsqÔei to Je¸rhma Di�sqishc

tou Sunìrou
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Je¸rhma Di�sqishc tou Sunìrou

Efarmog  tou Jewr matoc Di�sqishc tou Sunìrou sthn
eust�jeia

'Estw oikogèneia ∆(s) := {δ(s,p) : p ∈ Ω} me polu¸numa Ðdiou bajmoÔ

An δ(s,pa) eustajèc kai δ(s,pb) astajèc kai up�rqei suneq c
diadrom  pou ta sundèei entìc Ω tìte up�rqei pc gia to opoÐo δ(s,pc)
èqei toul�qiston mia rÐza sto ϑS .

Proôpìjesh

H oikogèneia perilamb�nei èna eustajèc polu¸numo

Arq  ExaÐreshc tou Mhdenìc

An diatrèqontac ìla ta s? kat� m koc tou sunìrou ϑS ikanopoieÐtai h

0 /∈ ∆(s?) tìte ìlh h oikogèneia eÐnai eustaj c.
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Je¸rhma Di�sqishc tou Sunìrou

'Estw pragmatikì polu¸numo P(s) = p0 + p1s + p2s
2 + · · ·+ pns

n

Polu¸numo Hurwitz

'Olec oi rÐzec tou brÐskontai sto anoiqtì aristerì migadikì hmiepÐpedo.

Proôpojèseic gia eust�jeia Hurwitz:

Suntelestèc mh mhdenikoÐ kai tou idÐou pros mou

Idiìthta poluwnÔmwn Hurwitz

H f�sh arg[P(jω] kaj¸c to ω paÐrnei timèc sto di�sthma (−∞,∞)
eÐnai suneq c kai austhr� aÔxousa sun�rthsh tou ω. Epiplèon h
kajar  aÔxhsh sth f�sh gia ω sto parap�nw di�sthma eÐnai nπ.
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Je¸rhma Di�sqishc tou Sunìrou Je¸rhma Hermite-Biehler

�rtio mèroc: Peven(s) := p0 + p2s
2 + p4s

4 + · · ·
perittì mèroc: Podd (s) := p1s + p3s

3 + p5s
5 + · · ·

Me thn proôpìjesh ìti n = 2m �rtio orÐzoume:

Pe(ω) = Peven(jω) = p0 − p2ω
2 + p4ω

4 − · · ·+ (−1)mp2mω
2m

Po(ω) = Podd (jω)
jω = p1 − p3ω

2 + p5ω
4 − · · ·+ (−1)m−1p2m−1ω

2m−2

Idiìthta thc Sundiaplok c

a) ta p2m kai p2m−1 èqoun to Ðdio prìshmo

b) ìlec oi rÐzec twn Pe(ω) kai Po(ω) eÐnai pragmatikèc kai diakritèc
kai diaplèkontai wc ex c:

0 < ωe,1 < ωo,1 < ωe,2 < · · · < ωe,m−1 < ωo,m−1 < ωe,m.
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Je¸rhma Di�sqishc tou Sunìrou Je¸rhma Hermite-Biehler

Je¸rhma Hermite-Biehler

'Ena pragmatikì polu¸numo P(s) eÐnai Hurwitz an kai mìno an

ikanopoieÐ thn Idiìthta thc Sundiaplok c.

Enallaktikì krit rio eust�jeiac
OrÐzoume:

x(ω) = Pe(ω)
S(ω) , y(ω) = Po(ω)

T (ω)

S(ω),T (ω): aujaÐretec suneqeÐc jetikèc sunart seic tou ω
Par�deigma sunart sewn:

S(ω) = 1 + ω2 + ω4 + · · ·+ ω2m

T (ω) = 1 + ω2 + ω4 − · · ·+ ω2m−2

'Ena pragmatikì polu¸numo eÐnai Hurwitz an kai mìno an h

par�stash z(ω) = x(ω) + jy(ω) sto migadikì epÐpedo kineÐtai

austhr� anjwrologiak� kai dièrqetai apì n tetarthmìria.
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Je¸rhma Di�sqishc tou Sunìrou Je¸rhma Hermite-Biehler

'Estw polu¸numo P(z) = pnz
n + pn−1z

n−1 + · · ·+ p1z + p0

Polu¸numo Schur

'Olec oi rÐzec tou brÐskontai ston anoiqtì monadiaÐo dÐsko tou

migadikoÔ epipèdou.

Proôpìjesh gia eust�jeia Schur:

|pn| > |p0|

Idiìthta poluwnÔmwn Schur

H f�sh tou P(e jθ) kaj¸c to z metab�lletai kat� m koc tou

monadiaÐou kÔklou z = e jθ aux�nei monìtona. 'Ena polu¸numo

Schur èqei kajar  aÔxhsh f�shc 2nπ gia θ ∈ [0, 2π].
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Je¸rhma Di�sqishc tou Sunìrou Je¸rhma Hermite-Biehler

summetrikì mèroc: Ps(z) = 1

2

[
P(z) + znP

(
1

z

)]
antisummetrikì mèroc: Pa(z) = 1

2

[
P(z)− znP

(
1

z

)]
Idiìthta thc Sundiaplok c gia sust mata diakritoÔ qrìnou

a) Ta Ps(z) kai Pa(z) eÐnai polu¸numa n bajmoÔ me touc suntelestèc

twn megistob�jmiwn ìrwn na èqoun to Ðdio prìshmo.

b) Ta Ps(z) kai Pa(z) èqoun mìno apl� mhdenik� pou an koun sto

monadiaÐo kÔklo.

g) Ta mhdenik� twn Ps(z) kai Pa(z) allhlodiaplèkontai sto monadiaÐo

kÔklo.

Je¸rhma Hermite-Biehler gia thn perÐptwsh Schur

'Ena pragmatikì polu¸numo P(z) eÐnai Schur an kai mìno an

ikanopoieÐ thn Idiìthta thc Sundiaplok c.
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Je¸rhma Di�sqishc tou Sunìrou ParadeÐgmata

Par�deigma 1
P(s) = s9 +11s8 +52s7 +145s6 +266s5 +331s4 +280s3 +155s2 +49s +6

'Oloi oi suntelestèc eÐnai jetikoÐ

Pe(ω) = 11ω8 − 145ω6 + 331ω4 − 155ω2 + 6

Po(ω) = ω8 − 52ω6 + 266ω4 − 280ω2 + 49

Ta Pe(ω) kai Po(ω) èqoun 4 pragmatikèc rÐzec gia ω > 0

Up�rqei allhlodiaplok  twn riz¸n gia ω > 0 'Ara Hurwitz.

PetroÔla TsampoÔka Anaskìphsh tou EÔrwstou ParametrikoÔ Elègqou 14 / 97



Je¸rhma Di�sqishc tou Sunìrou ParadeÐgmata

Par�deigma 2
P(s) = s9 +21s8 +52s7 +145s6 +266s5 +331s4 +280s3 +155s2 +49s +6

'Oloi oi suntelestèc eÐnai jetikoÐ

Pe(ω) = 21ω8 − 145ω6 + 331ω4 − 155ω2 + 6

Po(ω) = ω8 − 52ω6 + 266ω4 − 280ω2 + 49

To Pe(ω) èqei mìno 2 jetikèc pragmatikèc rÐzec.

Den up�rqei allhlodiaplok  twn riz¸n gia ω > 0.

'Ara to polu¸numo DEN eÐnai Hurwitz.
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Je¸rhma Di�sqishc tou Sunìrou ParadeÐgmata

Par�deigma 3

P(s) = s9 +11s8 +52s7 +145s6 +266s5 +331s4 +280s3 +155s2 +49s +6

x(ω) = Pe(ω)
S(ω) , y(ω) = Po(ω)

T (ω)

S(ω) = ω8 + ω6 + ω4 + ω2 + 1 T (ω) = ω8 + ω6 + ω4 + ω2 + 1

z(ω) = x(ω) + jy(ω)

Parat rhsh:

∆arg z(ω) = 9π/2 gia ω ∈ [0,∞)
Sumpèrasma:

Polu¸numo Hurwitz
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Eust�jeia eujugr�mmou tm matoc

EujÔgrammo tm ma

δλ(s) = λδ1(s) + (1− λ)δ2(s) λ ∈ [0, 1].

Isqur  eust�jeia

K�je polu¸numo tou eujugr�mmou tm matoc eÐnai eustajèc.

Proôpojèseic

δ1(s) kai δ2(s) eustaj  wc proc to S
o bajmìc tou δλ(s) eÐnai n gia k�je λ ∈ [0, 1]

To eujÔgrammo tm ma [δ1(s), δ2(s)] eÐnai eustajèc an isqÔei mÐa apì

tic isodÔnamec prot�seic

a) δλ(s?) 6= 0, ∀s? ∈ ϑS, λ ∈ [0, 1].
b) |φδ1(s?)− φδ2(s?)| 6= π rads, ∀s? ∈ ϑS. (Sunj kh Fragmènhc

F�shc )
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Eust�jeia eujugr�mmou tm matoc

Proôpojèseic

δ1(s) kai δ2(s) pragmatik� polu¸numa bajmoÔ n

oi suntelestèc twn megistob�jmiwn ìrwn èqoun to Ðdio prìshmo

Segment Lemma: Hurwitz Case

To eujÔgrammo tm ma poluwnÔmwn [δ1(s), δ2(s)] eÐnai eustajèc an kai
mìno an den up�rqei pragmatikìc arijmìc ω > 0 tètoioc ¸ste

1) δe
1

(ω)δo
2

(ω)− δe
2

(ω)δo
1

(ω) = 0

2) δe
1

(ω)δe
2

(ω) ≤ 0

3) δo
1

(ω)δo
2

(ω) ≤ 0.
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Eust�jeia eujugr�mmou tm matoc

Idiìthtec f�shc gia polu¸numa Hurwitz

δ(jω) = p(ω) + jq(ω),

X (ω) =
q(ω)

p(ω)

φδ(ω) = tan−1
q(ω)

p(ω)
= tan−1X (ω)

K�tw fr�gma sto rujmì allag c f�shc

Gia èna pragmatikì polu¸numo Hurwitz

dφδ(ω)

dω
≥
∣∣∣∣sin(2φδ(ω))

2ω

∣∣∣∣ , ∀ω > 0
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Eust�jeia eujugr�mmou tm matoc

Kurt  DieÔjunsh

'Ena polu¸numo δ0(s) pou exasfalÐzei thn isqur  eust�jeia tou

zeÔgouc (δ2(s), δ0(s) + δ2(s)) gia �kra eustaj  kat� Hurwitz

onom�zetai kurt  dieÔjunsh

L mma Pragmatik c Kurt c DieÔjunshc

To pragmatikì polu¸numo δ0(s) eÐnai kurt  dieÔjunsh an kai mìno

dφδo (ω)

dω
≤
∣∣∣∣sin(2φδo (ω))

2ω

∣∣∣∣
gia k�je ω > 0 tètoio ¸ste δ0(jω) 6= 0  

dX0(ω)

dω
≤
∣∣∣∣X0(ω)

ω

∣∣∣∣
gia k�je ω > 0 tètoio ¸ste δ0(jω) 6= 0.
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Eust�jeia eujugr�mmou tm matoc

L mma Koruf c

polu¸numo diafor�c: δ0(s) = δ1(s)− δ2(s)
Ekfr�zoume to δ0(s) wc

δ0(s) = A(s)st(as + b)P(s)

Proôpojèseic

δ1(s) kai δ2(s) pragmatik� polu¸numa bajmoÔ n

suntelestèc twn megistob�jmiwn ìrwn tou idÐou pros mou

Vertex Lemma: Hurwitz case

An A(s) eÐnai èna antiHurwitz polu¸numo, t akèraioc, a, b aujaÐretoi

pragmatikoÐ arijmoÐ kai P(s) �rtio   perittì polu¸numo h eust�jeia

tou tm matoc [δ1(s), δ2(s)] èpetai apì thn eust�jeia twn δ1(s) kai
δ2(s).

PetroÔla TsampoÔka Anaskìphsh tou EÔrwstou ParametrikoÔ Elègqou 21 / 97



Eust�jeia eujugr�mmou tm matoc ParadeÐgmata

'Eleqgoc eust�jeiac tou eujugr�mmou tm matoc [δ1(z), δ2(z)] me qr sh
thc Sunj khc Fragmènhc F�shc

δ1(z) = z5 + 0.4z4 − 0.33z3 + 0.058z2 + 0.1266z + 0.059

δ2(z) = z5 − 2.59z4 + 2.8565z3 − 1.4733z2 + 0.2236z − 0.0121.

δ1(z), δ2(z) eustaj 
Gia z = e jθ me θ ∈ [0, 2π]

∣∣φδ1(e jθ)− φδ2(e jθ)
∣∣ > 180◦ −→ eujÔgrammo tm ma astajèc
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Eust�jeia eujugr�mmou tm matoc ParadeÐgmata

Par�deigma 2 I

'Eleqgoc eust�jeiac tou eujugr�mmou tm matoc [P1(z),P2(z)] me
qr sh tou Schur Segment Lemma II

P1(z) = z3 + 1.5z2 + 1.2z + 0.5 P2(z) = z3 − 1.2z2 + 1.1z − 0.4.

h1(z)g2(z)− g1(z)h2(z) = 0

h(z): summetrikì mèroc tou P(z)
g(z): antisummetrikì mèroc tou P(z)

Elègqoume an oi rÐzec monadiaÐou

mètrou ikanopoioÔn tic sunj kec

z−3k h1(zk)h2(zk) ≤ 0 z−3k g1(zk)g2(zk) ≥ 0

RÐzec

z1 = 1

z2 = −1
z3 = −0.298 + 0.9546j
z4 = −0.298− 0.9546j
z5 = 0.2424 + 0.9702j
z6 = 0.2424− 0.9702j

Oi sunj kec ikanopoioÔntai gia z3,4
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Eust�jeia eujugr�mmou tm matoc ParadeÐgmata

Par�deigma 2 II

Up�rqei polu¸numo Pλu1 (z) = λu1P1(z) + (1− λu1)P2(z) pou eÐnai

astajèc gia k�poio λu1

λu1 = P2(zk)/ (P2(zk)− P1(zk)) = 0.7755 gia k = 3, 4
Pu1 = z3 + 0.8939z2 + 1.1775z + 0.2979

Oi sunj kec ikanopoioÔntai kai gia z5,6

Up�rqei astajèc polu¸numo gia λu2 = 0.1751
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Eust�jeia eujugr�mmou tm matoc ParadeÐgmata

Par�deigma 3

'Elegqoc thc eust�jeiac kat� Hurwitz tou [δ1(s), δ2(s)] me qr sh thc

Arq c ExaÐreshc tou Mhdenìc

ϑS : �xonac twn fantastik¸n arijm¸n

δ1(s) = 1.4s4 + 6s3 + 2.2s2 + 1.6s + 0.2

δ2(s) = 0.4s4 + 1.6s3 + 2s2 + 1.6s + 0.4

To eujÔgrammo tm ma gia kami� tim  tou ω de dièrqetai apì to mhdèn.
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Eust�jeia eujugr�mmou tm matoc ParadeÐgmata

Par�deigma 3 (Sunèqeia)

'Elegqoc thc eust�jeiac kat� Hurwitz tou [δ1(s), δ2(s)] me efarmog 
tou Segment Lemma

δ1(s) = 1.4s4 + 6s3 + 2.2s2 + 1.6s + 0.2

δ2(s) = 0.4s4 + 1.6s3 + 2s2 + 1.6s + 0.4

δe
1

(ω)δo
2

(ω)− δe
2

(ω)δo
1

(ω) = 0 mÐa jetik  rÐza gia thn opoÐa

δe1(ω)δe2(ω) > 0 δo1 (ω)δo2 (ω) > 0.

Den isqÔoun oi sunj kec tou Segment Lemma −→ [δ1(s), δ2(s)] eustajèc
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Eust�jeia eujugr�mmou tm matoc ParadeÐgmata

Par�deigma 3 (Sunèqeia)

Efarmog  tou L mmatoc Pragmatik c Kurt c DieÔjunshc sto

polu¸numo diafor�c

δ0(s) = s4 + 4.4s3 + 0.2s2 − 0.2.

δ0(s) kurt  dieÔjunsh an
dφδo (ω)

dω ≤
∣∣∣ sin(2φδo (ω))

2ω

∣∣∣

δ0(s) den eÐnai kurt  dieÔjunsh −→ up�rqei polu¸numo δs(s) gia to

opoÐo to [δs(s), δo(s) + δs(s)] eÐnai astajèc
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H sfaÐra eust�jeiac sto q¸ro twn suntelest¸n

Prìblhma

EÔresh thc megalÔterhc perioq c eust�jeiac dedomènou sq matoc sto

q¸ro twn suntelest¸n gÔrw apì èna polu¸numo.

Pn: dianusmatikìc q¸roc poluwnÔmwn bajmoÔ n

∆0: uposÔnolo tou Pn tètoio ¸ste P(0) = 0 (p0 = 0)
∆n: sÔnolo twn stoiqeÐwn gia ta opoÐa pn = 0

∆ω: sÔnolo stoiqeÐwn tou Pn pou èqoun rÐzec sta jω kai −jω
'Estw δ(s) = δ0 + δ1s + · · ·+ δns

n

eustajèc polu¸numo Hurwitz stoiqeÐo tou Pn

d0:apìstash tou δ(s) apì ton upìqwro ∆0

apìstash gia na apokt sei to δ(s) rÐza sto s = 0

dn: apìstash tou δ(s) apì ton upìqwro ∆n

apìstash gia na q�sei to δ(s) bajmì

dω: apìstash tou δ(s) apì ton upìqwro ∆ω

apìstash gia na apokt sei to δ(s) rÐza sto sÔnoro ϑS
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H sfaÐra eust�jeiac sto q¸ro twn suntelest¸n `2 sfaÐra eust�jeiac

`2 sfaÐra eust�jeiac

d0 = |δ0| kai dn = |δn|
a) n = 2p:

d2ω =
[δe(ω)]2

1 + ω4 + · · ·+ ω4p
+

[δo(ω)]2

1 + ω4 + · · ·+ ω4(p−1)

b) n = 2p + 1:
d2ω =

[δe(ω)]2 + [δo(ω)]2

1 + ω4 + · · ·+ ω4p
.

dmin = infω≥0 dω   d2
min

= min
(
infω∈[0,1] d

2
ω, infω∈[0,1] d

2
1

ω

)
anoiqt  sfairik  perioq : B(δ(s), r) = {P(s) ∈ Pn : ‖P(s)− δ(s)‖ < r}
upersfaÐra: S(δ(s), r) = {P(s) ∈ Pn : ‖P(s)− δ(s)‖ = r}

H aktÐna ρ(δ) thc megalÔterhc upersfaÐrac eust�jeiac S(δ(s), r)
gÔrw apì èna eustajèc polu¸numo δ(s) dÐnetai apì th sqèsh

ρ(δ) = min(d0, dn, dmin).
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H sfaÐra eust�jeiac sto q¸ro twn suntelest¸n `p sfaÐra eust�jeiac

Gewmetrikìc tìpoc Tsypkin-Polyak

A(s) = a0 + a1s + · · ·+ ans
n A0(s) = a0

0
+ a0

1
s + · · ·+ a0ns

n

`p sfaÐra aktÐnac ρ, 1 ≤ p <∞

Bp(a0, ρ) =

a :

[
n∑

k=0

∣∣∣∣ak − a0
0

ᾱk

∣∣∣∣p
] 1

p

≤ ρ


`∞ sfaÐra aktÐnac ρ

B∞(a0, ρ) =

{
a : max

k

∣∣∣∣ak − a0
0

ᾱk

∣∣∣∣ ≤ ρ}

A0(jω) = U0(ω) + jωV0(ω),

U0 = a00 − a02ω
2 + a04ω

4 − · · ·
V0 = a01 − a03ω

2 + a05ω
4 − · · · .
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H sfaÐra eust�jeiac sto q¸ro twn suntelest¸n `p sfaÐra eust�jeiac

p, q: suzugeÐc nìrmec −→ 1

p
+ 1

q
= 1

Sp(ω) =
[
ᾱq
0

+ (ᾱ2ω
2)q + (ᾱ4ω

4)q + · · ·
] 1
q

Tp(ω) =
[
ᾱq
1

+ (ᾱ3ω
2)q + (ᾱ5ω

4)q + · · ·
] 1
q

x(ω) =
U0(ω)

Sp(ω)
, y(ω) =

V0(ω)

Tp(ω)

z(ω) = x(ω) + jy(ω).

`p dÐskoc aktÐnac ρ

Dp(ρ) =
{
z = x + jy : [|x |p + |y |p]

1

p ≤ ρ
}

Je¸rhma

K�je polu¸numo thc Bp(a0, ρ) eÐnai eustajèc kat� Hurwitz an kai mìno

an h grafik  par�stash tou z(ω) gia ω ∈ [0,∞)
A) dièrqetai apì n tetarthmìria se anjwrologiak  kateÔjunsh

B) den tèmnei ton `p dÐsko Dp(ρ) me aktÐna ρ
G) ta sunoriak� shmeÐa z(0) kai z(∞) èqoun sunist¸sec me apìlutec
timèc megalÔterec tou ρ.
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H sfaÐra eust�jeiac sto q¸ro twn suntelest¸n EÔrwsth eust�jeia twn poluwnÔmwn dÐskwn

Polu¸numa dÐskwn

K�je suntelest c enìc stoiqeÐou tou sunìlou twn poluwnÔmwn mporeÐ

na eÐnai ènac opoiosd pote migadikìc arijmìc se ènan aujaÐreto all�

dedomèno dÐsko sto migadikì epÐpedo.

Di dÐskoc kentrarismènoc sto βi kai aktÐnac ri ≥ 0

FD sÔnolo poluwnÔmwn dÐskwn

δ(s) = δ0 + δ1s + · · ·+ δns
n, δi ∈ Di

Upìjesh

K�je polu¸numo sto FD eÐnai bajmoÔ n

OrismoÐ:

β(s) = β0 + β1s + · · ·βnsn βi kèntro tou dÐskou Di

γ1(s) = r0 − jr1s − r2s
2 + jr3s

3 + r4s
4 − jr5s

5 − · · ·
γ2(s) = r0 + jr1s − r2s

2 − jr3s
3 + r4s

4 + jr5s
5 − · · ·
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H sfaÐra eust�jeiac sto q¸ro twn suntelest¸n EÔrwsth eust�jeia twn poluwnÔmwn dÐskwn

g1(s), g2(s): rhtèc kanonikèc sunart seic

g1(s) =
γ1(s)

β(s)
, g2(s) =

γ2(s)

β(s)
.

H∞ nìrma thc g(s): ‖g‖∞
Hurwitz case: ‖g(s)‖∞ = supω∈R

∣∣∣ n(jω)d(jω)

∣∣∣
Schur case: ‖g‖∞ = supθ∈[0,2π)

∣∣∣ n(ejθ)
d(ejθ)

∣∣∣
Eust�jeia thc FD kat� Hurwitz

K�je mèloc thc FD eÐnai Hurwitz an kai mìno an

1) β(s) eÐnai Hurwitz kai
2) ‖g1‖∞ < 1 kai ‖g2‖∞ < 1.

Eust�jeia thc FD kat� Schur

1) β(z) eÐnai polu¸numo Schur kai

2)
∑n

k=0
rk < infθ∈[0,2π)

∣∣β(e jθ)
∣∣
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H sfaÐra eust�jeiac sto q¸ro twn suntelest¸n ParadeÐgmata

Par�deigma 1

EÔresh thc mègisthc `2 aktÐnac eust�jeiac ρ(δ) gÔrw apì èna

polu¸numo δ(s)

δ(s) = s9 +11s8 +52s7 +145s6 +266s5 +331s4 +280s3 +155s2 +49s +6.

d0 = δ0 = 6 dn = δn = 1

ρ(δ) = min(d0, dn, dmin) = 1.
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H sfaÐra eust�jeiac sto q¸ro twn suntelest¸n ParadeÐgmata

Par�deigma 2

EÔresh thc aktÐnac eust�jeiac mèsw tou gewmetrikoÔ tìpou

Tsypkin-Polyak gÔrw apì to A(s)
A(s) = s6 + 14s5 + 80.25s4 + 251.25s3 + 502.25s2 + 667.25s + 433.5

di�nusma bar¸n ᾱ
ᾱ = [0.1, 1.4, 5.6175, 15.075, 25.137, 33.36, 43.35]

p = 1

|x(0)| = 10, |x(∞)| = 10 kai

|y(0)| = 20, |y(∞)| = 10

Perioq  eust�jeiac:Rìmboc

|x |+ |y | ≤ ρ me ρ = 3.62
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H sfaÐra eust�jeiac sto q¸ro twn suntelest¸n ParadeÐgmata

Par�deigma 2 (Sunèqeia)

p =∞
|x(0)| = 10, |x(∞)| = 10 kai

|y(0)| = 20, |y(∞)| = 10

Perioq  eust�jeiac:Tetr�gwno

|x | ≤ ρ, |y | ≤ ρ me ρ = 2.46

p = 2

|x(0)| = 10, |x(∞)| = 10 kai

|y(0)| = 20, |y(∞)| = 10

Perioq  eust�jeiac:DÐskoc

|x |2 + |y |2 ≤ ρ2 me ρ = 2.83
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H sfaÐra eust�jeiac sto q¸ro twn suntelest¸n ParadeÐgmata

Par�deigma 3

Eust�jeia poluwnÔmwn dÐskwn

β(s) = (−1− j11)s4 + (3.5− j18)s3 + (9− j27)s2 + (1.5− j6)s + (2− j3.5)

β(s) eustajèc
K�je suntelest c upìkeitai diataraqèc entìc dÐskwn me aktÐnec

r4 = 1, r3 = 3, r2 = 8, r1 = 1, r0 = 2

γ1(s) = 2− js − 8s2 + j3s3 + s4 γ2(s) = 2 + js − 8s2 − j3s3 + s4.

g1(s) = γ1(s)
β(s) kai g2(s) = γ2(s)

β(s)
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H sfaÐra eust�jeiac sto q¸ro twn suntelest¸n ParadeÐgmata

Par�deigma 3(Sunèqeia)

Oikogèneia FD astaj c Oikogèneia FD eustaj c

‖g1‖∞ = η1 = 2.016 kai ‖g2‖∞ = η2 = 1.379
εmax = min( 1

η1
, 1

η2
) = 0.496

Nèec aktÐnec r ′i = εmaxri
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To parametrikì perij¸rio eust�jeiac

EÔresh thc aktÐnac thc mègisthc sfaÐrac eust�jeiac ìtan:

Up�rqoun exart seic metaxÔ twn suntelest¸n tou poluwnÔmou

H abebaiìthta upeisèrqetai me grammikì   afinikì trìpo

Par�deigma:

G (s,p) =
p3

s2 + p1s + p2
C (s, x) =

x3

x1s + x2
.

Qarakthristikì polu¸numo kleistoÔ brìqou:

δ(s, x,p) = x1︸︷︷︸
δ3(x,p)

s3 + (p1x1 + x2)︸ ︷︷ ︸
δ2(x,p)

s2 + (p2x1 + p1x2)︸ ︷︷ ︸
δ1(x,p)

s + (p2x2 + p3x3)︸ ︷︷ ︸
δ0(x,p)

.

δ(s,p) = (x1s
2 + x2s)︸ ︷︷ ︸
q1(s)

p1 + (x1s + x2)︸ ︷︷ ︸
q2(s)

p2 + x3︸︷︷︸
q3(s)

p3 + (x1s
3 + x2s

2)︸ ︷︷ ︸
b(s)

.

δi (x,p) grammikèc sunart seic twn stoiqeÐwn tou p = [p1, p2, · · · , pl ]
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To parametrikì perij¸rio eust�jeiac

Polu¸numo gia tic onomastikèc timèc twn paramètrwn

δ(s,p0) = δ0(s)
Oi diataraqèc sumbaÐnoun entìc sfaÐrac

B(ρ,p0) =
{
p :
∥∥p− p0∥∥ < ρ

}
JewroÔme oikogèneia poluwnÔmwn

∆ρ(s) =
{
δ(s,p0 + ∆p) : ‖∆p‖ < ρ

}
, ∆p = p− p0 = [∆p1, · · · ,∆pl ]

Pragmatikì parametrikì perij¸rio eust�jeiac ρ?

ρ? aktÐna thc megalÔterhc sfaÐrac B(ρ?,p0) gia thn opoÐa to δ(s,p)
eÐnai eustajèc.

Prosdiorismìc mèsw thc apeikìnishc sto migadikì epÐpedo

MegistopoÐhsh tou ρ ston parametrikì q¸ro mèqri thn oriak 

tim  ρ0 ètsi ¸ste 0 ∈ ∆ρ0(s?)
ρb = infs?∈ϑS ρ0(s?)
MegistopoÐhsh tou ρ ston parametrikì q¸ro ètsi ¸ste k�poio

polu¸numo na q�sei bajmì gia s = s?

ρd = infs?∈ϑS
{
ρ : δn(p0 + ∆p) = 0, ‖∆p‖ < ρ

}
mègisto parametrikì perij¸rio eust�jeiac ρ? = min{ρb, ρd}
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To parametrikì perij¸rio eust�jeiac

An s? ∈ ϑS

δ0(s?) + q1(s?)∆p1 + · · ·+ ql (s
?)∆pl = 0.

H exÐswsh me b�rh gÐnetai

δ0(s?) +
q1(s?)

w1

w1∆p1 + · · ·+ ql (s
?)

wl

wl∆pl = 0.

An s? = sr me sr pragmatikì

[
q1(sr )
w1

· · · ql (sr )
wl

]
︸ ︷︷ ︸

A(sr )

 w1∆p1
...

wl∆pl


︸ ︷︷ ︸

t(sr )

= −δ0(sr )︸ ︷︷ ︸
b(sr )

.

An s? = sc , ìpou sc migadikìc

[
q1r (sc)
w1

· · · qlr (sc)
wl

q1i (sc)
w1

· · · qli (sc)
wl

]
︸ ︷︷ ︸

A(sc)

 w1∆p1
...

wl∆pl


︸ ︷︷ ︸

t(sc)

=

[
−δ0r (sc)
−δ0i (sc)

]
︸ ︷︷ ︸

b(sc)

.
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To parametrikì perij¸rio eust�jeiac

An èqoume ap¸leia bajmoÔ, dhlad  δn(p + ∆p) = 0

q1np
0
1 + q2np

0
2 + · · ·+ qlnp

0

l︸ ︷︷ ︸
δn(p0)

+
q1n

w1

w1∆p1+
q2n

w2

w2∆p2+· · ·+qln
wl

wl∆pl = 0.

Upì morf  pin�kwn gr�fetai san

[
q1n
w1

· · · qln
wl

]
︸ ︷︷ ︸

An

 w1∆p1
...

wl∆pl


︸ ︷︷ ︸

tn

= −δ0n︸︷︷︸
bn

.

t?n , t
?(sr ) kai t

?(sc): oi lÔseic me thn el�qisth nìrma

‖t?n‖ = ρd , ‖t?(sr )‖ = ρ(sr ), ‖t?(sc)‖ = ρ(sc)

An efarmosteÐ ∀s? ∈ ϑS
ρr = inf

sr∈ϑS
ρ(sr ), ρc = inf

sc∈ϑS
ρ(sc), ρb = inf{ρr , ρc}

mègisto parametrikì perij¸rio eust�jeiac ρ? = min{ρd , ρb}
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To parametrikì perij¸rio eust�jeiac Parametrikì perij¸rio eust�jeiac sthn EukleÐdia nìrma

`2 perij¸rio eust�jeiac

LÔseic me thn el�qisth EukleÐdia nìrma

t?n = AT
n [AnA

T
n ]−1bn

t?(sr ) = AT (sr )[A(sr )A
T (sr )]−1b(sr )

t?(sc) = AT (sc)[A(sc)AT (sc)]−1b(sc)

Epeid  δ0(s) eustajèc
bn 6= 0, b(sr ) 6= 0 kai b(sc) 6= 0

An A(sr ) kai An mh mhdenik� −→ ρ(sr ) kai ρd peperasmèna

An A(sc) pl rouc t�xhc −→ ρ(sc) peperasmèno

An A(sc) mhdenik c t�xhc −→ sÔsthma adÔnato kai ρ(sc) =∞
An rankA(sc) = 1 kai rank[A(sc), b(sc)] = 1 −→ ρ(sc) peperasmèno

An rankA(sc) = 1 kai rank[A(sc), b(sc)] = 2 −→ ρ(sc) =∞
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To parametrikì perij¸rio eust�jeiac Polutopikèc oikogèneiec

Ektejeimènec akmèc kai korufèc

Π = {p : p−i ≤ pi ≤ p+i , i = 1, 2, · · · , l}.

δ(s,p) = δ0(p)+δ1(p)s+· · ·+δn(p)sn = p1q1(s)+p2q2(s)+· · ·+plql (s)+y(s)

δ = Tp + y, δ = [δ0, δ1, · · · , δn]

δ,p kai y dianÔsmata st lhc

grammik  apeikìnish T : Rl → Rn+1

SÔnolo V twn koruf¸n tou Π

V = {p : pi = p−i or pi = p+i , ∀i}

SÔnolo E twn ektejeimènwn akm¸n tou Π

Ei = {p : p−i ≤ pi ≤ p+i , pj = p−j or pj = p+j , ∀j 6= i}

E = ∪li=1Ei .
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To parametrikì perij¸rio eust�jeiac Polutopikèc oikogèneiec

H oikogèneia ∆ twn poluwnÔmwn pou par�getai apì th grammik 

apeikìnish T tou koutioÔ Π eÐnai èna polÔtopo. Gia tic korufèc tou

∆V kai tic ektejeimènec akmèc tou ∆E isqÔei

∆V ⊂ TV + y

∆E ⊂ TE + y

JewroÔme gia dedomèno s = s? thn eikìna ∆(s?) thc ∆ sto migadikì

epÐpedo.

∆V (s?) kai ∆E (s?) ta paragìmena sÔnola an p ∈ V kai p ∈ E ,
antÐstoiqa.

1) To ∆(s?) eÐnai kurtì perÐblhma tou ∆V (s?).
2) Oi korufèc tou ∆(s?) perièqontai sto ∆V (s?).
3) Oi ektejeimènec akmèc tou ∆(s?) perièqontai sto ∆E (s?)

PetroÔla TsampoÔka Anaskìphsh tou EÔrwstou ParametrikoÔ Elègqou 45 / 97



To parametrikì perij¸rio eust�jeiac Polutopikèc oikogèneiec

Eust�jeia polutopik c oikogèneiac

Proôpojèseic gia ta Jewr mata pou akoloujoÔn

h oikogèneia poluwnÔmwn eÐnai stajeroÔ bajmoÔ

up�rqei toul�qiston èna polu¸numo thc ∆(s) pou eÐnai eustajèc

se sqèsh me to S

Je¸rhma

Me dedomèno ìti up�rqei toul�qiston èna shmeÐo s0 ∈ ϑS tètoio ¸ste

0 /∈ ∆(s0) h oikogèneia eÐnai eustaj c se sqèsh me to S an kai mìno

an to sÔnolo ∆E (s) eÐnai eustajèc wc proc thn Ðdia perioq .

Je¸rhma Fragmènhc F�shc

H oikogèneia eÐnai eustaj c se sqèsh me to S an kai mìno an

Φ∆V
(s?) < π, ∀s? ∈ ϑS.
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To parametrikì perij¸rio eust�jeiac Polutopikèc oikogèneiec

Gia ton upologismì tou mègistou parametrikoÔ perijwrÐou arkeÐ to p

na perioristeÐ stic ektejeimènec akmèc

Je¸rhma

inf
p∈Π

ρ(p) = inf
p∈E

ρ(p)

An k�je polu¸numo koruf c gr�fetai san

ui (s) = sti (αi s + bi )Ai (s)Pi (s),

kai isqÔoun oi proôpojèseic tou L mmatoc Koruf c (t akèraioc, a, b
pragmatikoÐ, A(s) antiHurwitz, P(s) �rtio   perittì polu¸numo) o

èlegqoc periorÐzetai stic korufèc

Je¸rhma

inf
p∈Π

ρ(p) = inf
p∈V

ρ(p).
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To parametrikì perij¸rio eust�jeiac ParadeÐgmata

Par�deigma 1

EÔresh tou mègistou parametrikoÔ perijwrÐou

C (z) =
z + 1

z2
, G (z ,p) =

(−0.5− 2p0)z + (0.1 + p0)

z2 − (1 + 0.4p2)z + (0.6 + 10p1 + 2p0)
.

Qarakthristikì polu¸numo kleistoÔ brìqou

δ(z ,p) = z4 − (1 + 0.4p2)z3 + (0.1 + 10p1)z2 − (0.4 + p0)z + (0.1 + p0).

onomastik  tim  twn paramètrwn: p0 = [ 0︸︷︷︸
p0

, 0.1︸︷︷︸
p1

, 1︸︷︷︸
p2

]

∆p = [∆p0 ∆p1 ∆p2] [w0 w1 w2] = 1

Epeid  o bajmìc twn poluwnÔmwn paramènei amet�blhtoc ρd =∞
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To parametrikì perij¸rio eust�jeiac ParadeÐgmata

Par�deigma 1 (Sunèqeia)

δ(z ,p0 + ∆p) = (−z + 1)∆p0 + 10z2∆p1 − 0.4z3∆p2︸ ︷︷ ︸
A(z)

+ (z4 − 1.4z3 + 1.1z2 − 0.4z + 0.1)︸ ︷︷ ︸
b(z)

.

EÔresh tou perijwrÐou eust�jeiac gia tic pragmatikèc timèc z = 1 kai

z = −1 tou monadiaÐou kÔklou

ρ(1) =
∥∥∥AT (1)[A(1)AT (1)]−1b(1)

∥∥∥ = 0.04

ρ(−1) =
∥∥∥AT (−1)[A(−1)AT (−1)]−1b(−1)

∥∥∥ = 0.3919

ρr = min(ρ(1), ρ(−1)) = 0.04
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To parametrikì perij¸rio eust�jeiac ParadeÐgmata

Par�deigma 1 (Sunèqeia)

EÔresh tou perijwrÐou eust�jeiac gia thn perioq  z = e jθ tou ϑS

ρ(e jθ) = ‖t?(θ)‖
2

=
∥∥∥AT (θ)[A(θ)AT (θ)]−1b(θ)

∥∥∥
ρc = minθ ρ(e jθ) = 0.032 gia θ ' 1

ρb = min(ρr , ρc)=0.032
Parametrikì perij¸rio eust�jeiac

ρ? = min(ρb, ρd )=0.032
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To parametrikì perij¸rio eust�jeiac ParadeÐgmata

Par�deigma 2

'Elegqoc thc eust�jeiac mèsw twn apeikonismènwn akm¸n kai
koruf¸n

G (s) =
s + a

s2 + bs + c
C (s) =

3s + 2

s + 5

a ∈ [1, 2] = [a−, a+]

b ∈ [9, 11] = [b−, b+]

c ∈ [15, 18] = [c−, c+]

qarakthristikì polu¸numo kleistoÔ brìqou
δ(s) = a(3s + 2) + b(s2 + 5s) + c(s + 5) + (s3 + 8s2 + 2s)

bajmìc poluwnÔmwn amet�blhtoc

gia a = 1, b = 10 kai c = 16.5 δ(s) eustajèc
gia ω = 0 ∆(j0) = 2a + 5c = 2[1, 2] + 5[15, 18] 6= 0

Oi proôpojèseic tou Jewr matoc isqÔoun epomènwc

H eust�jeia thc ∆ exart�tai apì thn eust�jeia ∆E (s)
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To parametrikì perij¸rio eust�jeiac ParadeÐgmata

Par�deigma 2(Sunèqeia)

An m pl joc twn paramètrwn m2m−1 o arijmìc |E| twn diaforetik¸n
akm¸n

m = 3⇒ |E| = 12

Endeiktik�

δE1(s) = (λa−+(1−λ)a+)(3s+2)+b−(s2+5s)+c−(s+5)+(s3+8s2+2s)
δE2(s) = (λa−+(1−λ)a+)(3s+2)+b+(s2+5s)+c−(s+5)+(s3+8s2+2s)
δE3(s) = a−(3s+2)+(λb−+(1−λ)b+)(s2+5s)+c+(s+5)+(s3+8s2+2s)
δE4(s) = a+(3s+2)+(λb−+(1−λ)b+)(s2+5s)+c+(s+5)+(s3+8s2+2s)

bajmìc poluwnÔmwn amet�blhtoc

gia a = 1, b = 10 kai c = 16.5 to polu¸numo eÐnai eustajèc

Oi proôpojèseic tou Jewr matoc Fragmènhc F�shc isqÔoun.

Epomènwc

H eust�jeia thc ∆ an�getai ston èlegqo thc sunj khc

Φ∆V
(jω) < π, ∀ω
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To parametrikì perij¸rio eust�jeiac ParadeÐgmata

Par�deigma 2(Sunèqeia)

An m pl joc twn paramètrwn 2m o arijmìc |V| twn diaforetik¸n
poluwnÔmwn koruf c

m = 3⇒ |V| = 8

Endeiktik�

δV1
(s) = a−(3s + 2) + b−(s2 + 5s) + c−(s + 5) + (s3 + 8s2 + 2s)

δV2
(s) = a+(3s + 2) + b−(s2 + 5s) + c−(s + 5) + (s3 + 8s2 + 2s)

δV3
(s) = a−(3s + 2) + b+(s2 + 5s) + c−(s + 5) + (s3 + 8s2 + 2s)

δV4
(s) = a+(3s + 2) + b+(s2 + 5s) + c−(s + 5) + (s3 + 8s2 + 2s)

δV5
(s) = a−(3s + 2) + b−(s2 + 5s) + c+(s + 5) + (s3 + 8s2 + 2s)

δV6
(s) = a+(3s + 2) + b−(s2 + 5s) + c+(s + 5) + (s3 + 8s2 + 2s)

δV7
(s) = a−(3s + 2) + b+(s2 + 5s) + c+(s + 5) + (s3 + 8s2 + 2s)

δV8
(s) = a+(3s + 2) + b+(s2 + 5s) + c+(s + 5) + (s3 + 8s2 + 2s)
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To parametrikì perij¸rio eust�jeiac ParadeÐgmata

Par�deigma 2(Sunèqeia)

Φ∆V
(jω) < π −→ oikogèneia

eust�jhc a ∈ [a− − ε, a+ + ε],
b ∈ [b− − ε, b+ + ε],
c ∈ [c− − ε, c+ + ε]
gia ε = 6.91 h mègisth diafor�

f�shc aggÐzei tic 180◦

oikogèneia oriak� astaj c
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To parametrikì perij¸rio eust�jeiac ParadeÐgmata

Par�deigma 3

EÔresh tou mègistou perijwrÐou eust�jeiac me qr sh Tsypkin-Polyak

δ(s,p) =
(s2 + 2s + 2)︸ ︷︷ ︸

F1(s)

(p11s + p10)︸ ︷︷ ︸
P1(s)

+ (s4 + 2s3 + 2s2 + s)︸ ︷︷ ︸
F2(s)

(p22s
2 + p21s + p20)︸ ︷︷ ︸

P2(s)

p0 = [p011 p010 p022 p021 p020] = [0.287 0.265 0.215 2.06 2.735].

onomastikì polu¸numo A(s) = F1(s)P0
1

(s) + F2(s)P0
2

(s)

ZhtoÔmeno: eÔresh mègistou perijwrÐou ρ? ètsi ¸ste |pik − p0ik | ≤ ρ?αik

αik tÐjentai sth mon�da

A(jω)

Fk(jω)
= U0k(ω) + jV0k(ω)

Fi (jω)

Fk(jω)
= Uik(ω) + jVik(ω)

xk(ω) =
|U0k(ω)|∑m

i=1
Si (ω)|Uik(ω)|+ Ti (ω)|Vik(ω)|

yk(ω) =
|V0k(ω)|∑m

i=1
Si (ω)|Vik(ω)|+ Ti (ω)|Uik(ω)|
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To parametrikì perij¸rio eust�jeiac ParadeÐgmata

Par�deigma 3(Sunèqeia)

z(ω) = A(jω)
|A(jω)|µ(ω)

µn = 0.215 kai µ0 = 0.265
ρ? = min{µ0, µn, µmin}
ρ? = 0.215

µω = max1≤k≤m max {xk(ω), yk(ω)}, ∀ω
µmin = inf0<ω<∞ µ(ω)
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To Je¸rhma Kharitonov se Polu¸numa Diast matoc

Polu¸numa Diast matoc δ(s) = δ0 + δ1s + δ2s
2 + · · ·+ δns

n

δ0 ∈ [x0, y0] , δ1 ∈ [x1, y1] , · · · , δn ∈ [xn, yn]

Je¸rhma Kharitonov gia pragmatik� polu¸numa

K�je polu¸numo thc oikogèneiac diast matoc eÐnai polu¸numo Hurwitz

an kai mìno an ta parak�tw akraÐa polu¸numa eÐnai polu¸numa

Hurwitz:

K 1(s) = x0 + x1s + y2s
2 + y3s

3 + x4s
4 + x5s

5 + y6s
6 + · · ·

K 2(s) = x0 + y1s + y2s
2 + x3s

3 + x4s
4 + y5s

5 + y6s
6 + · · ·

K 3(s) = y0 + x1s + x2s
2 + y3s

3 + y4s
4 + x5s

5 + x6s
6 + · · ·

K 4(s) = y0 + y1s + x2s
2 + x3s

3 + y4s
4 + y5s

5 + x6s
6 + · · ·

Sumpèrasma:

Arijmìc elègqwn anex�rthtoc apì

to bajmì twn poluwnÔmwn
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To Je¸rhma Kharitonov se Polu¸numa Diast matoc

Apeikìnish thc oikogèneiac diast matoc sto migadikì
epÐpedo

K 1(s) = K even
min (s) + K odd

min (s)

K 2(s) = K even
min (s) + K odd

max(s)

K 3(s) = K even
max (s) + K odd

min (s)

K 4(s) = K even
max (s) + K odd

max(s)

H oikogèneia diast matoc perilamb�nei mìno eustaj  polu¸numa an

kai mìno an

1) K e
max(ω), K e

min(ω), K o
max(ω) kai K o

min(ω) èqoun mìno pragmatikèc

rÐzec en¸ oi jetikèc rÐzec allhlodiaplèkontai

0 < ωmin
e1

< ωmax
e1

< ωmin
o1

< ωmax
o1

< ωmin
e2

< ωmax
e2

< ωmin
o2

< ωmax
o2

2) Ta K e
max(0), K e

min(0), K o
max(0) kai K o

min(0) eÐnai mh mhdenik� kai

èqoun to Ðdio prìshmo.
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To Je¸rhma Kharitonov se Polu¸numa Diast matoc

δ(s) = δ0 + δ1s + δ2s
2 + δ3s

3 + δ4s
4 + δ5s

5 + δ6s
6 + s7

δ0 ∈ [12, 12.5] δ1 ∈ [76, 76.5] δ2 ∈ [109, 109.5] δ3 ∈ [111, 111.5]
δ4 ∈ [71, 71.5] δ5 ∈ [31, 31.5] δ6 ∈ [9, 9.5]

K e
min(ω) = 12− 109.5ω2 + 71ω4 − 9.5ω6

K e
max(ω) = 12.5− 109ω2 + 71.5ω4 − 9ω6

K o
min(ω) = 76− 111.5ω2 + 31ω4 − ω6

K o
max(ω) = 76.5− 111ω2 + 31.5ω4 − ω6

oi suntelestèc twn megistob�jmiwn ìrwn èqoun to Ðdio prìshmo

up�rqei allhlodiaplok  twn riz¸n

IsqÔei to Je¸rhma thc Sundiaplok c −→ oikogèneia eustaj c
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To Je¸rhma Kharitonov se Polu¸numa Diast matoc

Eust�jeia kat� Schur twn poluwnÔmwn diast matoc

Gia thn eust�jeia kat� Schur den eÐnai arket  h eust�jeia 4

poluwnÔmwn Kharitonov kat� antistoiqÐa me thn perÐptwsh Hurwitz gia

na exasfalÐsei thn eust�jeia thc oikogèneiac.

H allhlodiaplok  �rtiwn-peritt¸n tmhm�twn twn poluwnÔmwn

Kharitonov exasfalÐzei thn allhlodiaplok  riz¸n gia ta

antÐstoiqa tm mata ìlwn twn poluwnÔmwn kat� m koc tou jω

H allhlodiaplok  summetrik¸n-antisummetrik¸n tmhm�twn twn

poluwnÔmwn Kharitonov den exasfalÐzei thn allhlodiaplok 

riz¸n gia ta antÐstoiqa tm mata ìlwn twn poluwnÔmwn sthn

perifèreia tou monadiaÐou kÔklou.
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To Je¸rhma Kharitonov se Polu¸numa Diast matoc

oikogèneia I(z) perilamb�nei
P(z) = anz

n + an−1z
n−1 + · · ·+ a0

A =
{
a = (a0, a1, · · · , an) | ai ∈ [a−i , a

+
i ], i = 0, · · · , n

}
V : sÔnolo koruf¸n

E : sÔnolo akm¸n
tou koutioÔ A

IV (z) =
{
P(z) = anz

n + an−1z
n−1 + · · ·+ a0 : (an, · · · , a0) ∈ V

}
IE (z) =

{
P(z) = anz

n + an−1z
n−1 + · · ·+ a0 : (an, · · · , a0) ∈ E

}
Epeid  h oikogèneia diast matoc an kei stic polutopikèc oikogèneiec

H I(z) eÐnai eustaj c kat� Schur an kai mìno an h IE (z) eÐnai
eustaj c kat� Schur.

MporoÔme na mei¸soume ton arijmì twn elègqwn ;
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To Je¸rhma Kharitonov se Polu¸numa Diast matoc

OrÐzoume to uposÔnolo E? twn akm¸n thc I(z)

gia n �rtio jètoume k�je stoiqeÐo tou
{
ai : i <= n

2

}
sto a−i   a+i

gia n perittì jètoume k�je stoiqeÐo tou
{
ai : i <= n+1

2

}
sto a−i  

a+i

ìloi oi an¸teroi suntelestèc tÐjentai stic akraÐec touc timèc

ektìc apì ènan pou metab�lletai sto epitreptì di�sthma tim¸n

H oikogèneia IE?(z) perilamb�nei polu¸numa kat� m koc twn akm¸n

E?.

H oikogèneia I(z) eÐnai eustaj c an kai mìno an h oikogèneia twn

poluwnÔmwn twn akm¸n IE?(z) eÐnai eustaj c.
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To Je¸rhma Kharitonov se Polu¸numa Diast matoc

δ: di�nusma suntelest¸n u: polu¸numo ∈ U
U : sÔnolo poluwnÔmwn pou eÐnai astaj    èqoun bajmì < n

mègisto perij¸rio eust�jeiac ρ(δ) = infu∈U ‖δ − u‖p

Idiìthta akrot�tou twn poluwnÔmwn Kharitonov

H sun�rthsh tou mègistou perijwrÐou eust�jeiac gia k�je polu¸numo

ρ(δ) èqei el�qisto kai to apokt� se èna apì ta 4 polu¸numa

Kharitonov K 1(s), K 2(s), K 3(s), K 4(s).

G (s) = δ2s2+δ1s+δ0
s3(δ6s3+δ5s2+δ4s+δ3)

δ(s) =
δ0 + δ1s + δ2s

2 + δ3s
3 + δ4s

4 + δ5s
5 + δ6s

6

δ0 ∈ [300, 400] δ1 ∈ [600, 700]
δ2 ∈ [450, 500] δ3 ∈ [240, 300]
δ4 ∈ [70, 80] δ5 ∈ [12, 14] δ6 ∈ [1, 1] To
ρ(δ) kajorÐzetai apì to K 1(s)
ρ(δ) ' 1.1
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To Je¸rhma Kharitonov se Polu¸numa Diast matoc

Eikìna sunìlou thc I(jω) sto migadikì epÐpedo

δ(s) = δ0 + δ1s + δ2s
2 + δ3s

3 + δ4s
4 + δ5s

5 + δ6s
6 + s7

∆ = [12, 12.5]× [76, 76.5]× [109, 109.5]× [111, 111.5]× [71, 71.5]×
[31, 31.5]× [9, 9.5]

Ta orjog¸nia

diathroÔn ton prosanatolismì touc

peristrèfontai anjwrologiak�

den dièrqontai apì thn arq  twn

axìnwn

Sumpèrasma:

Oikogèneia eustaj c
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To Je¸rhma twn Akm¸n

Mèsw tou Jewr matoc Kharitonov antimetwpÐzoume ton èlegqo

eust�jeiac kat� Hurwitz se oikogèneiec diast matoc.

MporeÐ na epektajeÐ to Je¸rhma Kharitonov ìtan up�rqoun

exart seic metaxÔ twn suntelest¸n twn poluwnÔmwn ;

P¸c mporeÐ na antimetwpisteÐ mia aujaÐreth perioq  eust�jeiac ;

δ di�nusma twn suntelest¸n tou δ(s) = δ0 + δ1s + · · ·+ δn−1s
n−1 + δns

n

R(W ) : q¸roc lÔsewn enìc sunìlou W

R(W ) = {s : δ(s) = 0 gia δ ∈W }

Je¸rhma twn Akm¸n

'Estw Ω ⊂ Rn+1 èna polÔtopo poluwnÔmwn me stajerì prìshmo tou

suntelest  δn. Tìte to sÔnoro tou sunìlou R(Ω) perilamb�netai sto
q¸ro lÔsewn twn ektejeimènwn akm¸n tou Ω.
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To Je¸rhma twn Akm¸n

Pìrisma

An Γ ⊂ C eÐnai mia apl� sunektik  perioq  tìte gia k�je polutopik 

oikogèneia me ton Ðdio bajmì poluwnÔmwn h R(Ω) perilamb�netai sth Γ
an kai mìno an o q¸roc twn lÔsewn ìlwn twn ektejeimènwn akm¸n tou

Ω perièqetai sth Γ.

Parathr seic

DÔskola prosdiorÐzontai oi ektejeimènec akmèc tou Ω

Oi akmèc perilamb�nontai metaxÔ twn kurt¸n sunduasm¸n twn

koruf¸n

Efarmog  se polutopik  oikogèneia

jètoume ìlec touc suntelestèc ektìc apì ènan stic korufèc a−i  

a+i gia i 6= k

h akm  prokÔptei apì ton kurtì sunduasmì λa−k + (1− λ)a+k
o èlegqoc gia eust�jeia katal gei ston èlegqo twn eujugr�mmwn

tmhm�twn Pλ(s) = λP1(s) + (1− λ)P2(s), λ ∈ [0, 1]

PetroÔla TsampoÔka Anaskìphsh tou EÔrwstou ParametrikoÔ Elègqou 66 / 97



To Je¸rhma twn Akm¸n

oikogèneia poluwnÔmwn ∆(s) = s + p1 − jp2
p1 ∈ [1, 2] kai p2 ∈ [0, 1]
eustaj c perioq : S = {s ∈ C : |s + (1.5− j0.25)| > 0.2}

eikìna tou ∆E (s?) gia s? ∈ ϑS
(ϑS perifèreia kÔklou)

∆V (s) = {s + 1, s + 1− j ,
s + 2, s + 2− j}
ektejeimènec akmèc ∈ ∆E (s)
ektejeimènec akmèc eustajeÐc diìti

korufèc ∈ ∆V (s) eustajeÐc

oi eikìnec touc de dièrqontai apì to

mhdèn

0 ∈ ∆(s?), ∀s? ∈ ϑS −→ oikogèneia

astaj c

To Je¸rhma twn Akm¸n DEN isqÔei diìti h perioq  eust�jeiac DEN

eÐnai mia apl� sunektik  perioq .
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To Genikeumèno Je¸rhma Kharitonov

Par�metroi sust matoc metab�llontai se mia perioq 

abebaiìthtac

Elegkt c stajeropoieÐ to sÔsthma me qr sh an�drashc

Apotèlesma: EmfanÐzontai exart seic metaxÔ twn suntelest¸n tou

qarakthristikoÔ poluwnÔmou

Gia na efarmìsoume to Je¸rhma Kharitonov ja prèpei oi suntelestèc

tou qarakthristikoÔ poluwnÔmou na metab�llontai anex�rthta.

MporeÐ na efarmosjeÐ ìtan up�rqoun exart seic ;

Basik  proôpìjesh h perioq  metabol c twn suntelest¸n na brÐsketai

entìc tou koutioÔ.

Se k�je di�stash tou koutioÔ metab�lletai anex�rthta kajènac apì

touc suntelestèc.

DhmiourgoÔntai eikonikèc korufèc pou kajorÐzoun ta polu¸numa

Kharitonov pou prèpei na elegqjoÔn.

Apotelèsmata:sunthrhtik�
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To Genikeumèno Je¸rhma Kharitonov

Oikogèneia poluwnÔmwn grammikoÔ diast matoc

∆(s) = F1(s)︸ ︷︷ ︸
constant

P1(s) + F2(s)︸ ︷︷ ︸
constant

P2(s) + · · ·+ Fm(s)︸ ︷︷ ︸
constant

Pm(s)

F (s) = (F1(s),F2(s), · · · ,Fm(s)) P(s) = (P1(s),P2(s), · · · ,Pm(s))

pi = [pi ,0, pi ,1, · · · , pi ,di ]
Πi = {pi : ai ,j ≤ pi ,j ≤ βi ,j , j = 0, · · · , di} sÔnolo paramètrwn thc Pi

p = [p1,p2, · · · ,pm]

Π = Π1 ×Π2 × · · ·Πm kajolikì sÔnolo paramètrwn

Gia k�je Pi orÐzoume:

Ta 4 polu¸numa Kharitonov

K i (s) =
{
K 1
i (s),K 2

i (s),K 3
i (s),K 4

i (s)
}

Ta 4 eujÔgramma tm mata pou en¸noun ta polu¸numa Kharitonov

Si (s): tm mata Kharitonov

Si (s) =
{

[K 1
i (s),K 2

i (s)], [K 1
i (s),K 3

i (s)], [K 2
i (s),K 4

i (s)], [K 3
i (s),K 4

i (s)]
}
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To Genikeumèno Je¸rhma Kharitonov

Pl
E (s) akraÐo uposÔnolo tou P(s) gia k�je l = 1, · · · ,m

Pl
E (s) = K1(s)× · · · × Kl−1(s)× Sl (s)×Kl+1(s)× · · · × Km(s).

'Ena tupikì stoiqeÐo tou Pl
E (s)(

K
j1
1

(s),K j2
2

(s), · · · ,K jl−1

l−1 (s), (1− λ)K 1,4
l (s) + λK 2,3

l (s),K
jl+1
l+1

(s), · · · ,K jm
m (s)

)
λ ∈ [0, 1]

PE (s) =
m⋃
l=1

Pl
E (s)

To PE (s) perilamb�nei m4m tm mata.

∆l
E (s) =

{
< F (s),P(s) >: P(s) ∈ P l

E (s)
}

∆E (s) =
m⋃
l=1

∆l
E (s)
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To Genikeumèno Je¸rhma Kharitonov

Genikeumèno Je¸rhma Kharitonov

An mac dojeÐ èna di�nusma F (s) pragmatik¸n poluwnÔmwn
To F (s) stajeropoieÐ olìklhrh thn oikogèneia P(s) m stoiqeÐwn an kai

mìno an to F stajeropoieÐ k�je tm ma tou sunìlou PE (s). IsodÔnama,
h ∆(s) eÐnai eustaj c an kai mìno an h ∆E (s) eÐnai eustaj c.

PK (s) = K1(s)×K2(s)× · · · × Km(s) ⊂ PE (s)

∆K (s) = {< F (s),P(s) >: P(s) ∈ PK (s)}
∆K (s) ⊂ ∆E (s) ⊂ ∆(s).

An ta polu¸numa Fi (s) ikanopoioÔn tic proôpojèseic tou L mmatoc

Koruf c

Fi (s) = sti (ai s + bi )Ui (s)Qi (s),

ti ≥ 0 akèraioc, ai , bi pragmatikoÐ, Ui (s) polu¸numo anti-Hurwitz,

Qi (s) �rtio   perittì polu¸numo

ArkeÐ to F na stajeropoieÐ thn PK (s) gia na eÐnai h ∆(s) eustaj c.
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To Genikeumèno Je¸rhma Kharitonov

SÔgkrish me to Je¸rhma twn Akm¸n

Gia ton èlegqo eust�jeiac kat� Hurwitz miac polutopik c oikogèneiac

mporeÐ na efarmosteÐ

a) to Je¸rhma twn Akm¸n

apaiteÐ èlegqo twn ektejeimènwn akm¸n thc ∆(s)

b)to Genikeumèno Je¸rhma Kharitonov(GJK)

apaiteÐ èlegqo twn tmhm�twn ∆E (s)

Par�deigma:

polu¸numo diast matoc me 3 paramètrouc abebaiìthtac

a) 3 par�metroi abebaiìthtac −→ 12 ektejeimènec akmèc

b) 1 polu¸numo diast matoc −→ 4 akraÐa tm mata

Sumpèrasma:

Epitugq�netai meÐwsh twn elègqwn me to GJK afoÔ oi ektejeimènec

akmèc aux�noun ekjetik� me ton arijmì twn paramètrwn.
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To Genikeumèno Je¸rhma Kharitonov ParadeÐgmata

Par�deigma 1

G (s) =
P1(s)

P2(s)
=

a1s + a0

b2s2 + b1s + b0
C (s) =

F1(s)

F2(s)
=

s2 + 2s + 1

s4 + 2s3 + 2s2 + s

a0 ∈ [0.9, 1], a1 ∈ [0.1, 0.2], b0 ∈ [1.9, 2.1], b1 ∈ [1.8, 2.0], b2 ∈ [0.9, 1.0].

qarakthristikì polu¸numo δ(s) = F1(s)P1(s) + F2(s)P2(s)

Sto ∆E (s) an koun 32 akraÐa tm mata

F1(s)K i
1(s) + F2(s)(λK j

2
(s) + (1− λ)K k

2 (s))

F1(s)(λK i
1(s) + (1− λ)K j

1
(s)) + F2(s)K k

2 (s)

Me b�sh to GJK gia thn eust�jeia thc ∆(s) arkeÐ h eust�jeia twn 32

akraÐwn tmhm�twn (efarmog  tou L mmatoc Eujugr�mmou Tm matoc)
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To Genikeumèno Je¸rhma Kharitonov ParadeÐgmata

Par�deigma 1 (Sunèqeia)

Epeid 

0 /∈ ∆(jω), ∀ω
up�rqei δ(s) ∈ ∆(s)
eustajèc wc proc S

Sumpèrasma:

oikogèneia eustaj c
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To Genikeumèno Je¸rhma Kharitonov ParadeÐgmata

Par�deigma 1 (Sunèqeia)

Enallaktikìc èlegqoc thc eust�jeiac mèsw tou Jewr matoc
Fragmènhc F�shc

Oi korufèc Kharitonov eÐnai:

F1(s)K i
1(s) + F2(s)K j

2
(s), i , j = 1, · · · , 4

SÔnolo koruf¸n 16

up�rqei polu¸numo koruf c

eustajèc

mègisth diafor� twn gwni¸n

den xepern� tic 50◦

Sumpèrasma:

oikogèneia eustaj c
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To Genikeumèno Je¸rhma Kharitonov ParadeÐgmata

Par�deigma 2

'Idiec sunart seic metafor�c C (s) kai G (s) me to Par�deigma 1.

'Idia diast mata diakÔmanshc twn suntelest¸n.

Diafor�:

a0 ∈ [0.9, 1.5] antÐ gia a0 ∈ [0.9, 1]

−1 −0.5 0 0.5 1 1.5
−1.5

−1

−0.5

0

0.5

1

1.5

2

Real

Im
ag

0 ∈ ∆(jω)

Sumpèrasma:

oikogèneia astaj c
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To Genikeumèno Je¸rhma Kharitonov ParadeÐgmata

Par�deigma 2

Enallaktikìc èlegqoc thc eust�jeiac mèsw tou Jewr matoc
Fragmènhc F�shc

gia ω ' 1 h mègisth diafor�

f�shc aggÐzei tic 180◦

Sumpèrasma:

oikogèneia astaj c
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Polugrammik� Sust mata Diast matoc

f (x1, x2, · · · , xn) polugrammik  sun�rthsh an gia k�je i = 1, 2, · · · , n h

f eÐnai grammik  sun�rthsh tou xi gia xj stajer� ìtan j 6= i .

Peript¸seic ìpou emfanÐzetai polugrammik  ex�rthsh

Diagr�mmata ro c me polloÔc brìqouc

ẋ = Ax + Bu, Abebaiìthta sta stoiqeÐa tou A(p)
∆p = [∆p1, · · · ,∆pl ] A(p) = A(p0) + ∆p1E1 + · · ·+ ∆plEl
Proôpìjesh gia polugrammik  ex�rthsh eÐnai rankEi = 1

qarakthristikì polu¸numo: δ(s) = det [sI−A]

klasmatikèc morfèc

G (s) = N(s)D−1(s) C (s) = D−1c (s)Nc(s)
qarakthristikì polu¸numo: δ(s) = det[Dc(s)D(s) + Nc(s)N(s)]
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Polugrammik� Sust mata Diast matoc

δ(s,p) = δ0(p) + δ1(p)s + δ2(p)s2 + · · ·+ δn(p)sn

p = [p1, p2, · · · , pl ] Π =
{
p : p−i ≤ pi ≤ p+i , i = 1, · · · , n

}
δi (p), i = 1, · · · , n polugrammikèc sunart seic tou p

V sÔnolo koruf¸n tou Π

∆V (s) = {v1(s), v2(s), · · · , vk(s)} sÔnolo poluwnÔmwn koruf c thc

∆(s)
∆̄(s) = co∆V(s) kurtì perÐblhma poluwnÔmwn koruf c

∆̄(s) =

{
i=k∑
i=1

λivi (s) : λi ≥ 0,

k∑
i=1

λi = 1

}
Je¸rhma Apeikìnishc

∆(s?) ⊂ co∆V (s?) = ∆̄(s?)

gia k�je s? ∈ C.
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Polugrammik� Sust mata Diast matoc

Sumpèrasma:

H eikìna sunìlou thc polugrammik c oikogèneiac ∆(s) fr�zetai entìc
thc eikìnac pou par�gei h polutopik  oikogèneia ∆̄(s) sto migadikì

epÐpedo.

Peript¸seic pou DEN isqÔei to Je¸rhma Apeikìnishc

'Otan oi pleurèc tou Π DEN eÐnai par�llhlec proc touc �xonec

Tìte h eikìna thc akm c DEN eÐnai genik� eujeÐa

'Otan h ex�rthsh apì tic paramètrouc eÐnai poluwnumik 
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Polugrammik� Sust mata Diast matoc

Efarmog  tou Jewr matoc thc Apeikìnishc gia èlegqo
eust�jeiac

E(s) sÔnolo akm¸n tou ∆̄(s)

E(s) = {λvi (s) + (1− λ)vj(s) : vi (s), vj(s) ∈ ∆V (s), 0 ≤ λ ≤ 1} .

Proôpojèseic:

bajmìc Ðdioc gia ta polu¸numa ∆(s) kai ∆̄(s)

up�rqei polu¸numo thc ∆(s) eustajèc

Je¸rhma

Me dedomèno ìti 0 /∈ ∆̄(s0) gia s0 ∈ ϑS h ∆(s) eÐnai eustaj c se sqèsh
me thn perioq  eust�jeiac S an to sÔnolo E(s) eÐnai eustajèc se
sqèsh me thn Ðdia perioq .

Je¸rhma

H ∆(s) eÐnai eustaj c se sqèsh me thn S an

Φ∆V
(s?) < π, ∀s? ∈ ϑS.
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Polugrammik� Sust mata Diast matoc

Parathr sh:

H sunj kh gia eust�jeia tou E (s) apoteleÐ mìno ikan  sunj kh gia

thn eust�jeia thc ∆(s).
Sumpèrasma:

H eust�jeia tou E (s) mporeÐ na parabi�zetai all� h ∆(s) na eÐnai

eustaj c.

Antimet¸pish

H ikan  sunj kh mporeÐ na gÐnei pio perioristik  eis�gontac epiplèon

korufèc ¸ste h ∆̄(jω) na apokt sei èna perÐgramma pio kont� sthn

∆(jω).

Di�spash tou Π se mikrìtera polÔtopa Πi

Π =
⋃t

i=1
Πi

Vi korufèc tou polutìpou Πi

∆Vi
korufèc twn eikìnwn sunìlwn

Ei akmèc twn eikìnwn sunìlwn
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Polugrammik� Sust mata Diast matoc

Gia k�je shmeÐo z? thc migadik c eikìnac tou ∆ isqÔei

∆(z?) ⊂
t⋃

i=1

co∆Vi
(z?) =

t⋃
i=1

coEi (z
?)

∆̄Vi
(z): kurtì sÔnolo pou sundèetai me to Vi

To mh kurtì sÔnolo
⋃t

i=1
∆̄Vi

(z) mac bohj�ei na proseggÐsoume

kalÔtera thn ∆(z) kaj¸c aux�nei o arijmìc t twn polutìpwn Πi

Polugrammik� Sust mata Diast matoc

M(s) =
N(s,q)

D(s, r)
M(s) ≡ N(s)

D(s)

NV (s) sÔnolo poluwnÔmwn koruf c

N̄(s) =

{
k∑
i=1

λiNi (s) : Ni (s) ∈ NV (s), λi ∈ [0, 1],
k∑
i=1

λi = 1

}

MV (s) =
NV (s)

DV (s)
M̄(s) =

N̄(s)

D̄(s)
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Polugrammik� Sust mata Diast matoc

NV (s?) ⊂ N(s?) ⊂ N̄(s?)

DV (s?) ⊂ D(s?) ⊂ D̄(s?)
gia k�je s? ∈ C

Me thn upìjesh ìti 0 /∈ D̄(s?)

MV (s?) ⊂M(s?) ⊂ M̄(s?)

Je¸rhma

Me thn upìjesh ìti o bajmìc twn poluwnÔmwn entìc tou M̄(s)
paramènei amet�blhtoc to polugrammikì sÔsthma M(s) diajètei
eÔrwsth eust�jeia an eÐnai eustajèc gia k�je M(s) ∈ M̄(s).

µ krit rio epÐdoshc ìpwc

• perij¸rio kèrdouc • perij¸rio f�shc • parametrik  aktÐna

eust�jeiac
µ? worst case µ gia M(s) ∈M(s)
µ̄ worst case µ gia M(s) ∈MV (s)
µ worst case µ gia M(s) ∈ M̄(s)

µ ≤ µ? ≤ µ̄
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Polugrammik� Sust mata Diast matoc ParadeÐgmata

Par�deigma 1

Apeikìnish thc eikìnac sunìlou polugrammik c oikogèneiac gia
s? = j1

polugrammikì polu¸numo diast matoc

δ(s,p) = p1Q1(s) + p2Q2(s) + p1p2Q3(s) + Q4(s)
Q1(s) = −6s + 2, Q2(s) = −5s − 1, Q3(s) = 10s + 3, Q4(s) = 7s + 5

p = [p1, p2] = [0, 1]× [0, 1]
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Polugrammik� Sust mata Diast matoc ParadeÐgmata

BeltÐwsh thc prosèggishc thc eikìnac mèsw kurt¸n sunìlwn
Q0(s) + p1Q1(s) + p2Q2(s) + p1p2Q3(s)

Q0(s) = s4 + s3 + 2s2 + s + 2

Q1(s) = 2s4 + 3s3 + 4s2 + s + 1

Q2(s) = 1.5s4 + 1.5s3 + 3s2 + s + 0.5

Q3(s) = 3s4 + 0.5s3 + 1.5s2 + 2s + 2.

[p1, p2] = [0, 1]× [0, 1]
B ma 1
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Polugrammik� Sust mata Diast matoc ParadeÐgmata

Diamèrish tou Π se dÔo tm mata

Π1 = [0, 1]× [0, 0.5] kai Π2 = [0, 1]× [0.5, 1]

B ma 2

BeltÐwsh thc prosèggishc se sqèsh me to B ma 1
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Polugrammik� Sust mata Diast matoc ParadeÐgmata

Diamèrish tou Π se 4 tm mata

Π1 = [0, 0.5]× [0, 0.5], Π2 = [0.5, 1]× [0, 0.5], Π3 = [0, 0.5]× [0.5, 1]
kai Π4 = [0.5, 1]× [0.5, 1]

B ma 3

BeltÐwsh thc prosèggishc se sqèsh me to B ma 2
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Sust mata GrammikoÔ Diast matoc

Sunart seic Metafor�c

sust matoc: G (s) = N(s)
D(s) elegkt : F (s) = F1(s)

F2(s)

D(s) =
{
D(s) : a0 + a1s + · · ·+ ans

n, ak ∈ [a−k , a
+
k ], k = 1, · · · , n

}
N(s) =

{
N(s) : b0 + b1s + · · ·+ bms

m, bl ∈ [b−l , b
+
l ], l = 1, · · · ,m

}
.

Qarakthristik� polu¸numa

∆(s) = F1(s)N(s) + F2(s)D(s)

SÔnolo akraÐwn susthm�twn pou susqetÐzetai me tic korufèc thc

oikogèneiac

GK (s) =
KN(s)

KD(s)

(N(s)×D(s))E = ( KN(s)︸ ︷︷ ︸
Khar polynomials

× SD(s)︸ ︷︷ ︸
Khar segments

)∪( SN(s)︸ ︷︷ ︸
Khar segments

× KD(s)︸ ︷︷ ︸
Khar polynomials

)
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Sust mata GrammikoÔ Diast matoc

SÔnolo akraÐwn susthm�twn pou susqetÐzetai me tic akmèc thc

oikogèneiac

GE (s) =

{
N(s)

D(s)
: (N(s),D(s)) ∈ (N(s)×D(s))E

}
=
KN(s)

SD(s)
∪ SN(s)

KD(s)

∆E (s) = {F1(s)N(s) + F2(s)D(s) : (N(s),D(s)) ∈ (N(s)×D(s))E}
= (F1(s)KN(s) + F2(s)SD(s)) ∪ (F1(s)SN(s) + F2(s)KD(s))

Idiìthta thc Paragwg c tou Sunìrou

a) ϑG(jω) ⊂ GE (jω)
b) ϑ∆(jω) ⊂ ∆E (jω)
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Sust mata GrammikoÔ Diast matoc ParadeÐgmata

Par�deigma 1

Kajorismìc thc eikìnac sunìlou mèsw twn akraÐwn uposusthm�twn

G (s) = n(s)
d(s) = b1s+b0

a2s2+a1s+a0

a0 ∈ [1, 2], a1 ∈ [2, 3], a2 ∈ [2, 3], b0 ∈ [1, 2], b1 ∈ [2, 3]

To sÔnoro thc eikìnac perilamb�netai sthn eikìna twn akraÐwn

uposusthm�twn GE .

0 0.5 1 1.5
−1.4

−1.2

−1

−0.8

−0.6

−0.4

−0.2

0

Real

Im
ag

ω = 1

SÔnolo akraÐwn uposusthm�twn GE tou

anoiqtoÔ sust matoc diast matoc
K i
n(s)

λK j
d (s) + (1− λ)K k

d (s)

λK j
n(s) + (1− λ)K k

n (s)

K i
d (s)

4︸︷︷︸
Khar polynomials

× 4︸︷︷︸
Khar segments

×2 = 32akraÐa upo-

sust mata
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Sust mata GrammikoÔ Diast matoc ParadeÐgmata

Par�deigma 2

Kajorismìc thc eikìnac sunìlou gia to sÔsthma kleistoÔ brìqou me

sun�rthsh metafor�c T y (s) = G(s)
1+G(s)

0 0.2 0.4 0.6 0.8

−0.5

−0.4

−0.3

−0.2

−0.1

0

Real

Im
ag

ω = 1

Gia k�je ω ≥ 0 ϑT y ⊂ Ty
E

SÔnolo akraÐwn uposusthm�twn Ty
E tou

kleistoÔ sust matoc diast matoc
K i
n(jω)

λK j
d (jω) + (1− λ)K k

d (jω) + K i
n(jω)

λK j
n(jω) + (1− λ)K k

n (jω)

λK j
n(jω) + (1− λ)K k

n (jω) + K i
d (jω)

.

4︸︷︷︸
Khar polynomials

× 4︸︷︷︸
Khar segments

×2 = 32akraÐa upo-

sust mata
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Sust mata GrammikoÔ Diast matoc ParadeÐgmata

Par�deigma 3

Prosdiorismìc perijwrÐwn kèrdouc kai f�shc apì ton f�kelo twn

diagr�mmatwn Nyquist-Bode tou sust matoc diast matoc

G (s) =
b1s + b0

a2s2 + a1s + a0
C (s) =

s2 + 2s + 1

s4 + 2s3 + 2s2 + s

b0 ∈ [0.9, 1.1], b1 ∈ [0.1, 0.2]

a0 ∈ [1.9, 2.1], a1 ∈ [1.8, 2.0], a2 ∈ [0.9, 1.0]

Perij¸rio kèrdouc eÐnai h megalÔterh tim  KG tou K ¸ste

(1 + K )F1(s)N(s) + F2(s)D(s)

na paramènei eustajèc gia ìla ta K ∈ [0,KG )
Perij¸rio f�shc eÐnai h megalÔterh tim  θG tou θ ¸ste

e jθF1(s)N(s) + F2(s)D(s)

paramènei eustajèc gia ìla ta θ ∈ [0, θG )
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Sust mata GrammikoÔ Diast matoc ParadeÐgmata

Par�deigma 3 (Sunèqeia)

AkraÐa perij¸ria kèrdouc kai f�shc

K ? = infG(s)∈GE (s) KG θ? = infG(s)∈GE (s) θG

An ta Fi (s) ikanopoioÔn tic sunj kec tou L mmatoc Koruf c
K ? = infG(s)∈GK (s) KG

To shmeÐo -1 brÐsketai arister�

tou diagr�mmatoc −→ sÔsthma

diast matoc kleistoÔ brìqou

eustajèc
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Sust mata GrammikoÔ Diast matoc ParadeÐgmata

Perij¸rio kèrdouc

Apìstash se db tou |C (jω)G (jω)|
apì ta 0 db ìtan èqoume di�bash

thc kampÔlhc thc f�shc apì tic

−180◦.
Perij¸rio f�shc

Apìstash thc < C (jω)G (jω) apì
tic −180◦ ìtan èqoume di�bash thc

kampÔlhc tou kèrdouc apì ta 0 db

PetroÔla TsampoÔka Anaskìphsh tou EÔrwstou ParametrikoÔ Elègqou 95 / 97



EpÐlogoc

Jèmata pou kalÔfjhkan:

To Je¸rhma Di�sqishc tou Sunìrou

H Arq  ExaÐreshc tou Mhdenìc

To Je¸rhma Hermite-Biehler

H Sunj kh Fragmènhc F�shc

To L mma Eujugr�mmou Tm matoc poluwnÔmwn

To L mma Kurt c DieÔjunshc

To L mma Koruf c

AktÐna thc `2 sfaÐrac eust�jeiac sto q¸ro twn suntelest¸n

AktÐna thc `p sfaÐrac mèsw tou gewmetrkoÔ tìpou Tsypkin-Polyak

Eust�jeia poluwnÔmwn dÐskwn

To parametikì perij¸rio eust�jeiac

To Je¸rhma Kharitonov

To Je¸rhma twn Akm¸n
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EpÐlogoc

To Genikeumèno Je¸rhma Kharitonov

Suqnotik  sumperifor� twn susthm�twn diast matoc

F�keloi twn diagramm�twn Bode kai Nyquist sta sust mata

diast matoc

Polugrammikèc oikogèneiec poluwnÔmwn

To Je¸rhma thc Apeikìnishc

Jèmata pou den kalÔfjhkan sthn parousÐash:

Polugrammik� sust mata diast matoc

F�keloi twn diagramm�twn Bode, Nyquist kai Nichols sta

polugrammik� sust mata diast matoc

Eust�jeia twn pin�kwn diast matoc

AktÐna thc sfaÐrac eust�jeiac twn pin�kwn diast matoc
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